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PREFACE 


In revising any book in a rapidly developing field it is possible to think 
of many items to add but diflScult to decide on what to delete. This is par- 
ticularly true when the field covered in a previous volume has expanded 
explosively. 

When the first edition of this work was planned, it did not seem pre- 
sumptuous to attempt to include in one volume the major fundamental 
concepts in the field of communication engineering. Since the publication 
of the second edition there have been many important developments and 
many excellent books and sets of books written on subdivisions of electrical 
communication. Such subdivisions include physical electronics, vacuum- 
tube circuits, antennas and propagation, electroacoustics, servomecha- 
nisms, information theory, pulse-generation and wave-forming circuits, 
computer systems, and many many more topics of importance in the 
processing of information. 

In the third edition it has been decided to concentrate on the area which 
must precede the study of all other divisions of communication, namely, 
the fundamentals of linear-network analysis and synthesis, including the 
use of unilateral elements. This decision is influenced by the fact that the 
wide acceptance of the first two editions was based particularly on their 
emphasis in that area. However, in order to demonstrate the design 
requirements which are imposed on the linear portions of communication- 
system networks, both an analysis of various types of modulation and the 
transformation of transients from the time to the frequency domain are 
developed. 

Naturally, although we can no longer hope to cover a major portion of 
the field of ‘‘Communication Engineering,'^ we are retaining that well- 
known title. 

The senior author wishes to thank the junior author for his major 
part in the revision, for it would never have been complied without his 
doing so much of the work. ^ 

The authors are indebted to their colleagues Profs. J. E. Williams and 
M. H. Crothers for their helpful comments on the sections on audio 
transformers and to Prof. W. J. Fry for information on piezoelectric 
crystals. 

We also thank Berenice B. Anner, who did all the typing. 

W. L. Everitt. 

G. E. Anner. 
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CHAPTER 1 


FUNDAMENTAL PRINCIPLES 
OF COMMUNICATION NETWORKS 


1-1. The Technical Problem of the Engineer. The fundamental prob- 
lem of engineering is the utilization of th ^ forces and materials of nature 
for the benefit of mankind. The problem of science is to understand 
nature, to answer such a question as: ‘^If a certain combination of 
elements and conditions exists, what will happen?” Engineers are 
interested in an inverse type of question, viz.: “If one desires a certain 
result, what combination should be assembled to produce it with a reason- 
able degree of approximation and at a cost which can be afforded?” 

The problems of science are therefore fundamentally those of analysis, 
while the problems of engineering are those of synthesis. 

It should be pointed out that, in the development of tools for modern 
physical research, a great deal of excellent synthesis and design is neces- 
sary. This indicates that the distinction between the scientist and engi- 
neer is becoming more and more nebulous. However, one might claim 
that in designing a modern accelerator the physicist is demonstrating 
his ability to perform an engineering function. Most methods of syn- 
thesis require a thorough knowledge of and experience in analysis. 
Therefore engineering training in any area must place great emphasis 
on analysis. 

A common method of synthesis involves making a sequence of intuitive 
guesses, testing the results of each guess by analytical methods, noting 
the degree by which the result differs from the desired one, making a new 
guess, and so approaching the answer by successive approximations. 
Experience in analysis and a feeling for the physical situation are inval- 
uable aids in such a method. However, it is the aim of engineering to 
develop straightforward methods of synthesis which can either eliminate 
or greatly speed up the guessing and checking process. 

Exemplifying the difference between analysis and synthesis is the 
illustration by contrasts between the differential and integral calculus. 
Straightforward methods exist for the calculation of the derivatives of a 
function, but basic integrals were obtained by guessing the answer and 
checking by taking the derivatives. The results may be tabulated so 
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that each user of integrals need not repeat the process, and rules for com- 
binations may be set up, but most new situations require a repetition of 
the use of intuition and checking. 

The complex problems of engineering may be divided in many ways. 
One basis of division might be as follows: (1) the processing of materials; 
(2) the processing of energy; (3) the processing of information. Any 
actual problem will involve all three, but the communication engineer 
is interested primarily in the collection, transportation, and delivery of 
information. He must, of course, use materials and energy as means 
for this processing. In contrast, a power engineer will be interested 
primarily in the transformation of energy originally in chemical, atomic, 
or other form into an electrical form, its transportation with a minimum 
loss, and its reconversion on the customer's premises into some useful 
form such as light or mechanical motion. In this extensive process he 
also will have to solve certain problems of information processing in 
order to control his system, but this is auxiliary to his main purpose. 
It is obvious that both the communication and the power engineer must 
use a wide variety of materials, properly fabricated for the purpose. 

The engineer may also be considered as interested in the problem of 
extending and supplementing the inherent capabilities of man. The 
processing of materials is of importance in meeting man^s needs by mod- 
ifying his environment and food supply and also in supplying the phys- 
ical building blocks for his other wants. The processing of energy is of 
importance in supplementing man^s muscles. The processing of infor- 
mation has as its function the supplementing of man’s brain power and 
nervous system. For example, modern communication methods extend 
the sense of hearing by the telephone, radio, and public-address systems, 
the sense of sight by television, radar, electron microscopes, and radio 
astronomy, the sense of touch by many electronic sensing devices, and 
even the senses of smell and taste. Furthermore the development of 
modern computers has made it possible to process mathematical informa- 
tion much more rapidly than can the brain, and even to reach decisions 
based upon comparisons between two or more sets of data resulting from 
the processing. Debates have raged over whether such systems are truly 
“brains,” but there can be no question that they can remove much of 
the repetitive drudgery formerly required of man’s brains. Furthermore, 
because of their speed, they open up new possibilities of attacking prob- 
lems by computational methods which previously were rejected because 
they required an excessive number of man-hours and were very suscep- 
tible to human error. 

In a “jet air age” involving movements above the speed of sound, 
many decisions must be made in the control of airplanes within times so 
short that it is not possible to assemble, present, and assess the informa- 
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tion on which action must be based using only primitive instrumentation 
and man’s senses alone. Electronic communication systems provide the 
solution. 

1-2. The Nature of Communication Systems. Information arises 
from two general sources: (1) ideas in the brain of a man; (2) changes in, a 
physical environment. In all cases information represents some change 
from a previous state. A flow of information arises from a source in 
which changes are more or less continuous. The more rapid the changes, 
the greater can be the amount of information generated per unit time. 

Information is useful only if it can be delivered to a receiver which can 
interpret it and make use of it. Corresponding to the two sources, there 
will be two types of receivers (sometimes called “sinks”): (1) the brain 
of a man; (2) a physical device which can respond to the signal or some 
transformed version of it. 

Either type of source may be connected to either type of sink. When 
either terminal involves a man, the characteristics of the individual are 
of importance. The engineer will find a study of the results of experi- 
mental psychology invaluable. Designs of equipment should take into 
account statistical studies of the average reactions of individuals to phys- 
ical stimuli, and in some cases the reaction characteristics of particular 
individuals. 

In most situations the information originally generated is not in a form 
which can be readily transported to the receiver. It must go through a 
transformation, or coding, process, often in more than one step. For 
example, an idea may occur in a man’s brain. This idea is translated 
into words within the brain. The brain, through long experience and 
practice, is able to send nerve impulses to the muscles of the throat and 
face to modify the character of the sound whose energy is obtained by 
blowing air past the vocal cords. Thus speech is produced. If the 
listener (receiver) is nearby, these speech sounds are now ready to be 
transmitted by acoustic waves through the transmission medium of the 
air to the ear of that listener. There these sounds must produce nerve 
impulses, which in turn can be interpreted by the brain. 

If, on the other hand, the listener is at a distant point and an elec- 
trical transmission system is to be used, then there must be a trans- 
formation introduced which will use the acoustical energy emitted by 
the mouth to either control or generate electrical energy whose variation 
is a reasonable facsimile of the flow of acoustical energy. Such electrical 
signals may then be transported over an electrical communication sys- 
tem. In the above sentence the word “generate” is used in the sense 
of an electrical generator where the energy in a portion of the acoustical 
wave is transformed into electrical energy, while the word “control” 
implies a switching action where one source of energy turns on and off 
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the flow of energy in a second system (as with a steam valve). A carbon- 
grain transmitter and a vacuum tube are examples of such electrical con- 
trol devices. 

On the other hand, a particular electrical system (for example, long 
transoceanic cables without intermediate amplifiers) may not be able to 
transmit electrical variations which occur as rapidly as those involved 
in the pressure variations of speech. This does not mean that trans- 
mission of information by electrical means is impossible. Suppose that 
the individual whose brain represents the source translates his ideas into 
oral language words and then makes a second transformation, either 
in his mind or on paper, into written words. The letters in these words 
can in turn be translated into the Morse-code dots and dashes. All this 
can go on in the source brain, which can then send nerve impulses to its 
associated hand to manipulate a telegraph key. Devices which make 
transformations in the form of information, which modify it so that it 
may be handled by the information-transportation system, may be called 
‘‘coders.” A particular class of coders are called “modulators.” 

A class of devices also of importance are called “transducers.” The 
American Standard definition is: 

A transducer is a device capable of being actuated by waves from one or more 
transmission systems or media and of supplying related waves to one or more 
other transmission systems or media. Note: The waves in the input and output 
may be of the same or different types (e.g. electric, acoustic or mechanical). 
[ASA C42 65.06.450 (1953).] 

Transducers can be either “passive” or “active.” The American 
Standard definitions are in turn : 

A passive transducer is a transducer whose output waves are independent of 
any sources of power which are controlled by the actuating waves. [ASA C42 
65.06.456 (1953).] 

An active transducer is a transducer whose output waves are dependent upon 
sources of power, apart from that supplied by any of the actuating waves, which 
power is controlled by one or more of these waves. [ASA C42 65.06.458 (1953).] 

An important group of transducers are those which transform one form 
of energy into another. For example, an electromechanical transducer 
is defined as: 

An electromechanical transducer is a transducer for receiving waves from an 
electrical system and delivering waves to a mechanical system or vice versa. 
[ASA C42 65.06.469 (1953).] 

Examples of electromechanical transducers are microphones and loud- 
speakers, which are discussed in Chap. 16. 
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The simplest type of communication system, then, will contain the 
following five elements: 

1. A source of information. 

2. A coder, or transducer, for transforming the information into a form 
suitable for transportation over a transmission system. 

3. A transmission system. 

4. A decoder, or transducer, for transforming the signal into a form 
suitable for interpretation by the receiver. 

5. A receiver of information. 

Very frequently the transmission system must be used for several 
signals simultaneously, each arising from a separate source and each 
being addressed to individual receivers. Radio is an example where all 
the world is on a ‘‘party line.’' This common use can be accomplished 
by proper design of the coder. Each coder must modify the signals from 
its associated source so that there is a distinctive difference between the 
several coded signals, but the coding must not destroy the identity of the 
information. This process is called “modulation” and will be described 
later in the chapter. When modulation is involved in the coding process, 
the decoder must also be modified to perform two additional functions: 
(1) filtering out, i.e., selecting the desired signal for its addressee and 
rejecting all other signals; (2) transforming the signal back into a form 
in which it can be handled by the normal decoding process. This is 
called “demodulation.” 

A complete system from information source to information receiver is 
called an information, or communication, channel, whether a portion of 
the system is common to other channels or not. 

It should be evident that, like all systems, error may creep in, i.e., the 
information may be distorted in the process of transportation. Common 
gossip is a good example of what may happen in the processing of infor- 
mation. Error arises from two major causes: 

1. Distortion of the information may occur as it passes through suc- 
cessive links. This will be discussed later in the chapter. 

2. Extraneous signals or noise may be introduced which will be inter- 
preted by the receiver as part of the signal originating at the source. 
This noise may intrude at all links in the channel. Examples of noise 
source are static in radio, inductive interference from power and other 
telephone lines in telephony, and the random motion of electrons in 
resistors, vacuum tubes, and transistors in cases where high amplification 
is required. The block diagram of a communication system is shown in 
Fig. 1-1. 

In order to be prepared to analyze and synthesize systems and to 
reduce disturbances which result in error, it is necessary to consider in 
more detail the characteristics of the signals which may be originated by 
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Fig. 1-1. Block diagram of a communication channel. 



Time 

Fig. 1-2. Current variation in a telegraph signal. 


the sources or coding system and how these complex signals may be 
analyzed into elementary forms so that the requirements for components 
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of the system may be specified. 

One of the simplest electrical 
communication signals is that 
originating from the dots and 
dashes of a telegraph key which 
applies a d-c voltage on an ^‘all- 
or-nonc’’ basis, as illustrated in 
Fig. 1-2. 

In music and speech the varia- 
tion of pressure in a sound wave 
is complex. The nature of the 
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Fig. 1-3. Waveform of musical sounds and 
their frequency spectra. 


fluctuation varies with every indi- 
vidual or instrument and with 
every word or note which is pro- 
duced. Figure 1-3 shows the 
waveform of some sounds pro- 
duced by musical instruments, 
while Fig. 1-4 shows the wave- 
form of a particular spoken word. 

In television events occur much 
more rapidly. It is necessary not 
only to transmit information on 
details of a picture at a rate of 
about 7,500,000 dots per second 


(30 pictures per second each with a grain structure of about 250,000 dots) 
but also to synchronize information to keep the scanning system at the 
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transmitter and receiver in step with each other. Figure 1-5 shows the 
waveform of a typical black-and-white television signal. 

S 


EE 

M 



500 cycles 

mmmMmmmmmmmMmm 

Fig. 1-4. Waveform of the word “ seems. 

Radar and computer systems deal with pulses somewhat similar to 
telegraph signals except that they are very much shorter, ranging from 
a fraction of a microsecond to a few microseconds in duration. All show 
a fundamental characteristic of rapid change at the transmitting end and 
of unpredictability at the receiver. To 
the extent that the signal can be pre- 
dicted at the receiving end, the amount 
of information is reduced, as, for ex- 
ample, when a musical note repeats its 
waveform for a long period. 

In order that the electrical system 
may be designed to handle time-vary- 
ing signals, such as those of Figs. 1-3 
to 1-5, more detailed knowledge of 
their nature is required. In this re- 
gard, it will be shown that time-varying 
signals, no matter how complicated, 
may be analyzed in terms of a frequency spectrum, i.e., in terms of fre- 
quency components, with specified relative amplitudes. The means for 
determining these frequency spectra are covered in detail in Chap. 2. 
For the moment, certain general ideas will be considered. 



Fig. 1-5. Waveform of one line of a 
television signal. 
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l<-3. Analysis of Complex Waveforms. A current which varies with 
time can usually be analyzed into simpler elements. A method of anal- 
ysis which can be applied to many problems is to reconstruct from the 
simplest elements a structure or form similar to that of the one being 
analyzed. 

In Fig. l-6a is shown a curve of the current flowing in a ** carbon- 
grain^' telephone transmitter when a pure tone, i.e., a sine wave of sound, 
is impressed upon its diaphragm. 

The wave of Fig. l-6a could be constructed by adding together the two 
components shown in Fig. 1-66. It will be shown in Chap. 3 that each 
of the two components of Fig. 1-66 will divide in any linear network as 
though the other were not present. In a nonlinear impedance the com- 
ponents will react on each other in the manner described later. 



Time Time 

(a) (6) 


Fig. 1-6. Analysis of a pulsating current into components. 

As an example of how the two components may be separated elec- 
trically, consider the effect of sending the current of Fig. 1-66 through a 
transformer. The voltage in the secondary depends upon the variation 
in flux and not on the amount. Only the alternating component will be 
effective in producing voltage in the secondary, and if a load were con- 
nected, the current would be a reproduction of the alternating compo- 
nents, but the d-c portion would be lost. 

An application of a-c principles can be used to determine the trans- 
mission of the current of Fig. 1-66 in any electrical system. Whether a 
current actually reverses or not is immaterial; if it varies with time, it 
has alternating components. In fact, direct current can properly be 
considered as an alternating current of zero frequency. The study of 
electrical communication is therefore based on a study of a-c circuits, 

1-4. Response of Network Elements to Sinusoidal and Nonsinusoidal 
Voltages. The sine wave is considered the fundamental, or simplest, 
waveform for reasons which will be explained later in the chapter. If a 
voltage with a complex waveform is impressed on a pure resistance, the 
current which flows will have the same wave shape as the voltage, because, 
by Ohm's law, the current is proportional to the magnitude of the voltage 
at every instant. Figure 1-7 shows an oscillogram of voltage across a 
resistance and current through it. 



FUNDAMENTAL PRINCIPLES OF COMMUNIjOATION NSTWORRS 9 

f 

On the other hand, if the complex voltage wave is impressed on a pure 
capacitance, the current is proportional, at any instant, not to the mag- 
nitude of the voltage but to the rate at which it is chanidng. This is 



( 1 - 1 ) 


Fio. 1-7. Oscillogram of current and voltage in a resistance 
expressed by the equation 

The waveform of current will therefore be quite different from that of 
the applied voltage, unless the latter is a pure sine wave. If it is a sine 
wave, i.e., if 

e — £ sin (j)t (1-2) 

then from Eq. (1-1) 

i = <j}Cil cos wf (1-3) 

and the two waves will be similar to those shown in the oscillogram of 
Fig. l-8a. In this book an arc over a symbol (for example, & or t) 
represents the peak, or maximum, value of the quantity. 

The only difference between a sine and a cosine wave is a time dis- 
placement of one-quarter of a cycle. There is no difference in shape, 
and so both are grouped under the general heading of “sine waves.” 

Similarly, if a complex wave of voltage is applied to a pure inductance, 
the current which flows will be such that, at every instant. 


j di 

^di 


(1-4) 


Equation (1-4) shows that the waveforms of the current and voltage 
will not, in general, be similar. An exception occurs when the applied 
voltage is a sine wave of the form given by Eq. (1-2). In this case 
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An oscillogram of current and voltage for this case is shown in Fig. 1-86. 

Oscillograms of nonsinusoidal voltages and their resulting currents 
are shown in Figs. 1-9 and 1-10. In Fig. 1-9 the voltage is applied 
across a resistance, in Fig. 1-lOa across a capacitor, and in Fig. 1-106 
across an inductor. The waveforms of current and voltage are alike 
only in the case where the impedance is a pure resistance. It can be 
seen that in Fig. 1-lOa the current is proportional to the rate of change 




{h) 

Fig. 1-8. Voltage and current in reactive elements, (a) Capacitor, (b) Inductor. 

of voltage, while in Fig. 1-106 the voltage is proportional to the rate of 
change of current. 

It is desirable to adopt the convention that when an alternating cur- 
rent of frequency / is referred to, it shall indicate that the current passes 
through/ cycles/sec with a definite waveform. If any arbitrary waveform 
is taken as standard, other waveforms can be built up from this initial 
waveform. For example, suppose the arbitrary standard waveform 
selected were to be the triangular-shaped wave of Fig. 1-1 la. The 
wave shape of Fig. 1-116, which has the same period as that of Fig.l-lla, 








Fig. 1-9. An example of current and voltage waves when a nonsmusoidal voltage is 
impressed on a pure resistance. 



w 

Fig. 1-10. Voltage and current in reactive elements when a nonsmusoidal voltage is 
impressed, (a) Capacitor, (b) Inductor. 
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could be approximated to any required degree by adding waves of the 
shape of Fig. 1-1 la, these waves having frequencies which are integral 
multiples of the fundamental frequency. This is apparent from the 
fact that a single triangular wave may be made to pass through any point 
in the first cycle of the wave of Fig. 1-116 and to pass through a similar 
point in each succeeding cycle. Two triangular waves could be selected 

whose sum would pass through any 
two points in the wave of Fig. 1-1 16, 
and if the frequency of one were an 
integral multiple of the other, it would 
pass through corresponding points 
in all the later cycles. Similarly, 
three waves could be selected whose sum would pass through any three 
points. If enough different triangular waves were selected, each with a 
frequency which was an integral multiple of the first, their sum could be 
made to pass through any desired number of points in the first cycle and 
corresponding points in each succeeding cycle. The sum of an infinite 
number of triangular waves could be made to coincide exactly with all 
the points on the curve of Fig. 1-116 or any other recurrent wave. 

Hence, after the primary waveform has been selected, other wave- 
forms can be analyzed in terms of a number of components of different 
frequency, but each with the shape of the primary wave form. For this 
reason when speaking of a single frequency ^ one must know what has been 
adopted as the fundamental waveform. 

If the triangular waveform were to be adopted as fundamental, a 
difficulty would immediately arise. If a voltage of this form were 
applied to a capacitor, the current would have a different waveform. 
Hence, if a single-frequency voltage were applied to the capacitor, the 
current would have to be considered as being made up of a number of 
frequencies. It is desirable to adopt such a waveform that, if a single- 
frequency voltage is applied to a resistance, inductance, or capacitance, 
the current will also be considered as having a single frequency, i.e., as 
having the same waveform. It has been shown that this occurs only in 
the case of the sine wave^ for it is the only recurrent curve whose derivative 
(rate of change) and integral are of the same form as itself. For that 
reason the sine wave has been adopted universally as the fundamental 
waveform, and it is understood in all electrical literature that, when a 
single frequency / is referred to, it means a sine wave with f cycles! sec. 
(It is common practice to shorten the dimensionally correct ‘^cycles per 
second'^ to '‘cycles,'^ and this will be done in the balance of this book.) 
The amplitude (maximum value) of a particular wave might vary with time. 
A sine wave has constant amplitude; hence, if the amplitude changes with, 
time, the wave must be specified in terms of more than one frequency. 


(a) (6) 

Fio. 1-11. Recurrent waveforms. 
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Therefore, there is, strictly speaking, no possibility of setting up a true 
single-frequency current, for the current must have started some time, 
and hence a variation with time has occurred. In spite of this it will be 
shown that analyses in terms of single frequencies give important infor- 
mation on actual networks. 

1-6. Analysis of Transient Waveforms. When complex waves, which 
repeat themselves over and over, are analyzed by the Fourier method, 
described in Chap. 2, the components obtained are integral multiples, or 
harmonics, of the frequency at which the wave recurs. Rather than 
repetitive waves which continue for an appreciable time, communication 
systems are called upon to transmit transients, or waves which differ 
from the preceding and succeeding portions. It is possible to analyze 
the results of such irregularities if the response to sinusoidal waves at all 
frequencies is known. 

1-6. The Fourier Integral and Its Significance to Communication. If 

a wave repeats itself 10 times a second, it can be analyzed into compo- 
nents of 10, 20, 30, 40, 50, . . . cycles. If it occurs only once a second, 
then the wave will have harmonics which are integral multiples of unity, 
that is, 1, 2, 3, . . . 641, 642, 643, . . . cycles. The amplitude of the 
individual harmonics will be decreased, but the frequency interval 
between harmonics will also be decreased. If the time between suc- 
cessive impulses is still further increased, the individual components 
will be still closer together in frequency and smaller in amplitude. 
Finally, if an impulse occurs only once, the separation between individ- 
ual components becomes infinitesimal and it is possible to plot a con- 
tinuous curve of relative amplitude vs. frequency. This is accomplished 
by means of a Fourier integral, which is a development of the Fourier 
series into the case where the fundamental frequency is zero. 

The use of the Fourier integral in a formal analytical solution of tran- 
sients can be applied only for relatively simple impressed impulses 
because of the difficulty of obtaining the necessary definite integrals. 
The other method of attack on transients, viz., the use of differential 
equations, is equally impotent for complicated impressed voltages. How- 
ever ^ the existence of the Fourier integral does give the knowledge that any 
transient impressed voltage or current can be expressed as a continuous band 
of frequencies^ and the response^ or resultant^ current or voltage at any part 
of the network can also be expressed as a continuous band of frequencies, 
the ratio of any frequency component in the impressed wave to the correspond- 
ing frequency component in the response wave being determined by the steady- 
state characteristic of the network at that frequency. This is probably the 
most important single idea in communication engineering, as the whole 
method of attack on communication networks is based upon it. It will 
be developed in greater detail in the next chapter. 
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Owing to the continual change in waveform of the signal in communica- 
tion systems, it is not possible to determine analytically the distribution 
or relative magnitude of the frequency components used in any trans- 
mission such as speech, music, telegraph code, television, etc. How- 
ever, the distribution can be ascertained statistically. Statistics are in 
general resorted to where it is impossible to make definite predictions of 
an individual event, but these statistics make it possible to predict the 
distribution of a group of events. For example, it is not possible to 
predict accurately the exact date of the death of an individual (even if 
he has committed murder), but the financial stability of insurance com- 
panies is dependent on their ability to determine the distribution of 
deaths in a large group of individuals. 

The statistical determination of the frequency distribution in impulses 
with the transient character of speech can be determined somewhat as 
follows: A telephone transmission system which will transmit only a 
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Frequency, cycles 

Fig. 1-12, Effect of frequency range on articulation. 

limited but controllable band of frequencies is set up, and random 
unrelated speech sounds are sent over it. At the receiving end an 
observer records the sound which he hears. By comparison of the 
records at each end the percentage of words understood can be deter- 
mined as a function of the band of frequencies transmitted. In order 
to be significant, thousands of observations should be made, for, in com- 
mon with other statistics, the results are only significant when obtained 
from a large number of observations. Figure 1-12 shows two curves 
obtained by Crandall and MacKenzie, indicating the percentage of cer- 
tain word syllables which were understood in two cases, as follows: 
curve L shows the percentage of sounds understood when all frequencies 
below the frequency indicated were transmitted and those above were 
eliminated, while curve H shows the percentage of sounds understood 
when only frequencies above the frequency indicated were transmitted. 
Curves of this character may be used to determine the width of the fre- 
quency band which should be transmitted for an acceptable under- 
standing of telephonic speech. These would indicate that a transmission 
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of 400 to 3,000 cycles might be acceptable for some purposes where onljf 
intelligibility is required. 

In many cases it is desirable not only to have the words of the speaker 
understood but also to reproduce speech or music with naturalness. 
This is the case in broadcast transmission and phonograph reproduction. 
In this case, an artistic judgment must enter into the statistical deter- 
minations, and it has generally been agreed that a frequency range of 
30 or 50 cycles to 15,000 cycles is desirable for so-called ‘‘high-fidelity^’ 
reproduction. Certain sounds, such as those of rattling keys and of 
percussion instruments, require the transmission of frequencies up to 
15,000 cycles. In general, it is necessary to increase the cost of equip- 
ment as the bandwidth is expanded, and so engineering judgment must 
be introduced in any case to determine the actual requirements which 
should be met in the design of a unit, balancing increased cost against 
increased performance. 

From this analysis one arrives at the following paradox: Because com- 
munication is carried on exclusively by transients^ much of the analysis 
of the performance of communication apparatus is made in terms of the 
response of such apparatus to steady-state alternating currents, this 
response being determined over the range of frequencies found statis- 
tically to be of importance for the type of signal to be transmitted. 

Where transmission of pulses is important, as in television and radio, 
the analysis of responses to sudden changes is significant and transient 
conditions may be examined directly. It will be shown in Chap. 2 that 
steady-state and transient response are directly related. 

1-7. Response of the Ear. The ear is an important part of the decod- 
ing network in communication by speech or music and, in fact, plays an 
important part in determining curves such as Fig. 1-12. It is not equally 
responsive at all frequencies. Fletcher and Munson have given a set of 
curves of equal loudness as shown in Fig. 1-13. No sensation is produced 
by amplitudes lower than the zero level, which is called the threshold of 
audibility. The ordinate scale is given in decibels or logarithm of the 
ratio of the power to some reference power, the use of which will be 
explained in Chap. 6. The zero level corresponds to a sound power level 
of 10“^* watt/sq cm, which under normal conditions of temperature and 
pressure of the air is an alternating sound pressure with an effective value 
of 2.04 X 10“^ dyne/sq cm. 

In the transmission of speech or music, if a component in the original 
sound falls below the threshold of audibility, owing to lack of energy or 
being outside the frequency range, then there is no advantage in trans- 
mitting it electrically. Hence, no matter what the waveform, it is gen- 
erally considered necessary to transmit frequencies only within a limited 
range, although the wave may have components outside that range. 
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This applies to other signals as well, so that, for any given application, 
the circuit may be designed to handle a limited band of frequencies. 
The actual band required is determined by the nature of ' the signal as it 
emerges from the coder and the requirements of the receiver (or in some 
cases the decoder) for a signal which can be recognized within the required 
amount of allowable error. 

1-8. Nature of Distortion. As mentioned before, a communication 
^ network should deliver at the receiving end a waveform which is as nearly 
like the original supplied as is technically and economically feasible. 
Since control elements such as vacuum tubes and transistors may be used, 
the output may be greater in magnitude than the input, in which case 



Frequency, cycles 

Fig. 1-13. Loudness-level contours (Bell Telephone Laboratories.) 

the network is said to introduce a ‘^gain,’^ or it may be less, in which case 
the network introduces a **loss.’’ 

Since networks can produce either a gain or a loss, such gain or loss is 
not considered to be an important change in the original signal. How- 
ever, a change in waveform modifies the character of the signal, losing 
some of the original information, and is called distortion.’^ 

Based on the idea that a complex transient can be analyzed into a band 
of sinusoidal waves, there are three types of distortion which occur in 
transmission. These are defined precisely in Chap. 6 but for the moment 
may be described as follows : 

Frequency distortion is that form of distortion in which the relative 
magnitudes of the different frequency components of the transmitted 
wave are altered. 

Delay distortion is that form of distortion in which the time of trans- 
mission (or delay) of the different frequency components is not constant. 
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Nonlinear distortion is that form of distortion in which the output is 
not directly proportional to the input. The important result of this is 
that new frequency components, not present in the original input wave, 
are present in the output wave. 

Frequency and delay distortion are usually due to the linear elements 
of inductance and capacitance, because their impedance varies with fre- 
quency. Delay distortion is not generally perceptible to the ear, if the 
unequal delay is kept to low limits, and therefore is of interest, in teleph- 
ony, only on long transmission lines. It is of particular importance in 
telegraphy, where physical instruments interpret the signal, and in 
television. 

If a pure sine wave of voltage is applied to a nonlinear impedance, the 
current will not be a sine wave. Such a wave can be analyzed into two 
or more sine waves, and thus there are introduced in the output new 
frequencies not present in the input. If a single sine wave is impressed, 
these new frequencies will be harmonics or integral multiples of the orig- 
inal frequency. If the impressed wave has more than one frequency 
component, the output will also have additional terms equal to the sums 
and differences of the input component frequencies and their integral 
multiples. 

It is usually "desirable in a network to make each unit as distortionless 
as possible. However, it is often possible to correct for frequency and 
delay distortion by additional meshes or elements which provide a counter- 
acting distortion. For instance, in a cable the higher frequencies travel 
faster and are attenuated more than the lower ones. An equalizing net- 
work at the end should attenuate the lower frequencies and delay the 
higher ones. Such equalizing networks are considered in Chap. 14. 

Nonlinear distortion cannot generally be compensated for in this 
manner. Once produced, the new frequencies can be eliminated only 
if they fall outside the band of those which are desired or if there is a 
total absence of delay distortion, when another nonlinear impedance with 
a reverse curvature may be used. All frequencies which do fall outside 
the band necessary for communication can be disposed of by networks, 
called filters.^’ These networks transmit effectively certain bands of 
frequencies and greatly attenuate other bands and are the subject of 
Chap. 7. As a rule nonlinear distortion must be prevented rather than 
corrected after its occurrence. 

1-9. Frequency Translation, or Modulation. Nonlinear distortion, 
however, has extremely important uses for coding. A fundamental 
principle of communication is that a complex wave, represented by a 
band of frequencies, can be translated to any other band of at least equal 
width, if it is so desired, and later retranslated into its original form. 
This may be desirable because of a greater effectiveness of the trans- 
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mitting medium at the new band or in order to convey several messages 
in the same medium. This translation can be accomplished by using 
nonlinear impedances and employing the fact that the current flowing in 
such an impedance contains new frequencies, equal to the sums and differ- 
ences of those supplied in the input voltage. 

Such a translation occurs in all radio and carrier telephone transmis- 
sion, It is not feasible to build a radio antenna which will effectively 
radiate audio frequencies. The length of an antenna must be of the order 
of one-quarter the wavelength to be emitted. Such a length for 800 
cycles would be 60 miles. Furthermore an antenna of this length could 
not radiate effectively frequencies of the order of one-half or twice its 
natural wavelength and so could not transmit the minimum band of 
400 to 3,000 cycles needed for intelligible speech. It is necessary, there- 
fore, to transmit a band of the same width at higher frequencies; e.g., it 
would be possible to use for intelligible speech 1,000,250 to 1,002,750 cycles 

This translation, or modulation, may be compared to an automatic 
coding and decoding apparatus. Suppose all the words in an abridged 
dictionary were represented by Nos. 1 to 10,000. It would be possible 
to talk in terms of numbers, and in time the numbers would be as familiar 
to us as the words now used. 

2,978-1-1,643-6,435-7,695-9,523-6,872-3,169 might be a sentence which 
meant ^‘Having a fine time, wish you were here.^^ Now suppose an 
individual suddenly inherits a typewriter which can write only numbers 
between 120,000 and 160,000 and he wishes to send a message home. 
The intelligence could be conveyed as well by a band from 120,000 to 

130.000 as by the 1 to 10,000 band of numbers. He would agree, pre- 
viously, with the individual to whom the message is to be sent to subtract 

120.000 from the numbers received. The message would then be 122,- 
978-120,001-121,643-120,435-127,695-129,523-126,872-123,169. 

Suppose at the same time he also wished to send a message to another 
member of the family, such as *^Wire another hundred dollars.*^ He 
might agree with this member that his messages were to be received in 
the band 150,000 to 160,000. The decoding would be accomplished by 
subtracting 150,000 from numbers in this group. Before coding this 
might read 7,843-819-3,245-1,298, and after coding it would become 
157,843-150,819-153,245-151,298. 

It would be possible to mix this message right in with the other, and 
yet there would be no confusion; e.g., the two messages together might be 
122,978-120,001-157,843-121,643-150,819-126,435-127,695-153,245-129,- 
523-126,872-151,298-123,169. 

Each person at the receiving end would know the band within which 
his message was to be received and would select numbers only in that 
band before applying the decoding process. 
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In the same way, several messages, originally in the same frequency 
band but in different channels, (see Fig. 1-1), can be coded, i.e., trans- 
lated to new bands by nonlinear impedances, and then be introduced to 
and travel simultaneously in the same medium (either free space or a 
transmission line), be separated at the receiving end by appropriate filter 
networks, be transposed or decoded by nonlinear impedances to their 
original frequency band, and be delivered to the proper receiving point 
in substantially the same form as the original. 

The principle of modulation is so important that it will be developed 
at somewhat greater length here, in order to understand its implications 
in the design of the networks covered in this book. However, the reader 
should refer to another text for detailed discussion of actual modulators 
and demodulators. One in general starts with some a-c phenomenon 
such as voltage, current, or electromagnetic field strength, generically 
referred to as waves. 

Modulation of a wave is the process by which a characteristic of a 
so-called carrier wave” of a higher frequency than any component of 
the signal is varied in accordance with the time variation of the signal. 
A general alternating wave may be represented by the equation 

e = A sin (c*it + <^) (1-6) 

Three groups of modulation methods are recognized: 

1. Amplitude modulation, where A is varied by the signal. 

2. Angle modulation, where </> is varied by the signal. 

3. Pulse modulation, where the signal is turned on or off in pulses, and 
where the pulses themselves are modulated in amplitude or time of occur- 
rence in accordance with the instantaneous values of the signal. 

1-10. Amplitude Modulation.^ In an amplitude-modulated wave the 
amplitude is varied about its mean value in proportion to the signal. 
Let the original signal (such as the sound pressure on the microphone) be 
represented by the function f(l). Then the amplitude factor A of Eq. 
(1-6) is modified by /(if) to give the amplitude-modulated wave 

e = A[\ + 6/(0] sin (w< + 0) (1-7) 

where 6 is a factor determined by the design and operation of the mod- 
ulating system and has dimensions such that 6/(0 is a pure numeric. 
6 is usually a constant, but in some cases it is made a function of the 
signal frequency component. For example, if 6 is made to change with 
frequency in the proper manner, compensation may be secured for defects 
in the frequency characteristic of some other part of the system. 

1 W. L. Everitt, Frequency Modulation, Trans, AIEEf vol. 59, p. 613, November, 
1940. 
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The amplitude variation cannot carry the amplitude below aero. 
Therefore the factor h should be so chosen by the operator that 1 + bf(f) 
never becomes negative. Hence bf(t) should not exceed an absolute 
value of unity. This absolute value of the maximum of hf(t) is called 
the amplitude-modulation factor and is given the notation m®. 

If the signal f(t) is sinusoidal with a frequency p/2t, Eq. (1-7) becomes 

€ = A{1 + ma sin pt) sin cat (1-8) 

The curve of Eq. (1-8) is illustrated in Fig. 1-14 for = 0.5 and 
«/p = 10. It will be noted that the wave crosses the axis at regular 
time intervals of 2ir/a> sec for both the modulated and the unmodulated 
waves. 



In alternating phenomena a single frequency is represented by the 
projection of a phasor of constant length rotating with the constant 
angular velocity « = 27r/. The wave of Eq. (1-7) could also be repre- 
sented by a phasor rotating with a constant angular velocity w, but the 
length of the phasor would be changing at a low frequency rate as given 
by the equation 

Length of phasor = A[l + bf(t)] (1-9) 

The term A[1 + bf(t)] is called the envelope of the wave. In Eq. (1-8) 
the envelope would be il(l -1- ma sin pt) as is illustrated in Fig. 1-14. 

In drawing phasors which represent alternating phenomena it is com- 
mon practice to consider that the observer is traveling on a platform 
which is also rotating about the same center with a velocity ca. The 
original phasor would then appear to be stationary and could be rep- 
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resented by a single drawing. However, if either the magnitude or the 
phase of the phasor is changing with time, a series of successive drawings 
is necessary to illustrate what is 
happening. 

These successive drawings of 
stationary phasors for the wave of 
Fig. 1-14 are shown in Fig. 1-15 
for time intervals of one-eighth 
the period of the 1-f wave produc- ^ ^ t « jy 

ing the modulation. 1-15. Phaser diagrams of the ampli- 

At the receiver the demodulator tude-modulated wave of Fig 1-14 for suc- 
must produce a response which is c®®sive instants. 

proportional to the envelope of the modulated wave (except for the con- 
stant component). 

1-11. Interference of Two Amplitude-modulated Waves. If a second 
amplitude-modulated wave of the same carrier frequency and phase is 
added to the wave of Fig. 1-14, the resultant wave will have an envelope 
which is the sum of the envelopes of the two waves, for the phasors will 
be adding in phase. The interfering effect will be noticeable if the 
undesired signal is as much as 1 per cent of the desired signal. Hence 
it is desirable to make the value of mo as large as possible, since the opera- 
tor of a given communication system cannot control the modulation of 
the desired wave by the undcsired signal. 




Fig. 1-16. Interference with an amplitude-modulated wave of a carrier of slightly 
different frequency. (Z> is the desired, U the undesired, and R the resultant wave.) 


If the frequency of the interfering wave is slightly different from the 
desired wave (the difference being too small to eliminate it by selective 
circuits), then the interfering wave will produce a variation in the enve- 
lope, which variation has an amplitude equal to the magnitude of the 
interfering wave (even if it is unmodulated). This additional variation 
will occur at a frequency which is equal to the difference between the 
carrier frequencies of the desired and undesired signals, and will produce 
an interfering modulation which is further superimposed on the result- 
ant envelope. This is illustrated by the phasor diagrams in Fig. 1-16, 
where the undesired signal has a frequency which exceeds the frequency 
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of the desired signal by 1.5p/2t. It is seen that the resultant envelope 
is modified by an additional component equal to the magnitude of the 
undesired wave and so introduces interference proportional to the mag- 
nitude of the interfering wave. 

Again it is apparent that the amplitude of the envelope of the desired 
signal should be kept as large as possible in order that the interference 
may be minimized. If Eq. (1-7) represents current or voltage, the 
amplitude of the envelope may be increased by increasing either the 
power or the amount of modulation (ma). 

1-12. Angle Modulation. In angle modulation (of which frequency 
modulation is a subdivision) the angle <l> of Eq. (1-6) is given by a func- 
tion of time which is related, but not, in all cases, directly proportional, 
to the signal function f{t). The two principal subdivisions of angle 
modulation which have been extensively studied are phase modulation 
and frequency modulation. 

1-13. Phase Modulation. In this type of modulation the phase 
angle <!> is made to vary in accordance with the signal. That is, 

• <!> = h,m ( 1 - 10 ) 

where 6i is a constant determined by the design and operation of the 
modulating system. When Eq. (1-10) is inserted in Eq. (1-6), the wave 
becomes 

e = A sin [wt -f- bif{t)] (1-1 1) 

The maximum value of 6i/(0 is called the 'phase-modulation index mp. 
It is the maximum number of radians by which the phase of the carrier 
is altered during modulation. If the signal is sinusoidal with a fre- 
quency p/2t, Eq. (1-11) becomes 

6 = A sin {cot + Mp sin pt) (1-12) 

1-14. Frequency Modulation. In this type of modulation the instan- 
taneous frequency is varied about the average value co/2t in proportion 
to the instantaneous value of the signal. By definition, the use of the 
word ' frequency^' is extended to the general equation (1-6) by the 
relation 

= « + ^ (1-13) 

Since a? is a constant (27r times the carrier frequency), the signal must 
modify d4>/dt so that the instantaneous frequency is given by the relation 

/inrt ^ “I” ^2/(0 


(1-14) 
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where 62 is a design and operating constant. The maximum value of 
62/(0 is the maximum deviation in instantaneous frequency of the mod- 
ulated wave from the unmodulated one and is called the frequency devia-^ 
tioUj A/. If /(O is a sine wave of frequency p/2ir then 

6^(0 = A/ sin pi (1-15) 

If Eqs. (1-13) to (1-15) are combined, 

27r/,nBt = w “h 2 t A/ sin = w -h 

which gives 

</) = I 2t Af sin pi dt = ^ (1“I6) 

where /p is the freciuency of the modulating signal. Equation (1-16) may 
be written 

0 = —ruf cob pi (l-16a) 

where m/ is called the frequency-modulation index. If this phase angle 
is inserted in Eq. (1-6), the result will be 

e = sin {(at — W/ cos pt) (1-17) 

Equations (1-17) and (1-12), applying to a modulating signal of a single 
frequency, do not differ appreciably (except for a 90® shift in the modula- 
tion phase). In Eq. (1-17) the maximum shift in phase (corresponding 
to the phase modulation factor rrip) will be 

m, = ^ (1-18) 

mp in phase modulation and A/ in frequency modulation are arbitrary 
design factors. Unlike amplitude modulation they are not restricted 
to a maximum value of unity, for mp may be hundreds of radians or 
A/ thousands of cycles if desired. The limitations on wip and A/ will be 
determined by the allowable frequency spectrum and will be discussed 
later. 

The distinction between phase and freciueiicy modulation is as fol- 
lows: if the frequency, but not the amplitude, of the modulating signal 
changes, mp is constant in phase modulation and A/ is constant in fre-^ 
quency modulation. 

It follows from Eq. (1-18) that in frequency modulation the phase 
deviation is inversely proportional to the modulating frequency. On 
the other hand, in phase modulation the frequency deviation is directly 
proportional to the modulating frequency. 

Figure 1-17 is an illustration of angle modulation as represented by 
Eq. (1-12) for the case where * 0.5 and (a/p *= 12. On a casual 
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examination this would appear to be a single frequency wave. How- 
ever, the intervals at which it crosses the axis vary throughout the audio 
cycle. In order to show this the first, fourth, seventh, tenth, and 
thirteenth cycles are expanded and shown in Fig. 1-18. It is seen that 
the varying shift in phase also produces a change in frequency which 
varies throughout the low-frequency (If) cycle. 

Axis 


Signal voltage *£sin pt 


Phase modulated wave -A sin(a)t +mp sin pt), 
where mp=kE -OS 



Fi(}. 1-17 An angle-modulated wave. 


The successive phasor .diagrams for the angle-modulated wave of 
Fig. 1-17 (corresponding to the diagrams of Fig. 1-15 for an amplitude- 
modulated wave) are shown in Fig. 1-19. The signal wave is included 
for identification of the various instants. 

The difference between phase and frequency modulation may be illus- 
trate.d by the way the motion of the resultant phasor would appear to 



Fig. 1-18. Expansion of individual cycles in Fig. 1-17. A, first and thirteenth cycles 
of Fig. 1-17. Bf fourth and tenth cycles of Fig. 1-17. C, seventh cycle of Fig. 1-17. 

an observer riding with the carrier phasor. In phase modulation two 
audio signals of equal amplitude, but of different frequencies, would 
produce equal angular amplitudes in the apparent swing of the resultant 
phasor. In frequency modulation two audio signals of equal amplitude 
would produce equal maximum angular velocities in the apparent swing 
of the resultant phasor. In this latter case (frequency modulation) the 



FUNDAMENTAL PRINC^IPLES OF COMMUNICATION NETWORKS ^5 

maximum angle of swing would be inversely proportional to the audio 
frequency [as is indicated by Eq. (1-18)]. This is illustrated by Fig. 1-20, 
where the phasors for both frequency and phase modulation are drawn 
for two signals with an audio-frequency (af) ratio of 2:1. Note that 
in phase modulation the maximum angle <i>m is the same for both signals, 



Fig. 1-19. Phaser diagrams of the angle-modulated wave of Fig. 1-17 for successive 
instants. Solid-line phasors are phasors of the modulated wave. Dashed-line 
phasors are phasors of the unmodulated wave. 

while for frequency modulation the maximum angle for signal A 
(the lower frequency) is twice that for signal B, Since the angular 
velocity is proportional to the instantaneous value of the signal in fre- 
quency modulation, the phasor reaches its maximum angle of deviation 
when the signal is zero, while in phase modulation it reaches its maximum 
angle of deviation when the signal is a maximum. 



Fig. 1-20. Comparison of phase and frequency modulation by means of phasor dia- 
grams. Note. 0m is the same for both signals for phase modulation 0m is in- 
versely proportional to signal frequency for frequency modulation. Maximum 
velocities of the phasors are the same for both signals for frequency modulation. 

In radio transmission by angle modulation means are provided at the 
decoder so that the detected signal is proportional to the angle modula- 
tion (of the particular type selected) and at the same time this detected 
signal is made unresponsive to amplitude variations. 

1-16. Interference of Two Angle-modulated Waves, When two angle- 
modulated waves of the same carrier frequency are added together, the 
total angle modulation is not the sum of the two individual modulations. 
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This can be illustrated by Fig. 1-21, where an angle-modulated wave 
B is represented by a phasor whose angle is changing with time. This is 
added to a larger phasor A which for the moment will be assumed to be 
unmodulated. The resultant phasor R will be the sum of the two 
phasors. 

It is apparent that, if B is less than then no matter what the total 
angular variation of B may be (even if it is hundreds of radians) the total 
angular difference between R and A cannot exceed arctan (B/A), For 
instance, if B/A = 0.5, the maximum value of nip for the phasor R when 
A is unmodulated is nip = 0.46. If B/A = 0.5 and A in turn has its 
angle modulated, then the difference between the angle of A and that 
of R cannot exceed 0.46 radian at any instant. If the modulation factor 
nip of A is made large in comparison with 0.46, the interference of B 



Fig. 1-21. Phasor diagrams showing interference in angular modulation. A, the 
desired signal phasor (unmodulated). B, the interfering signal phasor (same carrier 
frequency). H, the phasor of the total wave (yl -h B). 

becomes negligible, in spite of the fact that the magnitude of B is by no 
means negligible in comparison with A . 

This analysis justifies the experimental results which show that when 
two frequency-modulated signals are picked up by a receiver, there is no 
appreciable interference between the two signals if the stronger exceeds 
the weaker by a ratio of 2 : 1 or more. 

It will be seen that the greater the value of nip used for the desired 
signal the greater is the discrimination against the imdesired signal, but 
this discrimination is not affected by the value of nip used in the undesired 
signal. 

The discrimination against interference obtained by angle modulation 
applies to all types of interference. In particular, static may be rep- 
resented as a phasor of varying phase and magnitude. The selective 
circuits of the receiver admit only those components within the band to 
which it is receptive. If the amplitude of the admitted noise does not 
exceed half the amplitude of the desired wave, a very small amount of 
noise will be introduced into the output. The greater the average phase 
deviation in comparison with the angle 0.46 (approximately 0.5), the 
greater will be the discrimination against the noise. It should also be 
observed that components of the noise phasor which differ in frequency 
from the carrier by supcraudible frequencies will produce superimposed 
angular velocities above audibility and so do not contribute to the noise, 
as long as the noise is small compared with the signal. 
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In radio operation it will be found that, if a portable receiver is driven 
in an automobile away from a frequency-modulated transmitting station, 
no appreciable noise will be experienced until the desired field strength 
drops to twice the noise field strength (taking into account only those 
components of noise accepted by the selective circuits of the receiver). 
The noise then rises rapidly, so that a sharp threshold is experienced. 

Within the distance limited by the threshold, the signal-to-noise (S/N) 
ratio can be improved by either increasing the power or increasing the 
modulation factor (either phase or frequency). Since power is propor- 
tional to the square of voltage or current in a given system, doubling the 
frecpiency deviation in freciuency modulation has the same effect on the 
S/N ratio as increasing the transmitted power four times. In general an 
increase in the maximum frequency deviation by a ratio n would be 
equivalent in its effect on the S/N ratio to an increase in power by the 
ratio 

The major objection to the use of a large frequency deviation is that it 
would limit the number of stations which can serve a given area if a fixed 
total bandwidth is allowed for the service. 

A compromise must be adopted and a standard set so that the receivers 
may work with the transmitters. This is a function of government 
regulation. In order to study the problem of the recjuired allotment, a 
spectrum analysis must be made of the different classes of modulation. 

1«16. Spectrum Analysis of Amplitude Modulation. The wave of Eq. 
(1-8) may be expanded by the use of simple trigonometric identities. 
This equation becomes 

e — A sin cot -f- cos (w — p)t — — ^ cos (w p)t (1-19) 

Equation (1-19) shows that the wave which is amplitude-modulated 
by a single frequency may be analyzed into three component frequencies 
with the following designations: 

A sin cot the carrier 

cos (w — p)t the lower side frequency 
A 

Tfl A. 

— ^ cos (o) + p)t the upper side frequency 

The three components may be represented by three phasors rotating 
at different angular velocities. Again if the observer were rotating with 
the carrier phasor, this phasor would appear to be stationary. The 
upper-side-frequency phasor would appear to be rotating counterclockwise 
at a velocity p, and the lower side frequency would appear to be rotating 
clockwise at the same velocity p. 
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The three phasors corresponding to the wave of Fig. 1-14 are shown in 
Fig. 1-22. It will be observed that the upper- and lower-sideband 
phasors add together to form a phasor M called the modulation phasor, 



Fio. 1-22 Phaser diagram of tho carrier and side frequencies in an amplitude-modu- 
lated wave C, carrier phasor (constant length) U, upper-side-frequcncy phasor 
L, lower-side-frequency phasor M, modulation phasor (sum of U and L) Phasor 
of the complete wave is C + Af 


which is always in phase with the carrier phasor but which varies in 
magnitude. 

The three component frequencies of Eq (1-19) are represented graph- 
ically in Fig. 1-23. 

If the original signal were a complex wave instead of a single frequency, 
a spectrum analysis would show it to be represented by 
a band of frequencies. The lower and upper side fre- 
A queiicies would expand into two bands of frequencies 
.g each as wide as the band of the original signal. For 

^ instance, if the signal were restricted to a band of 0 to 

I 5,000 cycles, the two sidebands would extend from 5,000 



Frequency 


Fig. 1-23 Spec- 
trum analysis of 
an amplitude- 
modulatcd 


wave, /c, car- 
rier frequency, 
/p, signal Re- 


cycles below to 5,000 cycles above the carrier frequency. 
Since the quality of a signal depends upon the width of 
the band which may be transmitted, an improvement in 
the quality of transmission would require an extension of 
the frequency spectrum occupied by the radio wave. 
However, the narrower the frequency band which is 
used, the greater will be the number of stations which 
can be accommodated. In practice a compromise must 
be made. Standard broadcasting stations are assigned 
carrier frequencies in the range of 535 to 1,605 kc on a 
world-wide basis, these assignments being separated at 
intervals of 10 kc. In order to prevent interference, 
selective circuits are required in the receiver which are so 


quency. nia *■ 
0.5. 


sharp in most commercial models that sideband com- 
ponents more than 3,000 cycles away from the carrier are 


greatly attenuated. Hence the quality which is permissible in practical 


operation is limited by the major problem of interference. 
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1-17. Spectrum Analysis of Angle Modulation. The angle-modulated 
wave of Eq. (1-12) may be expanded by the use of the identities 

sin (mp sin x) = 2[Ji(mp) sin x + Jz{mp) sin Sx + J eCwip) sin 5a; -}- • * •] 

(l-20a) 

cos {nip sin a;) = Jo{nip) + 2[J i{nip) cos 2a; 

+ Ji{mp) cos 4x + Jt{nip) cos 6a; -f- • • •] (1-206) 

where Jn{ni^ is the nth-order Bessel function of the first kind. Equa- 
tion (1-12) may be written 

e = -4 [sin U3t cos {rrip sin pt) + cos oit sin {nip sin pt)] (1-21) 

If Eqs. (l--20a) and (1-206) are inserted in Eq. (1-21), the following 
result will be obtained: 


e = il{Jo(mp) sin + Ji(mp)[sin (w + p)t — sin (co — p)t] 

-h J 2 (nip)[sin (w -f* 2p)t + sin (co — 2p)t] -|- J 3 (mp)[sin (a> + 3p)t 
— sin (o) — 3p)/] + J 4 (nip)[sin (o) + 4p)« + sin (w — 4p)^] + • • • 

+ J'n(mp)[sin (oj + np)t + ( — 1 )” sin (w — np)t] -h • • •) ( 1 - 22 ) 




mp«^ 05 


mp« 1.0 


This indicates that there are an infinite number of side frequencies for 
a single-frequency signal. However, this is not as bad as might at first 
appear because, for any given value 
of mp, there will be a value of n 
above which the coefficients Jn{mp) 
fall off rapidly and become neg- 
ligible. This is shown in Fig. 1-24. 

For example, if Wp is radian or 
less, only the first pair of side 
frequencies is important. On the 
other hand, if nip is equal to 20 
radians, side frequencies out to the 
twenty-fourth pair would be appre- 
ciable. For large values of n this 
rapid falling off of Jn{ni^ occurs 


just beyond n = nip. Observe also 
that the value of the carrier com- S 
ponent is always reduced when 
modulation occurs since */o(wip) is 
less than 1 for all values of nip differ- 
ent from 0, This is in contrast 
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Fig. 1-24. Values of the Bessel function 
of the first kind for integral orders. 


with amplitude modulation, where the value of the carrier is not affected 
by modulation. 

Figure 1-17 was drawn for a phase-modulation factor of 0.5, and so the 
first pair of sidebands are the only ones of importance. If all other side- 
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bands are neglected, the phasor diagrams including the side bands for 
different instants of Fig. 1-17 can be shown as in Fig. 1-25, The signal 
wave is shown for identification. The carrier and resultant phasors are 
the same as those shown in Fig. 1-19. The modulation phasor, which is 
the sum of the two sideband phasors, is always 90° out of phase with the 
carrier and varies in magnitude in the same way that the modulation 
phasor varies in amplitude modulation. The neglect of higher-order side 
frequencies is the same as an assumption that there is a negligible differ- 
ence between the arc and a tangent line of the same length when the 
angle is small. 

When the modulation phasor is added to the carrier phasor it causes 
the resultant phasor alternately to advance beyond and retard behind 
the carrier phasor. The maximum advance and retardation is approx- 
imately ^ 2 radian. The length of the resultant phasor is sul)st antially 



Fig. 1-25. Phasor diagrams of the carrier and first pair oi side freipieiicies in an angle- 
modulated wave for low \ allies of modulation index. (\ (‘aiiier phasor l \ iippei- 
side-frequency phasor L, lower-side-frequencv phasoi U, modulation phasoi 
{U + L). Rj resultant phasor (C + .1/) 

constant. If the additional sidebands were iiiclude'd, the length of Ji 
would be exactly constant. 

If the phase-modulation index exceeds ^2 radian, additional sidebands 
must be included because the arc and chord are no longer substantially 
the same. The addition of the phasors corresponding to these sidebands 
is illustrated in Fig. 1-26 for rrip = 1 and for one (piarter of an audio cycle, 
the other three quarters being similar. It will be noticed that each pair 
of sidebands has associated with it a modulation phasor which main- 
tains a constant phase with respect to carrier (assuming that phase 
reversals are taken care of by negative signs). 

If the modulated wave represents a quantity whose square is propor- 
tional to power in a given system, the average power in an angle-modulated 
wave is not changed by the modulation, as the root-mean-square (rms) 
value of the wave is not modified if the amplitude remains constant. 
Therefore the sum of the squares of the carrier and all the sideband com- 
ponents remains constant for all values of rrip. The sideband power is 
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obtained by a reduction in carrier power. This is also proved by a well- 
known relation 

7o*(Wp) + 2 2 JnHWp) = 1 (1-23) 

n«» 1 

for all values of The number of terms which are of importance in 
the infinite series can be evaluated by setting 

n 

H" ^ ^ > X 

n «*= 1 

Then if X is taken as some value less than unity, the sum can terminate 
with a finite value of n equal to s. If X is equal to 0.999, then 99.9 per 




Fig. 1-26. Phaser diagram of a carrier and two pairs of side frequencies in an angle- 
modulated wave where nip = 1. t/i, first upper-sideband phasor. Li, first lower- 
sideband phasor. Mi, first modulation phasor {Ui + Li). l\, second upper-side- 
band phasor. L 2 , second lower-sideband phasor. M 2 , second modulation phasor 
(U 2 + L 2 ). C, carrier phasor. R, resultant phasor. 


cent of the energy in the wave would be due to sideband components 
corresponding to values of n equal to or less than s. 

For example, if = 4 and six components are taken in each sideband. 


n-6 


+ 2 ^ JnKmp) = 0.157688 -|- 2(0.004356 -t- 0.132569 

n» 1 


+ 0,18.5072 -I- 0.079017 + 0.017450 + 0.002411) = 0.999438 
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and all the components corresponding to n > 6 would contain only 0.0562 
per cent of the energy. 

The constancy of power output is in marked contrast to amplitude 
modulation where the carrier power remains constant and the sideband 
power is added. For this reason certain problems in design are sim- 
plified in a phase- or frequency-modulated transmitter. 

1-18. Comparison of the Spectra of Phase and Frequency Modulation. 
In phase modulation the value of rrip is made directly proportional to the 
maximum amplitude of the signal. If two different signal frequencies 
have equal amplitudes, and modulate the signal in succession, the same 
number of sideband components would be necessary for each case and 
these components would have the same relative magnitude. It has been 
shown that to obtain the advantage of angle modulation in the reduction 
of interference requires the use of large values of nip for the desired sig- 
nal. If the value of mp for a special case is taken equal to 20, then by 
Fig. 1-24 it is apparent that approximately 24 sideband components 
would be desirable for the upper sideband and a similar number for the 
lower sideband. Therefore if an audio signal of high quality containing 
components up to 15,000 cycles were to be transmitted, a bandwidth of 
approximately 2 X 24 X 15,000, or 720,000, cycles would be required. 
This is obviously impracticable. For this reason phase modulation (as 
distinguished from frequency modulation) is seldom used for radio trans- 
mission. 

In frequency modulation the value of A/ is made directly proportional 
to the maximum amplitude of the signal. If two different audio signals 
have equal amplitudes and modulate the signal in succession with equal 
values of A/, by Eq. (1-18) the values of m/ for the two cases will be inversely 
proportional to the af . Thus if m/is equal to 4 for 15,000 cycles, it would be 
equal to 40 for 1 ,500 cycles and equal to 400 for 150 cycles. A study of Fig. 
1-24 shows that the number of components of appreciable magnitude in each 
sideband is slightly in excess of m/. Therefore as the modulating frequency 
is reduced, the number of components necessary increases, and the mod- 
ulated wave occupies almost a constant bandwidth in the spectrum. As 
an example, consider a case where the maximum frequency deviation is 
assumed to be 60,000 cycles. Then if a high-quality signal is to be 
transmitted, frequency components in this signal up to 15,000 cycles 
might be desired. If the wave were frequency-modulated with a 60,000- 
cycle deviation (A/ = 60,000), at 15,000 cycles m/ would equal 


60,000 

15,000 


= 4 radians 


For this case Fig. 1-24 shows that approximately six components in each 
sideband separated at intervals of 15,000 cycles are desirable, and the 
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corresponding bandwidth would be 2 X 6 X 15,000, or 180,000, cycles. 
On the other hand, if the wave were to be frequency-modulated with a 
60,000-cycle deviation by a 3,000-cycle wave, m/ = 60,000/3,000 = 20 
and approximately 24 components in each sideband separated at inter- 
vals of 3,000 cycles would be desirable. The bandwidth for this signal 
would be 2 X 24 X 3,000 = 144,000 cycles, which is somewhat less than 
that needed for W/ — 4 at 15,000 cycles. Table 1-1 is constructed for a 
maximum deviation of 60,000 cycles, and a constant amplitude is assumed 
for the audio signal. 

Table 1-1 


Signal 

TO/ for 60,(K)()- 

Approximate number of side- 

Approximate bandwidth, 

frequency 

cycle deviation 

band components required 

kc 

30 

2,000 

4,030 

120 06 

60 

1,000 

2,020 

120 20 

600 

100 

208 

124 8 

2,500 

24 

46 

140 

3,000 

20 1 

24 

144 

5,000 

12 > 

30 

150 

10,000 

6 1 

16 

160 

15,000 

^ 1 

12 

180 


The spectrum analysis for a deviation of 60 kc and modulating fre- 
quencies of 2,500, 5,000, 10,000, and 15,000 cycles is shown in Fig. 1-27, 
and it is apparent that the signal is contained within a bandwidth of 
approximately 200 kc in all cases. 

As a practical matter, in typical audio signals the major portion of the 
energy is concentrated in the region below 2,000 cycles, the amplitudes 
of the higher frequencies falling off rapidly. Since A/ is proportional to 
signal amplitude, the very nature of typical signals is such that the 
required bandwidth is practically constant. For this reason it is found 
practicable to use a maximum deviation of 75,000 cycles for a total spec- 
trum bandwidth of 200 kc. 

The spectrum analyses for a modulating frequency of 15,000 cycles 
and deviation frequencies of 30, 15, 7.5, and 3.0 kc are shown in Fig. 1-28. 

It is apparent from Figs. 1-27 and 1-28 that, when the frequency devia- 
tion is large compared with the signal frequency, the bandwidth required 
is approximately twice the frequency deviation, while, when the signal 
frequency is large compared with the deviation frequency, the bandwidth 
is twice the signal frequency. The latter case coincides with the situation 
in amplitude modulation. In other words, the bandwidth required is 
approximately twice the larger of the two frequencies (signal or devia- 
tion). If the signal and deviation frequencies are approximately equal, 
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Value of unmodulated carrier 


Maximum deviation » 60 kc 
Audio frequency - 15,000 
cycles per second 
mp *4 


Value of unmodulated carrier 


Maximum deviation « 60 kc 
Audio frequency *10,000 
cycles per second 

mp *6 


Value of unmodulated carrier 


Value of unmodulated carrier 


Maximum deviation » 60 kc 
Audio frequency * 5,000 
cycles per second 

Trip * 12 


Maximum deviation = 60 kc 
Audio frequency *2,500 
cycles per second 
mp *24 



/g-lOOkc 



fo /J, + 100kc /;,-100kc 4 4+lOOkc 


Fig. 1-27. Spectrum analysis of frequency modulation for a constant deviation, A/, 
and different modulating frequencies 


Value of unmodulated carrier , Value of unmodulated earner 


Maximum deviation * 30 kc 
Audio frequency * 15,000 



/i,-100kc 4 4+lOOkc /g-lOOkc 


Maximum deviation -15 kc 
Audio frequency = 15,000 
cycles per second 

mp*10 


/g+ioakc 


I Value of unmodulated earner 


Value of unmodulated carrier 


Maximum deviation *7 5 kc 
Audio frequency » 15,000 
I cycles per second 
mp= 0.5 


Maximum deviation *3 0 kc 
Audio frequency * 15,000 
cycles per second 

mp»0.2 


- I 1 LJL.I ; 

/Q-lOOkc fo 7o+100kc’ 


fo 


-15kc 



+ 15kc 


Fig. 1-28. Spectrum analysis of frequency modulation for constant modulating 
frequency and variable-frequency deviation. (Signal is for phase modulation ) 
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the bandwidth required is approximately four times that of the larger 
frequency (see Fig. 1-28 for nip = 0.5, 1, and 2). 

The spectra of Figs. 1-27 and 1-28 may be used for any other combina- 
tions of signal and deviation frequencies which have the same deviation 
ratio m/ by modifying the scale of abscissa so that the interval between 
adjacent components is equal to the af. 

The reader must be cautioned that, if a signal contains two or more 
signal frequencies, the resultant spectra cannot be obtained by adding the 
spectra resulting from each signal frequency alone (as can be done in 
amplitude modulation) . However, the total spectra will remain approx- 
imately within the limits set by the maximum frequency deviation when 
the latter is large. 

Although the discrimination against noise is proportional to rw/, it is 
impracticable to use large values of W/ at all signal frequencies because 
of the bandwidth involved. However, noise and interference are the 
composite result of a larger number of noise components. If frequency 
modulation is employed, the maximum value of m/ is obtained for each 
signal component in the signal which will at the same time keep the side- 
band components within the limits in the spectrum assigned to the trans- 
mission. Therefore frequency modulation is the type of angle modula- 
tion which reduces the composite noise effect to the greatest practicable 
extent. 

1-19. Simultaneous Modulation. An amplitude-modulated wave and 
an angle-modulated wave can be transmitted in the same frequency 
band, provided the upper and lower sidebands of both are transmitted. 
Methods are available for the detection of amplitude modulation without 
responding to angle modulation, and, vice versa, methods are available 
for the detection of angle modulation without responding to amplitude 
variations. However, in case two signals are transmitted simultaneously 
by amplitude and angle modulation, the requirements on the transmission 
system will be very stringent. If one sideband is delayed a different 
amount from the other, then an angle-modulated wave will have ampli- 
tude variations proportional to its signal and an amplitude-modulated 
wave will have angle variations proportional to its signal. The same 
result will occur if paired components in the two sidebands corresponding 
to a given component in the signal are not transmitted with the same gain 
or loss. Under these conditions there would be interference (usually 
termed cross talk) between the two signals. 

For simultaneous modulation, instead of using pure angle modulation 
for one of the signals, it could be transmitted by using only the first- 
order sidebands, even though the amplitude of the modulation phasor 
exceeds 50 per cent of the carrier. This would keep the bandwidth of 
both signals identical. This type of modulation is called “quadra- 
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ture^’ modulation. Amplitude modulation might, in contrast, be termed 

inphase,” or direct,” modulation. Simultaneous direct and quadra- 
ture modulations are used to transmit two of the three video signals 
required in color television. 

1-20. Single -sideband Transmission. It is possible to filter out one 
of the sidebands of a modulated wave, transmitting information in a band- 
width equal only to that of the signal without further complication in 
coding. In practice amplitude modulation is used to produce the 
original signal, and one sideband is then discarded. With one sideband 
eliminated, both the phase and the amplitude of the resultant wave will 
vary in accordance with the signal, and so only one signal can be trans- 
mitted in a given band. Since none of the signal information is con- 
tained in the carrier, it may be eliminated at the sending end. However, 
the frequency of the carrier serves as decoding information, since the 
difference between its frequency and that of each component in the side- 
band identifies in turn the frequency of each component in the final sig- 
nal in terms of the corresponding component in the original. 

The carrier may be reintroduced at the receiving end by a local source, 
as long as the required frequency is known. This is simple in the case 
of single-sideband transmission, because the reintroduced frequency need 
only be quite close to the original. However, in case two sidebands are 
used, not only must the carrier frequency itself be exact, but the phase 
must be constant and correct if the identity of the angle or amplitude 
modulation is to be retained. Therefore in simultaneous modulation it 
is absolutely essential that the carrier be transmitted and its phase rela- 
tion to the two sets of double sidebands carefully preserved. 

1-21. Interspersed or Comb Signal Separation. When quasi-recurrent 
signals such as those resulting from the repeating lines of television are ana- 
lyzed by the methods of Fourier, it will be found that the spectrum will 
show peaks of power at integral multiples of the recurrent frequency (in 
the case of television these would be at multiples of 30 X 525 = 15,750 
cycles). It is possible to introduce other signals, which have a similar 
characteristic and the same peak frequency separation, into the same 
frequency band, without appreciable interference. This can be done for 
example for one additional signal by displacing it by one-half the fre- 
quency difference between peaks. This method is used in the compatible 
color-television system adopted by the FCC, the second interspersed 
signal carrying both direct and quadrature modulation. The original 
and interspersed signals thus transmit the three portions of the video 
information necessary to identify a color reproduction in a frequency 
band originally used only for black-and-white pictures. As has been 
indicated, such a signal will place stringent limitations on delay and 
amplitude distortion in the transmission system or there will be inter- 
ference between the three color components. 
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1-22. Pulse Modulation. Both amplitude and angle modulation permit 
the separation of signals by means of frequency-selective networks or 
filters described in later chapters. Systems making use of this method 
of coding and decoding for transmission of signals through a common 
transmission medium or network are generally called “frequency-division 
systems. 

The use of pulse modulation introduces the possibility of another 
method of identifying signals of a particular channel on a “time-division^’ 
basis. Pulse modulation is based on the concept of “ sampling'’ a signal 
in accordance with the following theorem : 

A signal of duration T whose highest frequency of importance is fh can 
be completely specified by 2Tfh [or 2T{BW)y where BW is the bandwidth 
of the low-pass (LP) network necessary to transmit the signal] samples taken 
at equal time intervals of l/2fh. sec. 



rotating mechanical sampling switch (c) The amplitude samples corresponding to a. 

The idea of sampling is shown in Fig. 1-29. The theorem may be 
proved as follows: The signal f(t) may be expanded into a Fourier series 
involving harmonics of 1/T*, that is, 

n n 

/«) = Bo + ^ cos ^ .1 a sin i (1-24) 

(Actually, when a Fourier series is used, the signal would repeat itself 
over and over again for values of time greater than T but all the infor- 
mation involved can be extracted in time T.) 

By the specifications, fh is the highest frequency of significance; hence 
n, the order of the highest harmonic in Eq. (1-24), will be 

^ = jyjf = fhT 

There are, therefore, 2fhT -|- 1 terms in Eq. (1-24) whose amplitudes 
may be evaluated by setting up 2fhT -j- 1 simultaneous equations of the 

• Fourier series are described in detail in Chap. 2. It is suggested that the student 
return to this section after completing Chap. 2. 
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form of Eq. (1-24) at values of t corresponding to each of the samples. 
For typical values of /a, 2fhT -f 1 is essentially equal to 2fhT, Therefore, 
the samples contain all of the information necessary to specify /(/). 

Since the signal presumably has components extending from zero to 
fhf the highest significant frequency, it is often convenient to replace fh 
by BW, which is the bandwidth of both the signal itself and the network 
necessary to transmit it. 

For a continuous signal (rather than one of duration T), the theorem 
may be restated as follows: 

A continuous signal ^ whose highest frequency of importance is BW, can 
be completely specified by samples taken at a rate of 2B\V per second. 

It follows that, if the proper number of signal samples are taken and 
their magnitudes are identified with some characteristic (such as ampli- 
tude or position in time) of successive short pulses of a high-frequency 
(hf) wave, these pulses may be considered to represent a coded form of the 
signal. However, these pulses need not occupy all the time of trans- 
mission, and so the coded pulses of two or more signal channels may be 
interspersed in time, provided that at both the transmitter and the 
receiver there is a synchronous method of identifying the particular 
pulses of a given channel with the terminal eciuipment of that channel. 
Such a method of coding is termed ‘Hime-multiplexing.^^ 

In addition to the advantages of multiplexing by time division, various 
forms of pulse modulation show advantages in improving the signal to 
noise ratio. As in the case of frequency modulation this improvement 
in reducing noise is obtained at the expense of wider-frecjuency-band 
requirements in the transmission system. 

It is also possible to use combinations of pulse and amplitude or angle 
modulation. 

1-23. Hartley -Shannon Law. It has been shown that the amount of 
information in a signal of duration T and maximum frequency BW can 
be represented by 2T{BW) pulses, each of amplitude determined by the 
signal strength at the instants the samples are taken. At the receiving 
end, the amplitude of a signal never has an absolutely distinct value but 
has been, as it were, smudged^' by the introduction of noise from ran- 
dom disturbances encountered en route. Hence the value of a signal of 
power aS is known only within a degree of error determined by the noise 
power A. 

It is desirable to define the amount of information in a signal. In 
legal interrogation, there is always a desire to obtain simple ‘‘yes'’ and 
“no" answers to all questions. As a matter of fact, if there is a definite 
answer to a complicated question, it can always be secured if enough 
questions are properly phrased which do have an answer either yes or no.^ 

^ See Matthew 5: 37. 
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This is particularly easy if the answer is quantitative. For example, if 
one asks an individual to think of any digit from 0 to 63, then not more 
than six questions with yes and no answers need be asked to determine 
the value of the digit. Suppose the number chosen is 43. Then the 
following questions, which are based on dividing possible numbers suc- 
cessively into two equal groups, will apply, together with the answers 
and conclusions indicated: 


Question 

1. Is 0 < x < .‘U true^ 

2. Is 32 < T < 47 true? 

3. Is 32 < j- < 39 tiue‘^ 

4. Is 10 < X < 43 true? 

5. Is X either 10 or 11? 

6. Does X = 42? 


Answer 

Conclusion 

No 

32 < X < 63 

Yes 

32 < X < 47 

No 

40 < X < 47 

Yes 

40 < X < 13 

No 

X is either 42 or 43 

No 

X = 43 


All the possible 64 values between and including 0 and 63 can be 
specified by no more than log 2 64 = 6 answers to a corresponding num- 
ber of (luestions which can be answered yes or no. By definition the 
possible choices among 64 possible values an' defined as 6 hits of infor- 
mation corresponding to the 6 possible (jiiestioiis which can be answered 
yes or no. The term ‘M)it*^ stands for binary digit. The number of 
bits represents the maximum number of places in a binary number sys- 
tem which are required to designate the number of choices of values 
available. The binary number system is of much interest in communi- 
cation work because it represents a simpler method of performing arith- 
metric operation and storage of information. However, since this book 
will deal largely with the analysis of the response of networks to continu- 
ous rather than ciuantized signals, this number system will not be devel- 
oped further here. 

Return now to a consideration of the information in a series of pulses 
describing a signal , each pulse having a voltage or current amplitude 
proportional to \/aS' + A and an uncertainty in value proportional to 
■\/ N. Then the number of possible recognizable values of signal in the 
presence of noise is 

n = log, ^ = i log, + I) (1-25) 

Since the information in the original signal can be represented by 
2T{BW) pulses, the total information H in the signal will be 

H = T(BW) log, (l + bits, (1-26) 
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The rate of transmission of information, or the capacity, of the channel 
in bits per second will be 

C = ^ = BW log 2 ^ bits/sec (1-27) 

Equation (1-27) is known as the Hartley-Shannon law. Hartley pro- 
vided the concept of the effect of bandwidth, and Shannon added the 
important effect of S/N ratio. 

This law shows that an increase in information rate can be obtained 
by increasing either the bandwidth or the signal power or, alternatively, 
by keeping down the noise power. However, it should be recognized 
that every communication system does not achieve the full capabilities 
inherent in the bandwidth and power used. The design of the coding 
and decoding systems has much to do with the degree to which the limit 
of the channel capacity is approached. Frequency modulation is just 
one method of obtaining improved S/N ratio by using wider band widths. 
Certain forms of pulse modulation obtain similar results at the cost of 
channel bandwidth required and increased complexity of coding and 
decoding. Increased complexity in coding may also introduce appreci- 
able time delay in order to perform the coding. 

The fact that information capacity depends upon S/N ratio was not 
at first recognized. However, consider the possibilities of a noiseless 
system. In such a noiseless system one could identify the voltage of a 
single pulse with as many fine gradations as desired. Then as many 
different messages could be sent with a single pulse as there were identi- 
fiable values of voltage, presumably an infinite number in this case. 
Hence one pulse could transmit any message. One might list all possi- 
ble messages ahead of time (theoretically possible but practically not 
achievable) and associate each message with a possible magnitude of a 
pulse. The fact that voltage can in general be measured with only a 
finite accuracy indicates that this uncertainty in measurement is due to 
some random characteristic synonomous with noise in the general sense. 
This limits the amount of information which can be obtained with one 
reading. In practice it is often easier to use n pulses whose presence or 
absence indicates yes or no answers than it is to produce the equivalent 
2“ corresponding recognizable values of magnitude in a single pulse. 

The ultimate range of any communication system is reached when the 
signal has dropped to a value where the S/N power ratio can no longer 
be tolerated. This may be a relatively high value when the signal is to 
be used for entertainment, for example, in broadcasting, because it is 
easy to turn off the set and seek enjoyment in other pursuits. A much 
lower value will be tolerated if the communication is vital, for example, 
in military applications. However, even in the latter case, when the 



FUNDAMENTAL PRINCIPLES OF COMMUNICATION NETWORKS 41 

S/N ratio becomes too low, the signal cannot be interpreted by the 
receiver and the communication becomes useless. 

It is important to observe that once the S/N ratio falls below toler- 
able limits the signal cannot be restored by amplifiers, because they will 
amplify the noise along with the signal. The most carefully designed 
amplifier will introduce a certain minimum noise, due to the random 
motion of the electrons both in the input circuit and in the vacuum tubes 
or transistors themselves. Therefore signals, even though originally 
fairly noise-free and transmitted over circuits introducing very little 
noise, must not be allowed to fall to too low an intensity or they may 
not be recoverable by amplification. For this reason, in long-wire trans- 
mission systems it is necessary to introduce amplifiers at intervals, rather 
than attempting to add all the amplification at the ends. As an example 
consider the case of submarine cables which have a high loss when used 
over the band of frequencies necessary for telephone communication. 
Transatlantic telephony was not feasible over such cables until a method 
was developed which permitted the introduction of amplifiers at frequent 
intervals within the cable itself in spite of the fact that these amplifiers 
must be immersed deep on the ocean floor. 

Figure 1-30 shows an illustration of the energy levels plotted on aToga- 
rithmic scale at different points along a telephone communication system. 
This illustration is purposely made somewhat noisier than would be good 
practice. 

It should be observed that noise is originally introduced at the send- 
ing end because of sounds in the room of the talker and inadequacies of 
the microphone in the subscriber's set. The room noise is amplified by 
the sending microphone along with the signal. It is assumed that a 
negligible amount of noise is introduced by the local-line central office 
and first section of long line. However, the loss which has occurred in 
the first long-line section illustrated is so great that considerable gain is 
needed in the first repeater, and hence the inherent noise of the amplifier 
circuits is appreciable in comparison with the weak signal. The combi- 
nation of signal and noise emerges from the repeater with a poorer S/N 
ratio than on entering. The second long line is assumed to be an open- 
wire line running parallel to a power line, and, in spite of the best pre- 
cautions, some noise is introduced by induction. It is assumed that 
further noise introduced is not great until the S/N combination reaches 
the subscriber’s set of the listener. There additional disturbing noise is 
introduced, largely due to local room noise, which enters in two ways. 
One way is through the ears of the listener (termed acoustic leakage), 
and the other is through the local microphone, which amplifies il 
through, but attenuated by, the subscriber set and back into the e}j 
circuit of the receiver. This latter source is called ^‘side tone.” 
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fore the signal arrives with a S/N ratio inherently lower than when it 
started. 

The fact that as much information cannot be passed over a noisy sys- 
tem in a given time as over a quiet system is illustrated qualitatively 
by the fact that frequent repetitions are required over a noisy telephone 
system. 

It is the function of any communication-system design, be it telephone, 
radio, television, radar, computing system, or what have you, to ensure 
that (1) the S/N ratio will not fall below the allowable limit; (2) the 
signal itself is of sufficient amplitude to be interpreted or decoded by the 
ultimate user of the information, whether man or machine, or a combi- 
nation of the two. 

1-24. Summary. In the design of electrical communication systems 
complex signals representing functions of time must be coded into electri- 
cal signals. These signals may then be transmitted directly through net- 
works to the point of delivery, or they may be further coded by frequency 
translation or other means before being introduced in the communication 
system. 

In general a major feature in the design of communication systems 
involves the synthesis of a-c networks which can transmit desired sig- 
nals represented by finite band widths without appreciable distortion and 
can reject signals or portions of signals in freriuency ranges not desired. 
In this synthesis use will be made of passive elements having properties 
of resistance, inductance, and capacitance and of active elements such as 
vacuum tubes and transistors. The balance of this book will be devoted 
to the analysis and synthesis of the linear networks. 

Of comparable importance in the development of the communication 
engineer are the subjects of: 

1. Ion and electron dynamics of importance in vacuum tubes. 

2. Solid-state physics important to transistors. 

3. Electromagnetic field theory and the application of boundary con- 
ditions set by antennas and wave guides to MaxwelFs equations. 

4. Application of nonlinearity to achieve devices for modulation and 
demodulation and power amplification of modulated waves. 

5. Statistical information theory. 

6. Electronic-system design. 

Obviously these can no longer be compressed, even in their essence, 
within one volume. 



CHAPTER 2 


METHODS OF 

NETWORK-BEHAVIOR ANALYSIS 


Two basic concepts are encountered in the study of communication 
circuits: analysis, in which the network is given and its behavior is to be 

calculated, and synthesis, in which a net- 
work is to be designed to give a specified 
behavior. Fundamental to both these 
concepts is the idea of network behavior. 
This chapter will discuss several means by 
which this can be specified and calculated 
and the ways in which these means are 
related. 

2-1. Transient-state and Steady-state Response. Consider the sim- 
ple circuit of Fig. 2 - 1 , where e(t) is a cosine voltage suddenly applied at 
t = 0 such that 

e(t) =0^ < < 0 

e(t) = j© cos (A)t t > 0 

It is required to find the current i as a function of time. Thus, in this 
case, the network behavior relates i{t) to e{t). (Alternatively the voltage 
across R or L may have been required.) One basic method of finding 
the current consists in writing an equation relating i{t) and its derivative 
(and its integral, if necessary) to the driving function e{t) and the circuit 
parameters; hence, by Kirchhoff's voltage law 

L^ + Ri = S cos o)t t > 0 (2-1) 

It is well known from the study of differential equations that the com- 
plete solution of Eq. (2-1) consists of two parts: (1) the complementary 
function which is independent of cos tot and is the solution to the homo- 
geneous equation obtained by setting the driving function equal to zero 
in Eq. (2-1) ; (2) the particular integral which is dependent upon the form 
of the driving function and is a solution of Eq. (2-1). It will be shown 
later that these two parts of the complete solution have special physical 
significance. 
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As stated above, the homogeneous equation corresponding to Eq. (2-1) 


L'g + Ri^O 


One way by which this may be solved is to separate the variables and 
integrate. 

f di f R 


(i-f^ 


lnt = — ^^ + lnA 

where K = constant 

In = napierian, or natural, logarithm 
Rearranging and taking antilogarithms, 

i = complementary function (2-2) 

The particular integral of Eq. (2-1) may be found by a straightforward 
method when the driving function is a cosinusoid, because in this case 
the derivative and integral are also cosinusoids. One can assume that 
the particular integral will have the form t = |/| cos (oit -(^<^), where 
1/| and 4> are constants whose values must be determined. As a matter 
of convenience i may be written in another form by means of Euler’s 
identity. 

|/|g;(««4-«) ^ |/| ^.QS {(at -h 4>) + j\I\ sin + <t>) 
or = 1^1 cos (o}t + <^) = Re { (2-3) 

where Re stands for ^‘real part of.” 

Then substituting Eq. (2-3) into Eq. (2-1), 

L Re {j<a\l\e’*e’“‘] + S Re ||/|e'V"‘) = Re (2-4) 

Since Re { ) and are common to all the terms, Eq. (2-4) may be 

rewritten Re l/|e^^(/? +iwL) = &]. Therefore 

~ Vfi- + W <2-50) 

Then the particular integral of Eq, (2-1) is 
i = Re 

= \1\ cos (wi + 0) particular integral (2-6) 

The complete solution of Eq. (2-1) is obtained by adding Eqs, (2-2) 
and (2-6). 


p-~-j arotan wL/R 


whence 


0 = — arctan — 
R 


(2-5a) 
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The constant K is obtained from the initial conditions which prevail 
at t — 0. Since current cannot change disc out i nil ously through the 
inductance, i = 0 at i = 0. Then, substituting in Eq. (2-7), 

6 


K = 


+ (toL) 


COS <l> 


From Fig. 2-2, cos 4> = R/\/R- -h (coL)^; so the complete solution is 

, bj tt D4.t , E 


+ (coL)2 


+ 


\/R- + (a>L)2 


cos (co/ “h </>) (2-8) 


The first term in K(i. (2-8) is the transient-state part of the solution and 
is important onl}^ for finite values of time near t — 0. The second term 
is the steady-state part of the solution. In most circuits the parameters 
have values such that the transient-state term reduces to a negligible 
value in a fraction of a second and only the steady-state term prevails 
at large values of time. Thus the stead 3 ’^-state term des(*ribes the behav- 
ior of the circuit in response to the driving function after all transient 
terms have been reduced to negligible values. 

2-2. Steady-state Response! A number of observations may be made 
concerning the method of obtaining the steady-state response or partic- 
ular integral for a sinusoidal driving function as given in the last section. 

These serve as the basis for the usual ^-oper- 
ator, or complex-number, method of solving 
a-c circuit problems: 

1. Once the solution has been gone through 
step by step to lay the basis for the method, 
it is the usual practice to omit the Re j } and 

in Eq. (2-4). 

2. The time derivative d{ )/dt is replaced 
by the multiplying operator jw, and the time 

integral /( ) dt is replaced by the multiplying operator l/jco. (The last 
statement was not demonstrated in the last section but may be proved by 
the student.) 

3. In Eq. (2-5) the term R H-jwL may be identified with the usual 


complex impedance 


Z = R jooL 

(2-9a) 

having a magnitude 


|Z| = + (coL)* 

(2-9b) 

and angle 

= arctan ^ 

(2-9r) 



Fig. 2-2. Phasoi diagram for 
evaluating cob <t>. 


4. It is the usual practice in a-c-circuit theory to use the rms value of 
|/| rather than |/|, thus, 


|/[ = V2 1/1 


(2-10o) 
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and the complex current*^ is represented by 

I = \l\ei4> = \l\/^ (2-106) 

A knowledge of the steady-state characteristic of a network as a func- 
tion of frequency can be very useful. This may be obtained by calculat- 
ing the response to a sinusoidal driving function of constant amplitude 
at many different frequencies and plotting the resulting data vs. fre- 
(}uency. Since the response will generally be a complex quantity, three 
(juantities will be involved. By way of illustration, / for the circuit of 
Fig. 2-1 is plotted isometrically as a three-dimensional single-valued 
locus in Fig. 2-3a, the circuit-parameter values being 7? = 10 ohms, 
L — 1.59 mh, E — b volts. In the figure, the coordinates are the real 
and imaginary parts of /, and frequency. 

It is fairly apparent that some simplified means of presenting these 
data are desirable, because the three-dimensional locus is difficult to 
draw on a two-dimensif)nal plane, and even more difficult to interpret. 
Three such means are in common use. 

The first consists in plotting the projection of the three-dimensional 
curve on the (Re {/))-(Im {/j) plane. Since this projection results 
from collapsing the frequency scale, the freciuency axis is lost. This 
difficulty is overcome in some instances by identifying points on the 
projection with their corresponding frequencies as in Fig. 2-36. In 
other instances where the shape of the curve is of prime importance an 
arrow indicating the direction of increasing frequency may be used. 

Another method consists in resolving the locus of Fig. 2-3a into its 
polar coordinates |/| and 

I = = |/| cos <t> +il/| sin <i> 

= Re {/) 4-yim {/) 

and of plotting these against frequency as in Fig. 2-3c. 

A third method utilizes two projections of the three-dimensional locus: 
Re {/) on the (Im {/))(/) plane, and Im {/j on the Re {/!)(/) plane. 
This presentation is shown in Fig. 2-3d. 

In many applications the frequencies at which the behavior is of 
interest encompass such a large range that compression of the fre- 
quency scale is desirable. The psychological behavior of the human 
ear serves as a logical basis for this compression. The ear identifies 
equal frequency ratios as equal musical intervals. For example, if the 
two frequencies 128 and 64 cycles are heard simultaneously or in sequence, 
they seem to be separated by the same interval as if the two frequencies 
1,024 and 512 cycles are sounded under similar conditions, even though 
the difference between them is 64 cycles in the first case and 512 cycles in 
the second. The key to this situation is that in both cases the frequency 
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shown to be —E/R\ so the transient response to EU{t) is 

i = I (1 - (2-14) 

it 

There are many reasons for choosing the step function as the basis for 
calculating transient response. For example, it may be shown that any 
nonrecurrent driving function may he analyzed as an integration of 
infinitesimal step functions properly weighted in amplitude and time. 
This is analogous to the method of the Fourier integral, whereby a non- 
recurrent driving function is analyzed into an integration of infinitesimal 
sinusoids properly weighted in amplitude and phase. Another reason 
for choosing the step function as a basic driving function is that the 
transient response, so calculated, is related to the steady-state response. 
This relationship is developed later in the chapter. 

2-4. Time and Frequency Domains. In an earlier section a very basic 
problem of circuit analysis was considered when a lime- varying current 
was calculated as the rcssponse of a network to a time-varying applied 
voltage. The current was found by solving the network differential 
equation. This method presents certain difficulties, particularly in a 
multimesh network where the solution of the simultaneous network 
equations results in dilTerential etpiations of high order and hence alge- 
braic equations of high degree. In such cases another method of solution 
which is based on the network's steady-state response can greatly sim- 
plify the work. In this method the network is conceived as an operator 
which is a function of fretjuency, W{f). If, then, the time-varying driv- 
ing function, Dr{t), can be transformed into a corresponding function of 
frequency, Dr{f), Dr{f) can be operated upon by W{f) to give the 
response R(f) = IF (/)/>(/). A second transformation is then recjuired 
to find the response as a function of time, R{t), This alternate method, 
then, involves the transformation of the driving function from the time 
domain to the frequency domain, multiplication by 1F(/), and trans- 
formation of the resulting response from the frequency to the time 
domain. 

One fundamental limitation on this method is that the network must 
be linear, i.e., the magnitude of the response must be directly proportional 
to the magnitude of the driving force. If this linear relation does not 
hold, modulation will result and a given frecpiency component in R{f) 
will not be a function solely of the corresponding component in Dr(f). 

Before the direct and inverse transformations between the time and 
frequency domains are considered, a few statements concerning W{f) 
are in order. W (/) is simply the steady-state network response that has 
been discussed earlier. It may give the relationship between voltage 
and current at a single pair of terminals, or it may relate voltage or cur- 
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rent at one pair of terminals to voltage at another pair or current in 
another mesh of the network. Therefore this function may have the 
dimensions of impedance or admittance when it relates voltage and cur- 
rent, or it may be dimensionless when it relates voltage to voltage or 
current to current. Bode^ has suggested that a suitable name for W(f) 
may be ^^adpedance’^ or ‘^immittance,’^ the latter being in more common 
use. 

The network function will always be a continuous function of fre- 
quency. If the driving force is recurrent, both it and the response will 
have components at only integral multiples of the fundamental frecjuency. 
As a consequence, if the phenomenon occurs less and less often, the num- 
ber of components in a given frequency interval becomes greater and 
greater. In the limit when the phenomenon occurs only once, the fre- 
quency spectra become continuous. This concept will be developed in 
more detail later. 

2-6. Fourier Series. The required transformation of the driving func- 
tion from the time to the frequency domain may be accomplished by a 
“ Fourier-series analysis’’ if Dr{t) is repetitive or recurrent. By this 
means Dr{t) may be analyzed into a numuer of sinusoidal components 
whose sum is known as a ^4^^ourier series,” which is identical to Z)r(f). 
As explained in Chap. 1, the frecjuencies of these component waves will 
be integral multiples of the number of times per second the nonsinusoidal 
wave recurs. Such integral multiples are termed “harmonics.” In the 
interests of generality the Fourier series will be considered for a general 
time-varying function /(0), 6 being which has a period of 0 = 2Tr.^ 

If all the harmonic terms started at the same instant, there would 
necessarily be symmetry between successive half cycles, of the type of 
either Fig. 2-5a due to odd harmonics or Fig. 2-56 due to even harmonics. 
In order that the second half of the cycle may be controlled as well as 
the first, it is necessary to control both the magnitude and the phase of 
the harmonic terms. A harmonic of any frequency can be controlled in 
both phase and magnitude by adding two components in quadrature with 
each other, of the form An sin nB + cos nd. 

If the average value of the wave over a complete cycle were not zero, 
there would also be a d-c component to be added. 

The general equation or Fourier series for any recurrent wave is, 

‘H. W. Bode, “Network Analysis and Feedback Amplifier Design,” D. Van 
Nostrand Company, Inc., New York, 1945. 

* The mathematician places additional restrictions on f{6) for it to be expandable 
into a Fourier series. These restrictions are known as the Dirichlet conditions. See, 
for example, E. A. Guillemin, “The Mathematics of Circuit Analysis,” p. 463, John 
Wiley & Sons, Inc., New York, 1949. It is fortunate for the engineer that most 
recurrent functions encountered in the physical world satisfy these restrictions, which 
will, therefore, not be considered here. 
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therefore, 

f{6) = Ai sin B + A 2 sin 20 + A3 sin 30 + • • ■ + Bo + Bi cos 0 

+ B2 cos 20 + B3 cos 30 + • • • (2-15) 

(0 

= ^ (An sin n0 -f B„ cos n0) (2-15a) 

n-O 

where, of course, the A*s and B*s must be determined for the particular 
/(0). This may be done in the following manner: 



(a) (b) 


Fig. 2-6. Symmetry, (a) Symmetry produced between positive and negative halves 
of the cycle by odd harmonics. Note, The wave displays even symmetry about b 
and odd symmetry about a. (b) Symmetry produced between positive and negative 
halves of cycle by even harmonics whose value is zero when the fundamental is zero. 

Multiplying Eq. (2-15tt) by cos kB dB {k being an integer) and inte- 
grating over any complete* period from 0i to 0i -|- 27r, 


rtfl+2ir 

Jet 


/(0) C08 kB dB = y J (An sin n0 cos kB -|- Bn cos n0 cos kB) dB 


tr 

n *0 

+ ^ [cos (n 4- k)B + cos (n — A;)0][ dB (2-16) 


^ [sin (n + A;)0 -h sin (n — A;)0] 


There appear to be a large number of terms to evaluate on the right- 
hand side of Eq. (2-16). However, it can be shown readily that the 
infinite summation reduces to a simple expression. The integral of a 
sine or cosine term over a complete cycle or integral number of cycles is 
zero since for one half of the cycle the term is positive, while during the 
other half it is negative. Therefore, terms where A; 5^ n, on the right- 
hand side of Eq. (2-16), are equal to zero. 

On the other hand, terms where k = n and n 0 reduce to 
fet+2^ r0t+2w r 4 o 1 

I f(B) cos nB dB = I sin 2nB -f- (cos 2nB -|- 1) d0 

(2-I60) 

Again the two trigonometric terms reduce to zero, and one has 

^ fei+2r 

Bn = - 1 f(B) cos nB dB 

^ Jei 


n 0 


(2-166) 
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If ib » n »= 0, Eq. (2-16a) yields 

1 r®i-4'2ir 

^ / m de (2-16c) 


By multiplying Eq. (2-15a) by sin kd dd and integrating from di to 
Oi + 2irf the student may show in a similar manner that 

. rei+2ir 

An = - I f(d) sin nd dd (2-16d) 

^ ./fli 

If an equation can be written for /(0), then Eqs. (2-166) to (2-1 6d) 
can be evaluated analytically, but in many cases f(6) can be expressed 
conveniently only in a graphical form. In this case the integrals in 
Eqs. (2-166) to (2-16d) must be obtained b}^ a point-to-point method 
such as the trapezoidal rule or Simpson’s rule. A Fourier analysis can, 
of course, be applied to any recurrent wave, and f(9) in these equations 
may represent any physical or mathematical quantity which is a func- 
tion of 6. 

2-6. Odd and Even Symmetry. In Eqs. (2-166) to (2-16d) 0i, the 
lower limit of integration, may be any angle whatever, the only require- 
ment being that the integrations shall take place over a complete cycle. 

Since f{6) is recurrent, repeating itself at intervals of 27r for all values 
of 6, the angle 0 = 0 may also be chosen arbitrarily. Both 0i and 0 = 0 
are usually selected according to the function involved so as to simplify 
the integrations. For example, if 0 = 0 can be chosen such that 


/(-<?) = -m 


(2-17) 


the function displays ‘^odd,” or ‘^skew,” symmetry. This would be the 
case in Fig. 2-56 if a were chosen to be 0 = 0. Under this condition the 
student may show that 


An 


~ / Sifi) sin nd dd 
^ Jo 


Bn = Bo = 0 


(2-17a) 


Also, if 0 = 0 can be chosen such that 

K-e) =/(0) 

the function displays mirror,’’ or “even,” symmetry and 


(2-18) 


vjo 


f(d) cos nd dd 


= I de 

» Jo 


(2-18a) 


Bo 
A„ = 0 

This would be the case if the angle b were chosen as 0 — 0 in Fig. 2-5&. 
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2-7. Calculation of Circuit Response by Fourier Series. If the function 
of interest is a recurrent function of time with a period T = 1/fi and if 
2ir/i is designated by coi, then the set of equations becomes 


where 


/(") = Bo + ^ (An sin nuit + Bn cos no it) 



2 

Bn = Y I f(t) COS noit dt n 7*^ 0 


2 

^ I f(t) sin noit dt 


(2-19) 

( 2 - 20 ) 

(2-21) 

(2-22) 


where again U may be selected for convenience. 

It would be simpler if Eqs. (2-19) to (2-22) could be included in a 
single equation. However, if Ecjs. (2-20) to (2-22) are inserted directly 
in Eq. (2-19), there may be confusion, because the integration with 
respect to t must not affect the sin noit and cos noit of Eq. (2-19). One 
way to avoid this confusion would be to use a different variable such as 
r in Eqs. (2-20) to (2-22), since, after integration, when the limits are 
applied, this variable disappears. Equations (2-19) to (2-22) could then 
be written in one equation as follows: 


1 2 Y' 

f(t) =f /W T 2j / /W(sin noiT sin nod 

n — 1 

+ COS noiT cos nod) dr (2-23) 

The integrations with respect to (r) in Eq. (2-23) would then produce 
the coefficients An and Bn for all values of n, and there should be no 
confusion between the time variable r, which must be integrated to 
determine the magnitude of each component in the frequency spectrum, 
and the time variable t associated with each individual frequency com- 
ponent in the summation. 

Equation (2-23) can also be written as follows: 



Therefore 




(2-24a) 
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where the first, or d-c, term in Eq. (2-19) is now taken care of by the 
case n = 0. 

In Eqs. (2-23) and (2-24) it will be observed that the integration for 
each value of n determines the magnitude of the corresponding com- 
ponent in the frequency spectrum and the summation of all these com- 
ponents gives the original function of time/(0. The integration is there- 
fore a process of analysis and the summation a process of synthesis. 
Going through both processes without any modifying action in between 
would correspond to taking a machine down into its component parts 
and then reassembling them back into the same machine. This may be 
instructive but is probably not very useful. On the other hand, if the 
parts are modified after they are taken apart, they may be reassembled 
into a new machine. Similarly if the frequency components of a driving 
force which is a function of time are determined and then subjected to 
modification by a network, the corresponding response when they are 
reassembled will be a new function of time. Consider the case where 
the driving force is a current i{t), a recurrent function of time. Then 
this current may be broken down into a frequency spectrum by Eqs. 
(2-20) to (2-22). Suppose a voltage response is to be calculated. Then 
each component of voltage can be determined in both magnitude and 
phase if the impedance of the network, which relates the driving force 
and response, is known. If each of these components is computed and 
expressed as a corresponding function of time and the total summed up, 
then an expression for the voltage response as a function of time will be 
obtained. 

Let the network impedance at a frequency w/i be given by the relation 

Zn = /iJn + jXn (2-25) 

Let the component of current at this frequency be given by the 
expression 

in *= An sin nwi< -|- Bn cos ( 2 - 26 ) 

and this current is flowing in the impedance Zn. The resistance will 
produce a voltage in phase with the current, and the reactance will pro- 
duce a voltage leading the corresponding current by 90® if Xn is positive. 
Therefore the corresponding component of voltage across the impedance 
will be 


en 


Rn{An sin m^it -1- Bn cos no)it) 


Xn An sin + ^ + Bn cos ^na)i< -f 


Rn(An sin nu)it -f Bn cos nwit) -1- Xn(i4n cos ncait — Bn sin mail) 
{RnAn - XnBn) Sill TUait + (RnBn + X„An) COS nCJit (2-27) 
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Equation (2-23) may be modified, therefore, to give the relation 
between a current i{t) and a voltage e{t) related by an impedance which 
is a function of frequency as follows: 

n rti+T 9 ^ r/i+r 

eit) = Y + r Z/ Jt sin na),T 

n * 1 

— Xn COS nwir) sill noilt + {Rn cos uloit -f Xn sin nwir) cos nwit] dr (2-28) 

where, by Eq. (2-25), jRo is the d-c resistance. 

To generalize Eq. (2-28), let the driving force be represented by a 
function Dr(t) and the response by R{t). Further let them be related 
at a frequency nf by a network function (or immittance) 

Wn = Un -{-jVn (2-29) 

where Un produces a response component in phase with the corresponding 
driving-force component and Vn a response component which leads the 
driving-force component by 90°. Then Ecj. (2-28) becomes 

Tj rti+T 9 rti-^T 

R{t) = ^ Dr{r) dr + Dr(r)l(U„ sin mo,T 

nTl 

— Vn COS ncoir) sin nojit + {Un cos nwir + Vn sin ncoir) cos ncjit] dr (2-30) 

Wn may be an impedance, an admittance, or dimensionless, depending 
upon what driving force is reflated to what response. 

It has been pointed out that, in network analysis, it is convenient to 
replace sine and cosine functions by exponential functions. Then if the 
network is described by a complex function such as Eq. (.2-29), the 
response at a given frequency can be obtained by straightforward multi- 
plication. Thus if the component of a driving force at a frequency nfi is 

Drn — An sin no)it -f Bn cos nwit (2-31) 

and since = cos ncoit -h j sin ncoit 

this can also be written 

Drn = Re {{Bn - jAn)e^-^^\ (2-32) 

where, as before, the symbol Re means ‘‘real part of.^’ Then if the net- 
work function is given by Eq. (2-29), the corresponding component of 
the response will be 

Rn = Re {{Un + jVn){Bn ~ 

= Re {[UnBn + VnAn +j(VnBn - 

= {UnAn ~ VnBn) siu flWit + (UnBn + VnAn) COS nu>it (2-33) 
Equation (2-33) may be compared with Eq. (2-27). 
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An alternate procedure is to consider the use of both positive and neg- 
ative frequencies. In all network functions it will be found that the real 
part, U, involves only even powers of on and the imaginary part, F, will 
have odd powers of wi in the numerator and even powers in the denomina- 
tor. Therefore if positive and negative values of n are considered, 

Un = f/-« 

F„ = -F_n 

Equation (2-31) may be rewritten in exponentials, 

DVri = An “ 1 “ ~ ~~2 

If values of are multiplied by (/„ + jVn = TFn and values of 
multiplied by f^n — jVn = then the following will be 

obtained, 

UnAne^”^^^ 

2j 2 ■ 2 / “ 2 " “ 

, 

2 2j ^ 2 2j 

= {UnAn — VnBn) siu UOiit “h {U nBn + F„A„) COS UOiit (2-34) 

which is the same expression as Eq. (2-33). 

Equation (2-34) avoids the cumbersome part of writing Re { ) 

because any imaginary terms which may appear on the left side of 
Eq. (2-34) cancel out. 

Hence it is apparent that E(|. (2-30) can be simplified in a manner 
similar to Eq. (2-24a) to 

^ * 

X (2-3o) 

n «> — ao 

Alternatively, Eq. (2-35) may be written in three eciuations as follows; 

Dr„ = yp \ Dr(t)e-‘''“‘‘ dt 

Rn = W„Dr„ 

4- 00 

Bit) = ^ 

It is not necessary to use (r) instead of (<) in Eq. (2-36a) because 
there can be no confusion if the integration is performed first. Equation 
(2-36o) represents the analysis of the driving force as a function of time 


(2-3Ga) 

(2-365) 

(2-36c) 
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into its frequency spectrum. Equation (2-365) represents the operation 
of the network in determining the frequency spectrum of the response 
for a giving driving force. Equation (2-36c) represents the synthesis of 
the frequency spectrum into the time function for the response. 

2-8. The Fourier Integral. If the rate of recurrence of the repetitive 
driving function is made smaller and smaller while its shape is kept the 
same, the function will approach the condition where transient effects 
die out between successive events. In the limit the event may occur 
only once, and solutions for transients may be obtained. The summation 
of the Fourier series then becomes an integral and is called the Fourier 
integral. The transition from the series to the integral will now be 
considered. 

For convenience let ii at the lower limit in Eq. (2-35) be — •r/2, and 
let / be any frequency component in the spectrum. Then the fundamen- 
tal frequency will be 

fi = rji and ” = ^ 

710)1 == (2-37) 

Assume that the event occurs only between the time —To/2 and +To/2 
so that, at all other times between — T/2 and +T/2, Dr(l) = 0. Then 
Eq. (2-36a) would give the component at any value of co which is a mul- 
tiple of as follows: 

1 rTo/2 

Br(o)) = ^ / Dr{t)e-i^^ dt (2-38) 

i J-To/2 

By way of a specific example, consider the repetitive square pulse of duration 
Ti = 1 /isec, of period T, and of amplitude E as shown in Fig. 2-6. Then 


By Eq. (2-38) 



^<‘<l 


1 rTi/2 

E r 1 2E e^«ri/2 ,/. 

“ T L — ja)J-r,/2 o)T 2j 


Multiplying numerator and denominator by Ti/2, 


Z)r(co) 


sin ( ctfTi/2) 
T o)Ti/~2 


(2.38a) 


Equation (2-38a) gives the envelope of the square-pulse-driving-force spectrum, 
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but its magnitude has significance at only those frequencies which are integral 
multiples of the fundamental repetition rate, XjT, This is illustrated in Fig. 2-6, 
where the spectra are shown for three different values of T, T\ being held con- 
stant. If the pulse occurs 500,000 times a second (T = 2 pisec), the spectrum 
contains components at 500, 1,500 kc and all other odd integral multiples of 
500 kc as shown in Fig. 2-6a. If the pulse occurs 50,000 times per second 
{T = 20 Msec), the spectrum contains components at integral multiples of 50 kc 
as shown in Fig. 2-66. In the second case there are 10 times as many frequencies 
present in the spectrum. The envelopes have the same shape, but in the second 





Fia. 2-6. Frequency spectra for repetitive square pulses The pulse duration and 
repetition period are shown for each case. An enlarged portion of the spectrum for c 
is shown in the inset. 


case the magnitude is >^o the magnitude of the first. Since the power is pro- 
portional to the square of the amplitude of either voltage or current, the total 
power in the second case is 10 per cent of that of the first (10 times as many com- 
ponents with relative power per component of 1/10*). 

Still a third case is shown in Fig. 2-6c, where T = 2,000 Msec. The envelope 
still has the same shape, but, in comparison with the first case, there are 1,000 
times as many components, and the envelope amplitude is reduced by 1 ,000 and 
the total power to 0.1 per cent. In the limit as T , when the driving func- 
tion becomes a single pulse, the spectrum becomes continuous, all frequencies 
being present, each being of infinitesimal amplitude.* This will now be shown. 

* Note that there is a finite amount of energy in the pulse, but since, in order to 
compute power, one must divide this finite energy by infinite time, the total power of 
all these components is actually zero. 
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As the interval between recurrences becomes larger and larger, l/T 
becomes very small and so it would be preferable to write the fundamental 
frequency (which is also the frequency interval between successive com- 
ponents in the spectrum) as /i = A/ = 1/7". Then Eq. (2-35) would 
become 


m 





n — «o 




(2-39) 


But, in the limit as T’ — » » , Af approaches df, and the summation 
becomes an integration. Therefore, for an event which is not recurrent 

R{t) = j’^df TF(/)Z)r(T)e'“''->dr (2-40) 

where the network function is now expressed as W(f) since nwi has been 
replaced by w and the spectrum is now continuous. 

Equation (2-40) can also be written as three equations which are 
analogous to Eqs. (2-36a) to (2-36c). 

Dr(f) = 1“^ dt (2-41a) 

RU) = W(J)Dr(J) (2-416) 

R{t) = R(f)e’^-f df (2-41c) 

Equation (2-4 la) analyzes the driving function of time into a con- 
Hnuous fre(]ucncy spectrum. Equation (2-416) determines the corre- 
sponding spectrum of the response resulting from the operation of the 
network. Equation (2-4 Ic) synthesizes the response spectrum into a 
function of time. 

It should be observed that, while the spectrum is now continuous, the 
amplitude of each component has become infinitesimal. However, the 
sum of all these infinitesimals gives a finite response. This is not sur- 
prising, for, in all integrals which have a value, this value is obtained by 
summing up an infinite number of infinitesimals. 

In Eq. (2-41a) the limits of integration are over all time. If the 
driving function has a value over only a limited interval, then the inte- 
gration will have finite limits. This would also apply to Eq. (2-40). 

It is frequently desirable to investigate the frequency spectrum of 
particular driving functions to determine their character. Of particular 
interest is the case of a d-c pulse. Suppose the driving function is a 
voltage described by the equations. 

e{t) =0 ^ < 0 

e(0 = E 0 < « < 7"i 

e{t) =0 t> 


(2-42) 
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Then by analysis by Eq. (2-41a) 


e(f) 


e(f) 


-e(" 


dt 

sin o)T\ 


^ ^ _ 1 ) 


JO 


. 1 


3 ^ 
cos u)T 


■■) 


(2-43) 

(2^4) 


In this analysis the real part represents the envelope of the spectrum 
of the cosine terms and the negative of the imaginary part gives the spec- 
trum of the sine terms. As a general situation the spectrum must be 
represented by two functions, which may be either the functions of the 
sine and cosine terms or the functions of amplitude and phase. 

As in the case of the Fourier series, the analysis may sometimes be 
reduced to a single function if a proper choice of time axis can be selected 
to give symmetry. For example, suppose the time was selected so that 
the d-c pulse started at time t — — Ti/2 and ended at time Ti/2. (The 
pulse then becomes the limiting case as T — ► of Fig. 2-6.) Then there 
will be only cosine terms. Equation (2-4 la) would then give 


P(/) = { Ee->“‘ dt 

J -Ti/2 

E 


( — ^~7«rj/2 _j_ gjwri/2^ 

... 2E . taTy „„ sin {u>Ti/2) 


(2-45) 


Since e{J) is real, there will be only cosine terms with relative amplitude 
given by Eq. (2-45). The general form of this spectrum for positive 
values of frequency is identical to the spectrum envelope in Fig. 2-Go to c. 
Since the sin u/u factor is an even function of w, the spectrum for 
negative values of frequency is the mirror image of that for positive 
frequencies. 

Equations (2-41a) to (2-41c) are of far-reaching significance, for they 
show that the transient characteristic of a network is uniquely determined 
by the steady-state network characteristics. This follows at once from Eqs. 
(2-41). If Dr{t) is known, then since Dr{f) is unique, R{f) and hence 
R{t) will be determined uniquely by \V{f) operating on Dr(f). For 
emphasis the statement in Chap. 1 will be reiterated: It is because of the 
transformation possible by the Fourier integral that so much of the analysis 
and synthesis of communication circuits can be carried out on a stecLdy-stcUe, 
sinusoidal basis, even though communication signals themselves are inherently 
transient in character. 

Some typical applications of the Fourier integral to the calculation of 
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the response of some so-called ideal networks will now be considered to 
illustrate the method. One important result of these calculations shows 
that these particular circuits are actually not physically realizable. 
Other results may be carried over to practicable circuits as convenient 
intuitive conclusions. 

2-9. Transient Response of an Ideal Low-pass (LP) Filter to a Step 
Function. Consider the response to a step driving function shown in 
Fig. 2-4. It might be expected that the analysis of this step function 
could be determined by making Ti — > « in Eq. (2-43). However, other 
methods are preferred because there is difficulty in interpreting the mean- 
ing of sinusoidal functions at the infinite limit. ^ 

The ideal LP filter consists in a network having the property that it 
transmits frequency components between —fc and -j-fc without modifica- 
tion except that they are delayed by a time interval td and that it entirely 
eliminates all frequencies of magnitude greater than /c, that is, 


W{f) = -fc<f< fc 

W{f) =0 I/I > /. 


(2-46) 


Then by substituting Eqs. (2-43) and (2-46) into Eq. (2-llc), 


m) 


= E r ^ 

J-/. 


gMi-U) df 


By symmetry this becomes 


R(t) 


_ E r sin 03(i 

TT 7o L w 


— td) sin ci/(Ti — ^ j 


df 

do) (2-47) 


Now the transcendental function defined by the expression 

' sin u 


/: 


du 


Jo u 

is called the ‘‘sine integral oi and is abbreviated Si (a:). The series 


1 In this chapter emphasis is being placed on the Fourier integral and the Fourier 
transform because it is believed that the student at this stage will better understand 
the philosophy of the interchangeability of time and real frequency by a Fourier inter- 
pretation. However, modern circuit analysis places greater dependence upon the 
Laplace transform, which extends the frequency idea into the complex plane, as, for 
that matter, will be done in this book in certain other applications. The Laplace 
transform eliminates many of the difficult convergence problems met with at the 
infinite limit in the case of the Fourier transform, for example, with the step function. 
The actual forms ot both the Fourier transform and the Laplace transform are similar, 
and the same transform tables apply. 
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for this function can be obtained by integrating term by term, 




U* 

13 + !5 


17 


+ 




du 


Si(x) = *-32 + 5j5“7|7 + 


Values of this function are listed in a number of handbooks,^ and a plot of 
the function is shown in Fig. 2-7. As a; — > + , the value of Si(x) — + v/2. 

Equation (2-47) may be written 


R(t) = - <<()] + SikCTi - t + <d)]l (2-48) 

TT 


If now the value of Ti is made to approach infinity so that, for any value 



“10 -8 -6 “4 “2 0 2 4 6 8 10 


Fig. 2-7. Plot of Si(x). 

of < ~ tdy T\ is very much greater than t — td, then, no matter what the 
value of coc, Eq. (2-t8) becomes 

im = f -I- - Si[a,.(< - U)] (2-49) 

Z T 


A plot of this expression, which is the transient response of the ideal 
LP filter to a step function, is shown in Fig. 2-8 

It is apparent that the effect of increasing the value of Ti in the applied 
pulse to infinity is to introduce a d-c term E/2 into the expression. The 
following facts may also be noted from Fig. 2-8: 

1. The 50 per cent response point, E/2, occurs at a time td after f = 0. 
Furthermore, the response curve of Fig. 2-8 begins at < = — 00 . This 

‘ See, for example, E. Jahnke and F. Emde, ** Tables of Functions,^* Dover Publica- 
tions, New York, 1946. 
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would mean that the circuit has an anticipatory property and would 
start to respond before the driving function is applied. Clearly, this is 
an impossible situation and arises in this problem because the steady- 
state amplitude and delay (or phase) characteristics of the network were 
specified independently. 

2. The ‘‘rise time,’’ or steepness, of the response in the vicinity of 
t = td is related to the cutoff frequency fc of the filter. The two con- 
clusions regarding delay and rise times may be carried over qualitatively 
to physical circuits. 

Another qualitative rule may be derived in a similar manner by con- 
sidering an LP filter in which the steady-state amplitude characteristic 
cuts off gradually rather than abruptly, as in Eejs. (2-46).* It may be 



c 

Fig, 2-8 Response of the ideal LP filter to the step function EU(t). 

shown that the overshoot, or peak in the transient response, is reduced 
by having a gradual cutoff characteristic. 

It is of interest to note that, if the function of Eqs. (2-40) is introduced 
directly into Eq. (2-4 la), the equation would be 

e{f) = K dt 



Direct substitution of the infinite limit in Eq. (2-50) does not give an 
answer, but by the analysis given above it is seen that the effect of the 
infinite limit is to produce a d-c term so that the spectrum will have a 
finite d-c term of value E/2 and a continuous spectrum of infinitesimals 
of value E/jw, 

The complete response will then be obtained by adding the response to 
the d-c term to the response obtained by integrating the infinitesimals. 

* See, for example, Colin Cherry, Pulses and Transients in Communication Cir- 
cuits,*' p. 169, Dover Publications, New York, 19.50 





Fig 2-11. Response of an ideal LP filter to a d-c pulse of duration = 1 msec 
(millisecond) The filter cutoff frequency is /c ** 1 kc. The response and its com- 
ponents are shown in normalized form. 
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conditions produced by an ideal filter are inserted in Eq. (2’41c), the 
expression would be 


___ E sin (i){Ti/2 — t tg) 'h sin (ji){Ti/2 1 — tS) 

= ^ jsi [a,, (y - < + <«)] + Si (y + < - <^)]) ( 2 - 52 ) 


The two functions in Eq. (2-52) would then appear as in Fig. 2-11 for 
the case where /c = 1/Ti. The function eo{t) is also shown in Fig. 2-11. 



Fi«. 2-12. Response of an ideal LP filter to a d-c pulse of duration Pi =* 1 msec. 
fe — 500 cycles. 


It will be observed that the solution of Eq. (2-52) is the same as would 
be obtained by superimposing two solutions of the type obtained in Eq. 
(2-19) with appropriate shifting of the time axis. 

If fc is equal to ll2Ti, the two functions and their sum would appear 
as in Fig. 2-12. If fc is equal to 2/Tij the two functions and their sum 
tvould appear as in Fig. 2-13. Hence as the cutoff frequency is increased, 
the output voltage becomes more nearly like the input voltage. It is 
apparent that fc should be at least equal to l/2Ti in order to transmit a 
reasonable replica of the input pulse. 

These facts permit certain conclusions to be drawn with regard to 
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communication circuits. In machine telegraph circuits 7 intervals are 
allowed for each letter-code group, and in 5 of these intervals the volt- 
age may or may not be applied during each interval, dependent upon 
the code of the letter to be transmitted. If 60 words are sent per minute 
and each word has 5 letters, then the number of possible pulses per minute 
would be 

n = 60X5X7 = 2,100 

or the number of pulses per second would be 35; hence 7\ — The 



Fig. 2-13. Respond* of an ideal LP filter to a d-c pulse of duration Tx = 1 msec 
/c = 2 kc. 

transmission system should then be designed to transmit freciuencies up 
to 18 cycles, and preferably higher 

In television, on the other hand, it has been determined that the stand- 
ards should permit a picture with a detail of about 250,000 dots to be 
sent 30 times per second. Therefore, the shortest pulse that should be 
recognized would have a time duration of approximately 1/7,500,000 sec. 
Hence the transmission system should be able to transmit up to a fre- 
quency of 3,750,000 cycles. The bandwidth in television transmission is 
specified to be 4 Me. 

2-12. Fourier Transforms, or Paired Functions. It has been stated 
previously that the network function W{J) of physical circuits is a con- 
tinuous function of frequency. In many instances this property leads 
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to a simplified method of solving for the response by means of the Fourier 
integral. 

In Eq. (2-41a) the expression is given for the analysis of any function 
of time into a function of frequency. It is convenient to set up tables 
to show on the one side sets of functions of time and corresponding to that 
on the other side the corresponding functions of frequency. These may 
be represented by the relations corresponding to Eqs. (2-41a) and (2-41c), 
W{f) being taken as unity, i.e., 

dU) = (2-53) 

f(.0 = (2-54) 

where for convenience p — j2Trf. In most cases if tables are constructed 
from Eq. (2-53), it will be necessary to use Eq. (2-54) only occasionally, 
since the correspondence of g(f) to f(t) may proceed in either direction. 

Equations (2-53) and (2-54) are called the Fourier transforms.^ The 
method of building up such a table will be shown. Consider the function 


m = 0 ^ < 0 

f(t) = eHJ* ^ > 0 


(2-55) 


Then Eq. (2-53) becomes 

g(f) = df 

At the infinite limit, = 0 if has any positive real part, however 

small; therefore 

(7(/) = ^ (2-55a) 

and Eq. (2-55a) is the mate of Eq. (2-55). Furthermore since Eq. (2-55a) 
holds if jS has any positive real part, no matter how small, it must be the 
limit as the real part is reduced to zero and hence must apply even if 0 is 
entirely imaginary. Therefore Eq. (2-55) is a general one so long as p 
does not have a negative real part. 

The mates for the product of two functions may be obtained directly 
or by use of a relation which will now be developed. Let 
fi{t) be the mate of gi{f) 

/ 2(0 be the mate of g 2 {f) 

f(t) be the mate of gi(f)g2(f)y which is to be found 

^ In the case of the Laplace transform p is considered complex and is usually 
replaced by p » 8 -f i«>. 
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/(O = df (2-56) 

but by Eq. (2-53) 

gi(f) = (2-57) 

Equation (2-57) cannot be substituted directly in Eq. (2-56) because 
there would be confusion of the time variable in the two separate inte- 
grations. However, Eq. (2-57) could also be written 


Qlif) = /_ ^ /l(T)e-'2r/r 


(2-57a) 


and Eq. (2-57a) could be substituted directly in Eq. (2-56). This would 
give 

= f “ fi(r) [ ( " df] dr (2-58) 

But by Eq. (2-54) 

df = Mi - t ) 

M^'>Mi - dr (2-59) 

As an example of the application of Eq. (2-59), let 

Mi) = MO = c-<" t > 0 

Then 

The problem is to find the mate f{t) of the function 


{p + a){p+^) 


(2-60) 


By the definition of f^it) it has a value only when t is positive. There- 
fore f 2 {t — t) has a value only when t is less than t. /i(t) has a value 
only when t is greater than zero. Therefore, in substituting in Eq. (2-59) 
the infinite limits change to zero and f, and Eq (2-59) for this case 
becomes 


/(O = dr 



— 0-at ^ 

a — 


(2-60a) 


Equation (2-60a) then gives the mate of the function of Eq. (2-60). 
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In the same way that Eq. (2-59) was derived to obtain the mate of 
g\{f)g 2 U) it can be shown that the mate of /i(0/2(0 is given by the 
expression 

g{f) = gi{-x)giU + x)dx (2-61) 


where in this case x is the variable introduced for the purpose of 
integration. 

It is apparent from the equations for the mates that, if giU) ^^iid gtiJ) 
are the mates, respectively, of /i(0 and/ 2 ( 0 , giU) + g 2 U) is the mate of 
/i(0 + ACO- As an example of the application of this principle, consider 
the function 


cos at = 


Qjat _|_ ^—jat 


2 


t > 0 


The mate of is l/(p — ja), while that of is l/(p j a). There- 
fore the mate of cos at is yAi/ijP “ jo) + 1/(P + jo)] = p/{p^ + a^). 
Similarly the mate of sin at (or t > 0 is a/(p^ + a^). 

Since a constant multiplier A does not affect the integration, if f(t) 
and g{f) are mates, Af(t) and Ag(f) are mates. 

If the derivative of both sides of Eq. (2-54) is taken with respect to 
time, the following relation is obtained, 


DJit) = p g{De>-^f‘dJ (2-62) 

where Dt means *Hime derivative of.’^ Therefore if f{t) is the mate of 
gU)i ^ifi) is the mate of pg{f). Similarly Dfg(f) is the mate of —j2wtf(t). 
Furthermore, by integration, 


/-/■ 


(t) dt is the mate of - gi{f) 
jP 


giif) df is the mate of - 


(2-63) 

(2-64) 


Some of the relations which have been derived above are summarized 
in Table 2-1. The most extensive table yet published is by G. B. Camp- 
bell, The Practical Application of the Fourier Integral, Bell System Tech- 
nical Journal^ vol. 7, p. 639, October, 1928. The tables of Laplace 
transforms published in many books may be used in the same manner. 

2-13. Development by Partial Fractions. An alternative and very 
powerful method for the determination of mates is by the method of 
partial fractions. It is known from algebra that a fraction of the type 


/w 

(a; — a){z — b){x — c)”* • • • (a; — n) 




COlitMUmCATtOK 




Table 2 - 1 . Fotjrieb-tbansform Mates 


Pair 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 


9(f) 


P + a 

1^ 

P(P + Of) 

1 

e-“‘, / > 0 

a 

/ > 0 

, 

(P + a)* 

1 

(p -f ar)(p 4- i3) 

a- ^ ’ 

V 

ore""* — 

(p 4- a)(p 4- /») 

a — ti 

P 

\ 

COS a>i, < > 0 

p* 4“ 

<0 

sin ut, t > 0 

p* 4" w* 


PffiCf) 

D,m 


[‘ mdi 

V 


j[ _ df 



fit) 


U{t) 


t > 0 


Note. gi{f) 18 the mate of 


can be expanded into the form 


^ +-A 


X — a 


+ + 


(x - c)2 


+ 




{x — c)" 


+ 


+ 


N 

a — n 


where Aj J5, Ci, C 2 , . . . , Cm, . . . , iV^ are constants. The following 
rules apply: 

1. To any factor of the first degree, as x -- o in the denominator, 
there corresponds a partial fraction of the form A/{x — a) 

2. To any factor repeated m times, as (x — c)*”, in the denominator 
there corresponds a series of m partial fractions of the form 


+_^ + 


X — c (x — c)* 


(x — cy 


The constants may be evaluated in the following way: When x is in 
the neighborhood of the value a, the value of the sum of the partial 
fractions is determined almost entirely by the term A/{x — a). There- 
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fore in this region 


Kx) 


or 


{x — a){x — h){x — c)"* • 

m 


(x — b){x — c)^ 


(x — n) X — a 
« A 


(x — n) 


(2-65) 


This approximation becomes closer and closer as x approaches a. There- 
fore in the limit, i.e., where x equals a, Eq. (2-65) becomes an identity 
and 

_/(«) = . 

(a — 6) (a — c)" ■■■ (a — n) 

m 


{h - a) (b - c)” 


(b - n) 


B 


(2-66) 

(2-67) 


and similar expressions apply to all the constants when a^b, ... ,n are 
different. 

To show how this may be applied, let the problem be again to find the 
mate of gU) = l/(p + a)(p + /?). Then 

1 A , B 


(P + a)(p + /3) 

Applying Eqs. (2-66) and (2-67), 

A = - 


p + a 
1 


p + 0 


B = 


-a + P 
1 


Therefore 


(P + 


1 __i ) 

a)(p + /S) P — a\p a p P/ 


Now the mate of l/(p -f a) is and the mate of l/(p + /c?) is e~^^. 

Therefore the mate of 7 — ; — ^ is — (e”“* — which has 
{p + a)ip + p) p - 

previously been developed in Eq. (2-60a). 

If there are two or more identical factors in the denominator, the pro- 

f(x) 

cedure must be modified. Consider the fraction , where 


Q{x) has no factor x — a. Then 


fix) 




B 


{x — a)”*Q(x) (x — a)”* (x — a) 


11 + 


(x — a)"*Q(x) 


+ - ~~ + 
a; — a 


( 2 - 68 ) 

As X approaches a, the right-hand side will be determined by the term 
A/(x — a)” and hence 

. /(a) 
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The fraction can also be written 


m ^ A fix) - AQ{x) , , 

(x — a)”^Q{x) (x — a)”^ {x — a)'^Q{x) ^ 

'Now the second term of the right-hand side of Eq. (2-70) must equal 
the sum of all the right-hand terms in Eq. (2-68) except the first. But 
these terms, if combined into a single fraction, would have x ^ a only 
to the (in — l)st power in the denominator. Hence f(x) — AQ(x) has 
a factor x — a which can be canceled in the second term of Eq. (2-70). 

Let the fraction then be of the form 

(x - a)Hj(x) (x - a)”^-^Qiix) 

the same process used in the derivation of Eq. (2-69) the expression for 

B will be 

« - 

In the same way all the coefficients for the partial fractions may be 
obtained. 


As an example consider the function 

p -{■ r _ A 


+ -I-+ 


ip + o>yip + c) (p + a)2 p -f a p + c 


By Eq. (2-69) 


A = 


— a -f r 


—a -f- c 

Then the second term on the right of Eq. (2-70) becomes 


/(p) ~ AQ (p) 
(p + ayQ(p) 


(p -h r) — (p c) 

c a 

ip + + c) 

ip + r)(c - a) - jr - a)(p + c) 
ip + o)’(p + c)(c - a) 
pc — pr — ar ac 
Ip T ay(p -f c)(c - a) 

(p + a)(c - r) 

(p + ay{p + c)(c - a) 


Therefore 


_ c — r 

(P + a)(P + c)(c - a) 

B ^ C ^ c-r 

p-fo’^p + c (p-f a)(p -f- c)(c - a) 
B = c — r _ c — r 
(—a -f c)(c — a) (c — ay 


C- 


c — r 

(—c -f a)(c — a) 


r — c 

(c - ay 


Then 
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and the original expression becomes 

p - f r ^ r - a , c - r c - r 

(p -h ay(p 4“ c) (c - a)(p 4- a)* (c - a)*(p 4- o) (c - a)*(p 4- c) 

(2-72) 

The mate of 1/fp 4- a)* can be determined by the use of Eq. (2-59) and is 

jj -i- ^ 

By the use of Eq. (2-72) the mate of , v,, — ; — c will be the sum of the 

(p 4- a)*(p 4- c) 

mates of the functions on the right-hand side and will be 

+ (2-") 

From these relations it is easy to make up most of the pairs of interest. 
Only a few of these were shown in Table 
2 - 1 . 

As an example of the method by which these 
transforms may be applied to the solution of a 
typical transient problem, consider the case 
given by Fig. 2-14, where the switch is closed 
at time t — 0. Then the voltage function of 
time could be obtained from the table from 
pair 1. The same result may be obtained by 
setting ^ — 0 in pair 2 and multiplying both sides by the constant E. Hence 
the corresponding function of / will be 

Z,K/)=e(/)=^-.4 

Now that the voltage has been obtained as a function of /, the current can be 
quickly determined also as a function of /. The impedance of Fig. 2-14 is 

Z = 

= B + pL + i 

Hence the current as a function of / will be 

Z(/) piR 4- pL + 1/pC) 

E 

° WTW7£^'+T7lc] 



Fig. 2-14. Series RLC circuit. 


This has the form of g(f) of pair 5 in Table 2-1, where a and are the negative 
of the roots of the equation p* 4- Rp/L 4- l/LC =* 0. Therefore 


a 


R 

2L 



- -L 

4L» LC 


A -f - 


2L 


J__ 

LC 
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Hence the current as a function of time is given by the /(t) function in pair 6, 
that is, 


m 


E [exp {-R /2L -h VRy4L^ ~ 1/LC) t - exp {-R/2L - - \/LC)t] 

2L v'f^L*“=n7LC 


where exp (x) stands for e^. If 1/LC > R^/4:L^, this can be written 

E 


L Vl/LC - /2V4L* 

= A sin oiit 


sin \jj f 

^LC 4L* 


where = v'TTLC - ftV4LS which is the solution desired. 

2-14. Poles and Zeros. It has been shown that the transient and 
steady-state responses of a network are uniciuely related through the 
Fourier integral. It will now be shown that the poles and zeros (to be 
defined later) of the network function uniquely determine both the tran- 
sient and steady-state characteristics of a network except for a scale 
factor H. As a matter of convenience, the p notation of the last two 
sections will be adopted. 

In physically realizable circuits the network function, or immittance, 
W{p) of a lumped network may be expressed as a rational fraction,^ i.e., 
as the ratio of two polynomials in p, 


WM = g iP" + + ■ ■ ■ + an . 

hip- + btp”-' + • • • + fc„ 

Factoring out ai/bi — //, 


(2-74) 


W(p) = 


H P”* + + • • -h Cm 

p” 4- dip”-^ + • • 4- dn 


(2-74a) 


where Ck = a*/ai 

dk = bk/bi 

Now if the numerator in Eq. (2-74a) is equated to zero, the roots of 
the resulting equation may be designated poi, Po 2 , . . • , Pom and the 
numerator may be written as the product of its factors p — po*. Sim- 
ilarly, the denominator may be written as the product of the factors 
p — Pxkf where p^h Px 2 , . . . , Pxn are the roots of the denominator set 
equal to zero. Thus Eq. (2-74a) may be rewritten as 


W{p) = H 


(P - Poi)iP - P 02 ) ■ — (p - po^) 

(P - Pxl)(p - Px2) • • • (P - Pxn) 


(2-746) 


Now if p takes on any of the values po*, W{p) becomes zero; hence, 


^ This point is covered in greater detail in Chaps. 4 and 14. 
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Poh Po 2 , . • . , Pom are said to be zeros of W(p). Similarly if p takes on 
any of the values p,*, T7(p) — ► « ; hence p^i, Px2, . . • , Pxn are said to 
be poles of W(p). Both the poles and zeros may be either real, imaginary, 
or complex and, when complex, will appear in conjugate pairs of the 
general form pai = 5a + jw®, Pa 2 = Sa — jo)a. In physical cases 5a will be 
negative. 

From Eq. (2-74b) it is apparent that if the zeros, poles, and scale factor 
H are specified, W{p) is uniquely determined. It follows, then, that the 
behavior of a network may be specified by either (1) its steady-state 
response as a function of freijuency, or (2) its response to a step function 
as a function of time, or (3) its poles, zeros, and scale factor. 

It is of interest to note how the steady-state immittance, or TF(/), 
may be obtained graphically by plots in the complex plane of 5 + iw. 
In general the factors in the numerator and denominator of Eq. (2-746) 
are complex and may be written in polar form as 


p — Vok — Pk/ (t>k 
p — Pxk = yklBk 


(2-75) 


Substituting into Eq. (2-746), 


W{p) = H ^ 

Ti 72 • • • 7n 
+ 02 + ’ ' 


+ 0m) (^1 ~f O 2 + 


-f- dn) (2-74c) 


A typical situation is illustrated in Fig. 2-15 for a circuit having two 
complex conjugate poles and a single negative, real zero. The zero and 
poles are plotted in the complex p plane. /3i, 71, and 72 are scaled from 
the diagram for a particular value of w = wi; then 

fr(co,) = 

7i72 

^1, ^2, and 01 may also be measured, and the angle of IF(a)i) will be 
01 ~ (^1 + O 2 ). The student may observe that If^(w) may be obtained 
by letting the point coi vary from — ao to + » along the axis of real 
frequencies, which is the vertical axis in Fig. 2-15. 

It is apparent from work earlier in the chapter that the poles and zeros 
of the network function also determine the network's response to any 
driving function. A simple extension of this work leads to a concept of 
fundamental importance in communication circuits, that the character of 
the response, i.e., oscillatory or nonoscillatory, is governed by the net- 
work poles. 

Using the p notation of the last section, Eq. (2-416) shows that the 
response of a network described by IF(p) will be 

R{p) = W{p)Dr[p) 


(2-76) 
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Dr{t) may be a step function, say, of voltage, so that from pair 1 of 
Table 2-1 Z)r(p) = E/p, As stated earlier, W{p) is a rational fraction; 
hence W {p)E/p will also be a rational fraction so that Eq. (2-76) may be 
written in the form of either Eq. (2-74a) or Eq. (2-746). It should be 
noted that the denominator of these equations, expressed as a polynomial 
in p, will have real coefficients; therefore, the poles will be either real or 



Fig. 2 - 16 . Graphical determination of the steady-state characteristics at m from the 
pole and zero locations in the complex p plane. 


complex conjugate pairs. Then if R(p) is expanded by partial fractions, 
it will have the general form 

R{p) = EH (-— — + • • • + ^ . + • • •) (2-76o) 

\P - P-i P - P*/ P+P^f ) 

In this equation, the quotation p,/ and p*j are complex conjugates. 
R{t) may then be found by identifying each term with its mate in Table 
2-1. It may be seen, then, that each real pole and each pair of complex 
conjugate poles of R{p) contribute a corresponding time- varying term to 
Rif), the former being exponential and the latter oscillatory. Since only 
the poles appear explicitly in Eq. (2-76a), it may be concluded that it is 
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«(P)“pfe R(t)~Ke-“* 



(a) Real, negative pole 



(6) Real, negative pole + pole at zero 



(c) Imaginary conjugate poles 


K' 


(ct) Complex conjugate poles 





(e) Second order, real, negative pole 

Fig. 2-16. Effect of basic pole combinations on transient response. Note. The phase 
angle is neglected in c and d. 
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the poles of i2(p) which determine the character (i.e., exponential, sinus- 
oid, damped-sinusoid) of the transient response. The zeros of R(p) affect 
the amplitudes A, B, . . . of the several terms in Some frequently 
encountered forms are shown in Fig. 2-16. 

2-16. Responses of /^C-coupled Amplifier. The broad-band /de- 
coupled amplifier, whose equivalent circuit is shown in Fig. 2-17a, will 
serve as a good example for the summarizing of the results of the fore- 
going sections and to show typical approximations that may be used in 



Fig. 2-17. KC-coup\cd amplifier, (a) Equivalent circ uit (b) Steady-state response 
curves. Note the break in the w scale. Rl = 1 kilohm, R„ = 100 kilohms, T, = fi 
Ct = 14 fjifxi, gmEg — —5 ma, Cc = 0.1 


calculating circuit responses. As will be explained in Chap. 15, typical 
values of the circuit parameters in Fig. 2-17a are 

idL = 1 kilohm Eg = 100 kilohms 

C, = 14 ^lplf Co = 6 /x^lf Cc = 0.01 ;xf 

It may be noted that the driving function is a current QmEg and that the 
desired response is the output voltage Eo. It may be shown by the usual 
methods of steady-state analysis that the network function ir(w) is 
given by 

^ -JwCr 

rIr, 

(2-77) 

Now the engineer, in order to simplify his work, takes note of the rela- 
tive magnitudes of the quantities involved in his calculations. Thus 
since Co < Ci«Cc (< means “less than,'' « means “very much less 
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than”), 

and since Rl Rq 


Ci + c. « Cc Co + a « Co 


c^±c. Co +_Cc ^ ^ /"JL ^ ^ ^ 

Rl ^ R, ^ \Rl ^ RJ ^ Rl 
Furthermore, CoCi <$C Cc{(\ -f- C*) ; hence 

Co(\ + CriCo + CO « Ce{Co + CO = CcC. 

where C, = Co + C^. Therefore Eq. (2-77) may be simplified to 

= IfRLRa +jo>ci/Rl + (»“C(7. 

Factoring out joiCe/RL from the denominator and rearranging the order 
of terms, 

"" l'T7(wC'.J?r^l7wrc«,) {2-7Sa) 

The steady-state response to a sinusoidal current driving function will 
then be 

EoM = W(u>)gmE,M 

“ - 1 + ;(ccC.£, - iT^.^ 


(2-786) 


Ecjuatioii (2-786) may be used to calculate the steady-state response 
of the RC amplifier, subject, of course, to the approximations which have 
been made. Before doing this, however, it should be noted that dif- 
ferent circuit components control the response in different ranges of 
frequency. Note that 03C,Rl = 2 X 10 ~*w, while l/caCcRg = 10V«- 
Hence, at very high frequencies l/wCc/^p <$C «/?lC., and the response 
simplifies to 

- 1 

— /_1QnO _ D. /'0_70I.\ 


(2-79a) 


Vi + {o^c.Rl) 


/— 180® — arctan ooCMl (2-796) 


On the other hand, at very low frequencies, coCtRi <K lloiCcRg, and 
the response simplifies to 


(7i^o)lcw — 


Qm Rl 

1 -ff^CJRg 

gmRh 

\/l + (l/wCci^i 


(2-79c) 


— / — 180® + arctan - 77 ^ (2-79d) 

)2 / iJiCcRg 


At some particular frequency, <j)o/27r, (aoC»Ri = 1 'co«C,/Jg, and the 
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response simplifies to 

{Eo)m.d = -gn^Ri = (2-70r) 

As a practical matter, C, and Cc have a negligible effect over a consider- 
able range of frequencies which are often referred to as the “mid-fre- 
quency band’’ or simply “mid-band.” The steady-state response of the 
amplifier in question with </« = 5 X 10“^ mho and Eg volt is 

plotted in Fig. 2-176. A more elegant presentation of this response in 
terms of normalized variables will be considered in Chap. 15. 

Consider, next, the transient response of the RC amplifier shown in 
Fig. 2-17a. By replacing jeo by p and factoring out C^Cc from the denomi- 
nator in Eq. (2-78), the network function becomes 


C. \/Rt,R„C.Cc) 

In this case where the transient response is desired, let the driving cur- 
rent be a negative step func'tion such that 


i{t) =0 ^ < 0 

^ -gmEg t > 0 


(2-81) 


(The negative sign is chosen in order that the response may be plotted 
as a positive function of time.) Then, from Table 2-1, I{p) — —gmEg/p, 
The output voltage will be 


^ gj<:„ 1 

'C. + v/JiL(\ + \/RlR„C,C, 


(2-82) 


Since the denominator is a second-degree polynomial, Eq. (2-82) will 
have two poles, say, pxi and px 2 , and may be written 




1 


Pxl)(p - Px2) 


Then by the mates of Table 2-1 


gmEg 


eo(t) \ (e^-'-e-O 

(^s\Pxl Px2) 


(2-83) 


(2-84) 


The two poles may be evaluated by setting the denominator of Eq. 
(2-82) equal to zero and finding the roots of the resulting equation by 
the quadratic formula, thus; 


^ 1_ . /M Y _ _1_ 

2RLa - \\2 RlCsJ RlRoCX 


Pxl 

Px2 


(2-85) 
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Now, for the values given, Rl <3C Rg and (7, <5C therefore ^.RhCtl 
RgCc 1. The second term under the radical is therefore very small 
compared with 1, but it should not be neglected or the difference between 
the two poles and the nature of the response will be lost. 

In a situation like this, slide-rule accuracy is inadequate, but resort 
may be made to the binomial expansion, viz., 

V'l+a==l+2~4]2'^^“ 


If a <K 1, the series converges so rapidly that only the first two terms 
are significant and give an accuracy in numerical computation better 
than the slide rule. By applying this expansion to Eq. (2-85), the poles 
become 


Pxl 

Px2 


2R[C. 


2RlC.\ 

R„Cc/_ 


whence pxi 


Px2 


1 

RgCs 

1 

RlC. 


-1 

10*^ X io-« 


= 


1 

10H0.2 X 


(2-85a) 

-5 X 10^ 


Noting that pxi — p ,2 « \/RlC,, Eq. (2-84) becomes 

eo{t) = (2-86) 

It is observed, then, that the response is proportional to the sum of 
the two exponentials. The general shape of Eq. (2-86) is shown in Fig. 
2-1 8a, where it may be observed that the response consists of a build-up 
of relatively short duration followed by a long, slow decay. This comes 
about because of the great difference between the values of pxi and px 2 
and simplifies the work of plotting the actual response. 

For values of i close to zero, say, of the order of 1 iusec or less, « 1, 
and the short-time’^ transient response may be expressed as 

eo(tU.r. = gmE.RUl - (2-86a) 

Since the leading edge of the applied step function occurs at f = 0, 
6o(0Bhort is often called the “edge response.” In this case of the RC 
amplifier the edge response has the form of an exponential build-up. 

For larger values of time, say, of the order of 100 /xsec or more, « 0, 
and the “long-time” transient response simplifies to 


eo(/)i.a« = gn.E„RLe-^^'^ (2-865) 

This is the equation of an exponentially decaying function and results 
from the inability of the circuit to pass a d-c term because of the series 
capacitor Ce. Because of the shape of the exponential, eo(t)iong is often 
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called the “sag/’ The transient response of Fig. 2-17a is plotted in 
Fig. 2-18. 

It is of significance to note the following conclusions concerning the 
RC amplifier: 

1. The steady-state response may be considered in three separate 
ranges of frequencies, or bands: the low, mid, and high. The low-band 
response depends upon the parameters Rg and Cc ; the high-band response, 
on Rl and C,. 

2. The transient response may be considered in two separate time 
intervals: short (edge response) and long (sag). The edge response is 



Fig. 2-18. Response of the RC amplifier to a step i unction (o) Cleneral shape of 
eo(0* 0*) The edge' response for small values of L (c) The sag response for large* 
values of t. Note the change in time scale as compared with h. 


governed by /^l and C, and hence is related to the high-band steady- 
state characteristics. The sag is governed by Rg and Cr and hence is 
related to the low-band steady-state characteristics. 

These ideas serve as important guides in considering the behavior of 
many communication circuits and illustrate quantitatively some of the 
conclusions reached (jualitatively in Chap. 1. 

PROBLEMS 

2 - 1 . Replace the inductor of Fig 2-1 by a capacitor C Find the complete solution 
for i(t) and verify that integration with respect to time corresponds to multiplication 
by l/joa in the frequency domain. 

2 - 2 . Sketch the steady-state impedance curves of a series HLC circuit in three 
different ways. 



METHODS OF NBTWOBK-BEHAVIOB ANALYSIS 8? 

2*8. Calculate and sketch the transient response to EU(t) of the circuit of Prob. 2-1. 

2 - 4 . Verify Eq. (2-16d). 

2-6. (a) Calculate and sketch the frequency-spectrum envelope of a repetitive saw- 
tooth wave of amplitude E and period T, (5) Repeat for a single, nonrecurrent saw- 
tooth pulse of amplitude E and period T, (c) How are these two envelopes related? 

2-6. A certain idealized filter has the following network function: TP(w) * A, 
~a>i <a» < -fwi; W{(a) is linear between 0 at — 0)2 and A at — o)i; W{(a) is linear 
between A at m and 0 at wt. The delay is id at all frequencies. 

a. Derive an expression for the transient response to EU{t). 

b. Plot a curve of the response for 0)2 = 2o), and compare with Fig. 2-8. 

2-7. Calculate and plot the frequency spectrum of U{t) which is shown in Fig. 2-4. 

2-8. A single d-c current pulse of duration Ti is applied to a shunt RC load. Let 
the cutoff frequency be defined by/c = 1/2tiCR. 

a. Derive an expression for the voltage across the RC load as a function of time. 

h. Calculate and plot Co(0 if = 2/Ti. 

2-9. A current step function I U {t) is applied to a parallel combination of /2, L, and 
C. Using the method of Fourier transforms, calculate the voltage across the parallel 
combination for the three cases l/{2RCy greater than, equal to, and less than l/LC. 
Sketch the response for each case. Compare your results with the illustrative problem 
in See. 2-111, 



CHAPTER 3 


STEADY-STATE ANALYSIS 
AND NETWORK THEOREMS 


Kirchhoff^s voltage and current laws are the basic working tools in 
solving network problems. Traditionally emphasis has been placed 
upon the voltage law and its natural consequence, the mesh, or loop, 
method of analyzing circuits, while the current law and the nodal method 
of analysis have been relegated to a secondary place. As a practical 
matter in dealing with communication networks it is the nodal analysis 
which often better fits the physical circuit. This is true for two primary 
reasons: (1) nodal analysis presumes current generators as sources, a 
condition closely matched in those circuits employing a pentode vacuum 
tube operated under linear class A conditions; (2) in correlating theoret- 
ical calculations with experimental measurements it is convenient to cal- 
culate those quantities which can be measured easily in the laboratory. 
A moment^s reflection about electronic circuits in general shows that it is 
voltage, rather than current, which is the more easily measured quantity. 
In fact, in the plate circuit of a vacuum lube currents and voltages con- 
sist of two components: an alternating component superimposed on a 
d-c component. The measurement of the alternating component o- 
voltage is readily accomplished by means of an a-c vacuum-tube voltf 
meter, while no simple means are available for measuring the alternating 
component of current alone. Since the usual methods of analysis are 
concerned with alternating components only, it seems that one should 
solve for voltage, rather than current, as the (juantity which can be 
checked directly by measurement. Certainly, then, at least as much 
emphasis should be given to the nodal analysis as to the more familiar 
mesh analysis. It will also be seen that in many cases a given circuit 
may be solved with fewer nodal equations than mesh equations. This 
is particularly true when the interelectrode capacitances of vacuum tubes 
must be taken into account. 

An advantage is to be gained also from studying these two basic forms 
of analysis together. It will become apparent that a principle of general 
duality exists between certain networks, a principle that can be of con- 
siderable aid in the solution of network problems. 
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Because of their basic importance, it is advisable to review the applica- 
tion of the two laws of Kirchhoff as they are used in the steady-state 
analysis of circuits containing more than one mesh. Such a review will 
also make clear the concepts of general duality and equivalence. 

3-1. Sign Conventions. In an a-c circuit current flows first in one 
direction and then in the other in every branch. However, in order to add 
and subtract theii' effect at junctions as is required by Kirchhoff^s current 
law, it is essential that an arbitrarij assignment be made of the direction 
of current flow that will be called ])ohitive. This is usually done by draw- 
ing an arrow — > on the circuit diagram, the current then being considered 
positive when it is flowing in the direction of the arrow. It is of impor- 
tance to note that the assignment of the arrow direction on the diagram 
is arbitrary, but, once assigned, it must be maintained throughout the 
analysis. 



(a) (b) (c) (d) 

Fig 3-1. Sign conventions. («) Voltuge source (b) Current source, (d) Shows 
one possible set of assumed positive cuiient directions and voltage polarities for 
netwoik c. 


The complex current itself may be designated in a number of ways, 
but throughout this book one form of single-subscript notation is used: 
the current is designated by /, followed b}^ a single identifying subscript, 
Iff, /i, I.i, .... The magnitude of the complex current, say, Ix, will 
be designated 17x|. Similarly the potential diflerence between two points 
in an a-c network must be assigned an assumed positive direction which 
in this text will be indicated on circuit diagrams by a double-headed 
arrow with a + sign at one end. The two heads indicate the two points 
of the circuit across which the voltage is defined, and the voltage is con- 
sidered positive when the end with the + sign is at a higher potential 
than the opposite end. 

The complex voltage itself is identified by E followed by a single 
identifying subscript, Ey, Ei, Ex, and its magnitude by 

The symbols used in this book for voltage and current generators are 
shown, respectively, in Fig. 3-la and 6. 

The use of this notation may be clarified by considering the circuit 
shown in Fig. 3-lc. Before any solution is possible, assumed positive 
or arrow directions of current and voltage must be assigned. One pos- 
sible set of these assumed directions is shown at d. Consider the prob- 
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lem of designating the voltage produced across Zz in terms of currents 
1 1 and 1 2 The arrow direction of Ii is such that positive current ( auses 
the upper end of Zj to be at a higher potential than the lower end, since 
the upper end of Ei is marked +, the component of Ei caused by /i is 
+ IiZz 

The arro\\ diiection of / 2 , however, is su(h that positive curient causes 
the upper end of Zj to be at a lower potential than the lower end Thus 
the component of E\ caused by 7^2 — I Zz Then 

El = /1Z3 — /2Z3 = {I I — It)Zi 

3-2. Kirchhofif’s Voltage Law; Mesh Analysis Kii(hhoff’s voltage 
law may be stated as follows The algebraic sum of all the voltages around 

any closed loop in a mlwork is zero 
As a direct appln ation of the law 
considei the ciicuit of Fig 3-2 The 
current flowing through Z 2 is to be 
determined Two loops, or meshes, 
that may be chosen for solving the 
network are those indicated by the 
currents h and I 2 It should be 
stressed again that the arrow directions of current and assumed positive- 
voltage polarities have been assigned arbitrarily 

Application of the voltage law to the two loops yields 

Mesh 1 (Za -h Zi)/i + Z,(/i - If) - Ea = 0 (3-1) 

Mesh 2 (Z 2 + Zb) 1 2 + Z3(/2 - h) + Eb == 0 (3-2) 

The terms may now be collected and regrouped in a convenient manner 
Since the two equations are linear, they may be solved readily by deter- 
minants , so the regrouping should place terms in an orderly fashion such 
that, on the left, vertical columns contain the same currents and all volt- 
age sources appear on the right Thus, 

{Za + Zi -h Z3)/l -Z 3/2 = Ea (3-3) 

— Z3/1 4 " (Z2 + Zi + Zh)l2 — ^Eb (3-4) 

Equations (3-3) and (3-4) are frequently simplified to the forms 

Zii/i + Z 12/2 = El (3-3a) 

Z 21/1 4" Z 22 I 2 = E 2 (3-4<i) 

where Zn and Z 22 are the sum of all the impedances in their respective 
meshes, that is, 

2^11 = Zo + Zi 4" Zs Z 22 = Z 2 4“ Za 4" Zft 
Z 12 = Z 21 = — Za 



Fig 3-2 Circuit for illustrating mesh 
analysis 
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Then by Cramer^s rule 


Zn 

Zn 


Z11E2 — Z21E1 

Zn 

Z12 

Z11Z22 — Z21Z12 

Z2I 

Z22 
ZzBa ' 

“ (Za + + Zz)Eb 


(Za “h Zi)(Z2 Zz Zb) Zz(Z2 + Zb) 


(3-5) 

(3-5a) 


3 “3. Generalization for a p-mesh Network. A rnultimesh network 
having B branches and N branch points, or nodes, can be shown to have 
p independent meshes, where p B — N + \. Such a network is often 
called a p-mesh network and can be described by a set of p simultaneous 
equations, each having the general form of Eqs. (3-3a) and 3-4a), namely, 


Zuli 4 " Z12I2 4" Zizlz 4 " * ■ 

‘ * 4 " Ziplp = El 


Z21/1 4 " Z22/2 4~ Z23/3 4“ * ■ 

' * 4 - Z2plp = E 2 

(3-6) 

Zpi 7 i 4 " Zpo 72 -|- Zpziz + • • 

• 4 - Zppip = Ep 



there being one equation for each of the p independent meshes. Each 
of the impedance coefficients appearing in the equations has a special 
significance. These will now be considered. 

3-4. Mesh Impedance. Let the mesh to which the assumed current / 1 
has been assigned be designated mesh 1. Then if all the meshes of the 
network but mesh 1 are open-circuited, all mesh currents but I\ are zero 
and one has from the first equation 

Zu = n = 2, 3, 4, . . . , p (3-7) 

Thus Zii is the impedance around mesh 1 with all other meshes open- 
circuited. Alternatively, Zn is also the sum of all the impedances 
through which Ii flows and is designated the *‘self,” “loop,^’ or “mesh^^ 
impedance of mesh 1. Similarly, Z 22 is the mesh impedance of mesh 2, 
i.e., the mesh to which I 2 has been assigned arbitrarily, and is equal to 
(£ 727 / 2 ) Jn-o, n = I, 3, 4, . . . , p. In general Zmm is the loop impedance 
of the Twth mesh and is the sum of all the impedances in mesh m. As a 
specific example of this concept, in Fig. 3-3 Z 22 — Zt + Zc + Zd + Z^, 

3-6. Mutual Impedance. Let all the meshes but mesh 2 of the network 
described by Eqs. (3-6) be open-circuited. Then all the currents but I 2 
will be zero, and one notes that the voltage induced in mesh 1, say, £7,', 
is £7^ = Z 12 I 2 ) or 



n = 1, 3, 4, . . . , p 


(3-8) 
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Thus Zi 2 is the ratio of the voltage induced in mesh 1 to the current in 
mesh 2 with all meshes but 2 open-circuited and is called the ‘^mutual 
impedance'^ between meshes 1 and 2. This induced voltage could be 
measured by connecting a voltmeter (theoretically of infinite impedance 
and capable of measuring phase as well as magnitude) in the first mesh 
and sending a current around the second mesh. 

A similar definition holds for the remaining (coefficients of the form 
Zmn in Eqs. (3“(>), each being the mutual impedance between meshes m 
and n. For instance, the mutual impedance between meshes 3 and 2 of 



Fig. 3-3. A miiltimeah network, (6) lllustiates the method for dctei mining the 
mutual impedance Ixdwcen the second and third mcslics ( f a. 

Fig. 3-3a could be measured in the manner shown in Fig. 3-36 and would 
be the ratio — E'J I ^ measured by the voltmeter V 

The student will observe in Fig. 3-36 that = —ZJ^ or that 

Z — — Ze 

Thus the mutual impedance Zmn between the two meshes m and n may 
be seen also to be the sum of all the impedances through which both Im 
and In flow in the original, unopen-circuited network. The mutual 
impedance is positive if the arrow directions of both currents are the same 
through the common impedance elements and negative if the arrow 
directions of current are opposite. It follows that, when a network 
contains only simple resistors, capacitors, and inductors, the mutual 
impedance is bilateral, that is, Zmn = Znm- 
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In cases where the mutual impedance is due to mutual inductance 
particular care must be exercised in determining its sign because the wind- 
ing polarity of the coils must be taken into account as well as the assumed 
positive directions of the mesh currents. 

Where actual winding diagrams of the coil assembly are available as 
in Fig. 3-4a, no ambiguity is present; Lenz^s law may be used to deter- 
mine the sign associated with the mutual impedance. It is generally 
the case, however, that such a diagram is not available and some addi- 
tional notation is required that gives the same information. To this end, 
winding terminals of the same polarity will be indicated in this book by 
a large dot as illustrated in Fig. 3-46.* Once the dot locations are known, 





12 3 4 

(a) ib) 


Fig. 3-4. Determination of the sign of the inutual impedance between two circuits 
coupled by mutual inductance. 

the sign of the mutual impedance may be determined by the following 
rules: 

1. The mutual inductance Lmn is always taken to be positive. 

2. If the assumed arrow directions of Im and In are both into (or out of) 
the dot terminals, the mutual impedance is positive, that is, Zmn = 

If the assumed positive directions of and In are such that one flows 
into a dot terminal and the other out of a dot terminal, the mutual 
impedance is negative. To illustrate in Fig. 3-46, the mutual impedance 
is —jwLi 2 . 

3-6. Summary : Mesh Equations. The results of the foregoing para- 
graphs may be summarized into a set of rules for setting up the system of 
p simultaneous equations (3-6) which describe a p-mesh network. In 
the equation for the mih. mesh: 

1. The coefficient of /«, is the sum of all the impedances through which 
Ifn flows and is designated Zmm, the self-impedance of mesh m. 

2. The coefficient of In, n m, is the sum of all the impedances 
through which Im and In flow and is designated Zmn, the mutual imped- 
ance between meshes m and n. If Im and In have the same arrow direc- 
tion through the mutual elements, the mutual impedance is positive; 
if not, it is negative. 

* An alternative method of marking polarities that is widely used in the Bell Tele- 
phone System numbers coil terminals in their winding sequence. Thus all odd-num- 
bered terminals have the same polarities as do all even-numbered terminals. 
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3 . Voltage sources in the mth mesh appear on the right-hand side of 
the equation, with a positive sign if their assumed polarity is such that 
they cause positive current to flow in the direction of the Im arrow and 
with a negative sign if their assumed polarity causes positive current to 
flow in the opposite direction. 

These rules may be applied to each mesh in turn to give the p equations 
(3-6). The student should observe that these rules permit E(is. (3-3) 
and (3-4) to be written directly without the need of writing the prelim- 
inary equations (3-1) and (3-2) which result from the direct application 
of Kirchhoff’s voltage law. 

The unknowns in Eqs. (3-0) are the currents 7i, / 2 , . . . , /p, while 
the impedances and voltages are known. The problem, therefore, is to 
find one or more of the currents in terms of the impedances and voltages. 
Since the p simultaneous eejuations are linear, this may be done most 
conveniently by the use of determinants. Owing to space limitations 
the theory of determinants will not be treated here,^ but the solutions 
for the equations may be given by means of a few definitions The 
follo^ving notation will be used: 

The impedance determinant D is obtained by including all the imped- 
ances in the form 

-^11 . . Zip 

Z21 Z22 . . Z2P 

D — Zn Z 32 . . . Zap (3-9) 

Zpi Z p 2 • • • Zj pp 

As has been stated previously, in networks containing only linear bilat- 
eral elements, Zmn == Znw*; hence for such networks the determinant will 
exhibit symmetry about the principal diagonal from the upper left to the 
lower right corner. It may be stated also that in a number of commu- 
nication networks, particularly those of the ladder type, several of the 
impedances Z^n may be zero. 

The minor Mrrn is the determinant that is obtained by eliminating the 
mth row and nth column from Z). The cofactor Cmn is defined in terms 
of the minor M^n by the relationship Cmn == (~ Then, by 
the theory of determinants, the solution for the current in the mth mesh 
of the p-mesh network is 

/„ = + . . . + + . . . + ( 3 - 10 ) 

It will be observed that the coefficient of each voltage on the right-hand 

' The reader is referred to any good algebra text. See, for example, W. L. Hart, 
College Algebra,” D. C. Heath and Company, Boston, 1926, or E. A. Guillemin, 
*'The Mathematics of Circuit Analysis,” John Wiley & Sons, Inc., New York, 1949, 
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side of Eq. (3-10) is dimensionally an admittance; hence, adopting the 
definition 


2/mn — 



D 


(3-11) 


one notes that the solutions for all the unknown currents of the p-mesh 
network are given by 


= ViiEi + yi'2E2 4 " yizEz + • • • + yipEp 
I 2 = ynEi + y22E2 + y2sEz + * • • + y2pEp 


Im — ymlEi + ym 2 E 2 + + * * * + VmpEp 


— VpiEi + yp2E2 + ypzEz + * • • + yppEp 

The several admittances appearing in the above equations all have 
physical significance and are given special names. These will now be 
considered in terms of the equation for the current in the 7nth mesh. 

3-7. Mesh Driving-point Admittance, Impedance. Let all the meshes 
in the original network be closed and all generators but those in the mth 
mesh be replaced hy their internal impedances. This condition effec- 
tively shorts out the generated voltages so that En = 0 , n ^ m. Then 
one has from Eqs. (3-12) 


or 



En = 0 n ^ m 
n 7 ^ m 


(3-13) 


This quantity is termed the ^^driving-point admittance of the mth mesh.^' 

As an example, in Fig. 3-3a the driving-point admittance of the first 
mesh would be the ratio t/n = I \/Ei, with the voltages E^ and £^5 reduced 
to zero, but with all the meshes closed, i.e., connected as shown in the 
figure. 

The reciprocal of 7/mm is a useful quantity, the driving-point impedance 
of mesh m, and will be represented by the symbol 2mm. It should be 
observed that Zmm is not equal to the mesh impedance Zmm. The driving- 
point admittance and impedance of any mesh may be calculated in terms 
of the original network impedance by means of Eq. (3-11). 

These relationships may be made more clear by considering an example 
afforded by the circuit of Fig. 3-2. The driving-point impedance of mesh 
1 or the driving-point impedance at the terminals of the generator E\, 
namely, zn, may be determined by inspection. The definition calls for 
E 2 to be reduced to zero; thus, replacing E 2 by a short circuit, one has by 
inspection 


Zli = Za + + 


Zz{Z2 4“ Zh) 
Z 3 4- Z 2 4" Zb 


(3-14) 
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Jt is su^ested that the student verify this result by means of deter 
minants, using Eq. (3-5) as a check on his work. 

It may be noted further that, in special cases where only one generator 
is connected to the circuit, the driving-point impedance at the generator 
terminals is often called the ‘‘input impedance and its reciprocal the 
“input admittance.” The notation remains the same or is sometimes 
designated or as the case may be. 

3-8. Mesh Transfer Admittance and Impedance. The remaining 
admittances in Eqs. (3-12) are of the general form i/nm- Following the 
method of the last section, lei all the meshes in the network be closed and 
all generators but Em be replaced by their internal impedances. Under 
these conditions one obtains from Eqs. (3-12) 


In = UnmEm En = 0 71 W 

or ynm = (r{~) n 9 ^ m (3-15) 

This quantity is termed the “mesh transfer admittance” between meshes 
m and n. For example in Fig. 3-3a the mesh transfer admittance between 
the first and fourth meshes would be yu = I^/Ei, with voltages E 4 and 
Es reduced to zero, but with all meshes closed as in the figure. The 
reciprocal of ynm is the “mesh transfer impedance” and will be symbolized 
by Znm- The values of these two quantities may be determined in terms 
of the original network impedances by means of Eq. (3-11). It should be 
noted that the mesh transfer impedance Znm is not equal to the mutual 
impedance Znm- Again the circuit of Fig. 3-2 may be used to illustrate 
the concept for, letting E 2 become zero in E(i. (3-5), one has 

El {Za + Zi){Z 2 Z 3 Zb) + ^3(^2 + Zb) jp ^ fo 4 r\ 

221 — — y — il/2 = u [ 6 -I 0 ) 


The reciprocal is 7/21. 

3-9. Summary. The results of the foregoing paragraphs may be 
summarized as follows: If Kirchhoff's voltage law is applied to each n>esh 
in turn of a network having p independent meshes, p linear simultaneous 
equations result, each having the general form 

Zm\Il + Zm2l2 + * ’ ’ + Zmmlm + * * * + Zmpip ~ Em 

Zmm is the self-impedance of mesh nij and the other impedances appearing 
in the equation are the mutual impedances between mesh m and the other 
meshes in the network. 

The p voltage equations may be solved in turn for each of the mesh 
currents, in each case the current being expressed by an equation of the 
form 
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Jn this current equation y^m is the driving-point admittance of mesh m, 
and the other admittances are the mesh transfer admittances between 
mesh m and the remaining meshes in the network. 

In communication systems multimesh networks are ordinarily used to 
connect a generator to a load. As a result, two currents are of particular 
interest: the current in the generator and the current in the load. In 
such cases the two impedances of primary concern are the driving-point 
impedance of the input mesh and the mesh transfer impedance between 
the input and output meshes, for these quantities relate the desired cur- 
rents to the applied generator voltage. 

3-10. Current Generators. While the methods of mesh analysis may 
be used to solve any network problem, the nodal method is often easier 
to employ and may be more useful in a given problem. In this latter 
method it is convenient to work with current generators rather than 
with voltage generators. 



(a) (b) (c) 

Fi(i 3-5 Voltage and current generators which piodiice the same load current. 


Current generators are seldom encountered in practice except when 
pentode vacuum tubes aie used. Any voltage generator, however, may 
be replaced for purposes of analysis by a current generator that causes 
the same conditions in the load. For example, Fig. 3-oa shows a voltage 
generator with generated voltage Eg and series internal impedance Zg 
connected to a load Zl. At b the voltage generator has been replaced by 
a current generator which consists of a current source of value Ig = Eg/Zg 
shunted by the original generator impedance Zg, The student may easily 
verify that both generators give the same value of current, /l, in Zl pro- 
vided the values of Zg and Eg remain unchanged. 

In nodal analysis one generally uses admittances rather than imped- 
ances as a matter of convenience. Figure 3-5o shows the current- 
generator circuit with each impedance replaced by its corresponding 
admittance. The value of II is unchanged in all three circuits shown in 
the figure. 

3-11. Kirchhoff’s Current Law ; Nodal Analysis. Kirchhoff^s current 
law may be stated as follows: The algebraic sum of all the currents at a node 
(or junction) in a network is zero. 
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As a direct application of the law, consider the circuit of Fig. 3-6. 
The voltage across the admittance Ve is to be determined in terms of the 
known currents and ly and the known admittances. The circuit is 
redrawn at b to show one possible choice of nodes and to show one pos- 
sible set of assumed positive polarities for voltages between nodes 1 and 



0 

Fin. 3-6. Circuit foi illustrating nodal analysis. 


2 and the reference node identified as 0. Then application of the current 


law to iiodt‘s 1 and 2 yields 

Node 1: (1 j 1 -|- Y b{K\ — E^) — — 0 (3-17) 

Node 2: (Fc + Yy)E^ + YniE^ - E,) + = 0 (3-18) 

The terms may now be collected and regrouped for convenient solution 
by determinants. Thus 

{Y.+ Ya+ Yb)E, ~ YnE, = /, (3-19) 

- YbE, + {Yb + Fc + Yy)E2 ^ - ly (3-20) 

The last two equations are frequently simplified to the forms 

Fii7?i 4- Fi 2£^2 = 1 1 (3-19a) 

F 2\Ei -|- F 22 E 2 = 1 2 (3-20£i) 


where Fn and F22 are the sum of all the admittances directly connected 
to their respective nodes and F12 is the sum of the admittances connected 
between these two nodes, i.e., 

Fn = F, -h F^ + Fi, F22 = Fzi + Fc + F, 

Fi2 = F21 = - Yb 

Then by Cramer^s rule, the desired voltage E 2 is given by 
iFu /i 

p _ I F21 I2 _ F11/2 — F21/1 

* “ Fn Fi2 ~ 71,^22 - 7127;, 

F21 F22 

YbI. - (Fx +Ya + YB)Iy ,0 on 

(Fx -h F^)(Fi, 4- F<7 + F,) 4- Yb(Yc + F,) 

3-12. Generalization for a (p 4- l)-node Network. It can be shown 
that a multinode network having, say, (p 4- 1) nodes all condv^tively 
coupled can be described by a set of p independent nodal equations. 
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Therefore, one node may be chosen arbitrarily as the ‘‘common,^' or 
reference, node and the p equations set up in terms of the voltages 
between all other nodes and this reference. Each of these equations will 
have the general form of Eqs. (3-19a) and (3~20a), and the set of p equa- 
tions will appear as 

YuE, + YuE2 + YuEz + • • • + FipE, = h 

Y21E1 + Y22E2 + Y2zEz + * • * - 1 “ Y2pEp = I2 

YziE, + YZ 2 E 2 + YzzEz + • • • + YzpEp = 73 (3-22) 


YpiEi + YpzEz + YpzEz + * • • + YppEp = Ip 

Each of the admittance coefficients appearing in the equations has a 
special significance. These will now be considered. 

3-13. Node Admittance. In Eqs. (3-22) Ei is the assumed potential 
difference between node 1 and the reference node, E 2 is the assumed 
potential difference between node 2 and reference, and so on. Then if 
all the nodes but 1 are shorted to the reference node, all the voltages but 
El are zero and one has from the first of Eqs. (3-22) 

r„ = (^) n = 2, 3, 4, . . . , p (3-23) 

Thus Fii is the total admittance between node 1 and the reference node, 
with all other nodes shorted to the reference. Inspection of Fig. 3-66 shows 
Fii to be F* + Ya + Yb] hence Fn may also be seen to be the sum of 
all the admittances connected directly to node 1 . This quantity is designated 
the self-admittance^^ of node 1. Similarly, F 22 is the self-admittance 
of node 2 and is the sum of all the admittances directly connected to 
node 2. In general Ymm is the self-admittance of node m. As a spe- 
cific example, the self-admittance of the node labeled 1 in Fig. 3-3a is 
Fn = 1/Za + l/Zfe -h 1/Zc + \/Zf. 

3-14. Nodal Mutual Admittance. Let all the nodes except node 2 of 
the network described by Eqs. (3-22) be shorted to the reference node. 
Then all the node voltages but E 2 become zero, and the current flowing 
from node 1 to node 2, say, /[, is Y 12 E 2 . Hence Fn, the “nodal mutual 
admittance’^ between nodes 2 and 1, is the ratio of I[ to E 2 , all nodes but 
node 2 being shorted to the reference node. This concept is illustrated in 
Fig. 3-7, where the reference node is labeled 0. The original network is 
shown at a, and the circuit is redrawn at 6 to show nodes 1 and 3 shorted 
to the reference node. The current I[ flowing from node 1 to node 2 as 
a result of E 2 could be measured by a millimeter (theoretically of zero 
impedance and also capable of measuring phase) in the branch F4, and 
the nodal mutual admittance would be the ratio F 12 = —7[/.^2. 
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The student will observe in Fig. 3-66 that I[ ~ —YJS 2 or that 

Yu = -F4 

Thus for the case where the network contains only simple resistances, 
inductances, and capacitances the nodal mutual admittance between 
any two nodes m and n may be seen also to be the sum of all the admit- 
tances which connect the two nodes directly. The nodal mutual admittance 
is positive if the two node voltages have opposite assumed positive polar- 
ities relative to the reference node and negative if the two node voltages 
have the same assumed positive polarities. It follows that the nodal 
mutual admittance between the nodes is bilateral, that is, Ymn = Fnm, 
if the network contains only simple resistors, inductors, and capacitors. 
When vacuum tubes or transistors are used in their linear range, similar 
analyses may be applied but F,„„ will not then equal F„w. 



Fig. 3-7. Circuit for determining the mutual admittance between two nodes. 

3-16. Summary of Nodal Equations. As was the case in mesh analysis, 
the final equations, (3-22), for the {p -h l)-node network may be written 
by inspection without the need of first applying the current law directly 
to each node in turn and then regrouping terms into the desired orderly 
form. For example, a little practice shows that Eqs. (3-1 9a) and (3-20a) 
may be written at once without first writing the preliminary eejuations 
(3-19) and (3-20). This is done by applying to each node in turn the 
following rules, which summarize the foregoing work. In the equation 
for the mth node: 

1 . The coefficient of Em is the sum of all the admittances connected 
directly to the mth node and may be designated F^m, the self-admittance 
of the mth node. 

2. The coefficient of En, n 5 *^ m, is the sum of all the admittances 
directly joining nodes m and n and is designated Ymn, the mutual admit- 
tance between nodes m and n. (This does not apply when Ymn ^ F„m 
as in vacuum tubes and transistors unless they are reduced to so-called 
equiv’alent circuits.) The nodal mutual admittance is negative if Em and 
En have the same assumed positive polarities relative to the reference 
node; if not, it is positive. 
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3. Current sources connected to node m appear on the right-hand side 
of the equation with a positive sign if their arrow directions are into the 
node and with a negative sign if their arrow directions are away from 
the node. 

The admittances and currents in Eqs. (3-22) are presumed to be known 
quantities while the several node voltages are unknown. These latter 
may be evaluated by means of determinants. The admittance determi- 
nant D' is obtained by including all the admittances in the form 



Yn 

F„ . 


D' = 

F,, 

Fj 2 . 

. Fsp 


Fp. 

F„ . . 

■ Fpp 


The minors and cofactors are determined from D' in the same manner as 
were the minors and cofactors from D, the impedance determinant in 
mesh analysis. Where the possibility of confusion between impedance 
and admittance is present, they will be designated or the primes 
indicating that they are derived from the admittance determinant D\ 
In any given problem where no such chance of confusion is present, the 
primes may be omitted. 

Solution of Eqs. (3-22) for Em by determinants yields the equation 


Em = 


T I 


C' C' 

^ 2m J I . . . ^ mm j i 

jyf 2 “T *T ■‘ml" 


+ (3-24) 


It will be observed that the coefficient of each current on the right-hand 
side of Eq. (3-24) is an impedance dimensionally; hence, adopting the 
definition. 


2m« = 



D' 


(3-25) 


one notes that the solutions for all the unknown voltages of the (p -f- 1) 
node network are given by 


El = z'lili + z[2l2 + + ■ * * "h ^Ip^p 

E2 = 201/1 + Z22I2 "h 223/3 + ‘ * ’ + 22 p/p 

+ z'„,h -I- 4,/3 • • • -I- 4,/p 

~ ^pl/l + 2^2/2 "4* 2^3/3 + • • * 4* 2pp/p 

The several impedances appearing in these equations all have physical 
significance and are given special names. These will now be considered 
in terms of the equation for Em- 
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S-lft Nodal Dnvh^-point Impedance, Admittance, In the general 
network described by Eqs. (3-22), let all current generators but /„ be 
replaced by their internal admittances alone. This condition is obtained 
by open-circuiting each current source but so that In = 0, n 9 ^ m. 
Then from Eqs. (3-26) one has 


or 



/« = 0 
n 9 ^ m 


n 7 ^ m 


(3-27) 


This quantity is termed the nodal driving-point impedance’^ between 
node m and reference node. 

As an example, the nodal driving-point impedance between node 1 and 
the reference node in Fig. 3-7a would be the ratio z[i = E\/l\ with the 
branches containing and Iz open. 

The reciprocal of is a useful quantity, the nodal driving-point 
admittance’^ between node m and reference, and will be represented by 
the symbol It should be noted that is not equal to the self- 
admittance of the node, Ymm- may be calculated in terms 

of the original network admittances by means of Eq. (3-25). 

To clarify these relationships, consider the circuit of Fig. 3-6a. The 
nodal admittance between node 1 and the reference node can be deter- 
mined by inspection: open-circuiting the /„ branch, one has by inspection 


Vn -Yx+YA-h 


YaiYc + 

Y B Y c + Yy 


(3-28) 


The student should verify this result by determinants. 

3-17, Nodal Transfer Impedance, Admittance. The remaining imped- 
ances in Eqs. (3-26) are of the general form 2 '^. These may he inter- 
preted by open-circuiting all current sources but (with the generator 
admittances left in place). Under this condition, one has from the 
equations 

En = Z'nmlfn /n = 0 U 9^ 171 


or 



n ^ m 


(3-29) 


This quantity is the nodal transfer impedance” between nodes m and n. 
For example, in Fig. 3-7, the nodal transfer impedance between nodes 1 
and 2 would be the ratio ^21 = Ei/Ii with the branches containing 1 2 
and Iz open. The reciprocal of Z 21 the “nodal transfer admittance” 
between nodes 1 and 2 and will be symbolized by 2 / 21 * 2/21 is not equal 

to F 21 , the mutual admittance between nodes 1 and 2. 
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The circuit of Fig. 3-6 may also be used to illustrate this concept, 
for letting ly become zero in Eq. (3-21) one obtains 


. _ /x _ (F, + yA)(yB + Fc + FJ + Fb(Fc + FJ 

yn = w = Y 


3-18. Summary. The results of the preceding paragraphs may be 
summarized as follows: Application of the nodal form of analysis to a 
network containing p + 1 conduct ively connected nodes results in p linear 
simultaneous equations each having the general form 

ymlE, + + • * • + yn^J^Jm + * * * + 

Ymm is the self-admittance of node m, and the other admittances that 
appear in the eciuation are the mutual admittances between node m and 
the other nodes m the iK'twork 
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Solution ot the p current e(|uations by determinants or other means 
yields e(]uations lor the unknown voltages between nodes and the refer- 
ence node. Kach of these will be of the form 

Em = + • ' • 2mm + * ' * + ^mp^p 

where 2 ',,,, is the nodal driving-point impedance between node m and refer- 
ence and the other impedances are nodal transfer impedances between 
node m and the remaining nodes. 

3-19. Example. It is obvious that any given network may be solved 
by either the mesh or nodal equations, irrespective of the type of gener- 
ator, but values computed directly may not always be the final charac- 
teristics desired. As an example consider the case of a II network con- 
necting a generator to a load Zi,. The diagram for the mesh analysis is 
shown in Fig. 3-8a. Since there are three meshes, three equations will be 
set up. Note that the sequence of meshes 1, 2, 3 is arbitrary. It is quite 
common to designate mesh 1 as the input mesh and mesh 2 as the output 
mesh. The set of throe mesh equations will be 

(Zg + Zo)/i +0 — Z0/3 = Eg 

0 + (Z. + Zl)I2 - ZJ, = 0 

— Zal\ — Zf /2 4“ (Za + Zfc -h Zc)Ii = 0 
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The mesh transfer admittance between the input and output meshes 
will be by Eq. (3-15) 





{Zg + Zo)(Zc + ZL){Za Zh Z^ — Za^{Zc + Zj^ — Zc^{Zg + Za) 

and the mesh transfer impedance 221 will equal 1 /^ 21 . 

For nodal analysis the corresponding circuit will be that shown in 
Fig. 3-86. The only change is that the constant-voltage generator Eg 
in series with its impedance Zg has been replaced by its equivalent con- 
stant-current generator Ig in parallel with the admittance Yg (where 
Yg ?= \/Zg oi Fig. 3-8a) and for convenience the network branches have 
been designated by their corresponding admittances. Since there are 
only two nodes other than the reference node, only two equations will be 
needed. They are 

{Yg + Ya + Yi;)E, - ni^2 = /. 

-Y,E, + {Y, + Yc + Yl)E, ^ 

The nodal transfer impedance 2 : 21 ^ will be given by Eq. (3-29), 

I, {Y„ +Ya+ n)(n +Yc+ Yl) - Yt^ 

and the nodal transfer admittance will equal 1 / 221 . 

Notice that the solution for the nodal transfer impedance does not give 
the current through the load, but rather the voltage across it for a given 
current from the generator source. There is however a relation between 
the mesh and nodal transfer impedances for this circuit which may be 
derived as follows: 

= EgYg 

^ II 1 2 (of Fig. 3-8a) 

= 7-. = FI 

_ -^2 _ I 2 _ 1 

~Ig EgYgYL Z2lY gY L 
Z21Z2I = ZgZL 

It is left to the student to show that the sets of equations in this 
example are consistent. 

3-20. General Duality, Dual Networks. Comparison of Eqs. (3-6) and 
(3-22) reveals that a formal symmetry exists between the mesh and nodal 
•forms of analysis, and important use may be made of this fact in studying 
certain classes of circuits. 

When two networks exhibit the property whereby the nodal equations 
of one network are similar, term by term, to the mesh equations of the 
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other, voltage being interchanged with current and impedance being inter- 
changed with admittance, the two circuits are said to exhibit the property 
of general duality. It will be found that such circuits display similar 
properties in so far as impedance is concerned on the one hand and as 
admittance is concerned on the other. The circuits of Figs. 3-2 and 3-6 
are two such networks. The former is described by the mesh equations 
(3-3) and (3-4) and the latter by the nodal equations (3-19) and (3-20). 
These pairs of equations are seen to be identical term by term provided 
admittance is interchanged with impedance and current with voltage. 

One frequently has need for considering passive dual networks, for 
example, the T and the n structures. The former is that portion of the 
network between the terminals indicated in Fig. 3-2. Letting Za and 
Zh be zero in order to consider the four-terminal T structure alone, one 
has the mesh equations 

(Zx + ZO/i - ZJ2 = Ea 

(Z2-f Z3)/2 = Et 


A n structure is that portion of the network between the terminals 
indicated in Fig. 3-6. Letting F, and Yy be zero m order to consider 
the II structure alone, one has the nodal equations 


(Ya + Yn)E, - YbE, = h 

-YbE, + {Yb + Yc)E, = ly 


(3-32) 


It can be seen at once that Eqs. (3-31) and (3-32) are similar, term by 
term, with the following interchanges: 


Ya for Zi Ea for 

Yc for Z 2 Eh for ly (3-33) 

Yb for Z, 


Thus the T and IT networks satisfy the condition for general duality. 
A direct consequence of this statement may now be demonstrated. Con- 
sider the mesh driving-point impedance (211) r of the T network and the 
nodal driving-point admittance {y[i)n of the IT network. (2 ii)t may be 
determined by solving the mesh equations for the ratio Ea/h, Eh = 0. 
It is instructive, however, to evaluate this quantity by inspection : it con- 
sists of Zi in series with the shunt combination of Z2 and Z3 {Eh being 
reduced to zero), 

or (2 „)t = Z, + (3-34) 

Similarly, (?/Ji)ii of the 11 network is Ix/Ex^ It — 0, or by inspection it is 
Y A shunted by the series combination of and Fc, 

YbYc 
Yb + Yc 


(l/ii)n = Fa + 


(3-35) 
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One result of the T and IT networks being general duals is immediately 
apparent from Eqs. (3-34) and (3-35). {yn)n may be derived from the 
expression for (2 :ii)t if the substitutions indicated in (3-33) are made. 

Another example of this principle is afforded by comparing and 
( 2 / 2 i)n- For the former, one has by solution of Eqs. (3-31) 

(«12)t = f " ^1 = 0 

+ Z2Z3 + z^z, 

= ^ (3-36) 


Then, utilizing the principle of general duality and the substitutions 
(3-33), one has for ( 2 / 21)11 


12/21)11 


y aY c + y aY B ^ y cY B 

Yb 


(3-37) 


It is recommended that the student verify the last two eciuations. It 
will be found that the principk' of general duality can greatly simplify 
the study of impedance-matching networks. 

In certain instances two networks which satisfy the conditions of 
general duality may further exhibit the property whereby inductance, 
capacitance, and resistance in one circuit are replaced, respectively, by 
capacitance, inductance, and conductance in the other. In such cases 
the two are said to be dual networks 01 , simply, duals. Use is made of 
the properties of dual networks in the chapters on equalizers and filters. 

3-21. Network Theorems. While Ohm’s and Kirchhoff’s laws are the 
fundamental working tools in solving network problems, much time can 
often be saved by making use of certain theorems. By means of these 
theorems, an answer to some specific problems can be secured with such 
increased facility that the}" may be considered the machine tools of net- 
work theory. The use of only Ohm’s and Kirchhoff’s laws in their sim- 
plest forms may be compared to the exclusive use of a hie and a hack saw 
where a lathe might be applied. 

There are many things in common life which are equivalent to each 
other, and when they have been mentally listed as similar situations, 
experience which has been secured in handling one case can be quickly 
applied to treating the eciuivalent problems. It is the ability to recog- 
nize new setups, to which old procedures can be applied, which enables 
some individuals to accomplish so much more in life than others. 

In the same way, if there are certain fundamental similarities between 
new complicated structures and other simpler networks, it is not neces- 
sary to start from the beginning each time a new problem presents itself. 
The theorems studied in this chapter establish these similarities. Per- 
haps the most important of these theorems is that of superposition. 
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S-22. Superposition Theorem. This principle states that; In any net- 
work consisting of linear impedances^ the current flowing at any point is 
the sum of the currents that would flow if each generator were considered 
separately^ all other generators being replaced at the time by impedances 
equal to their internal impedances. 

This theorem may be proved rigorously on the basis of the foregoing 
sections. Consider a multimesh circuit where the number of independent 
meshes is p. Then, no matter how complicated, the network is described 
by the p simultaneous equations (3-6). Furthermore, by Eq. (3-10) the 
current in any mesh m is 

j Cito-Ej C/2mhi2 I I (^tnmJ^tn • i Cpm^p 

Im - -f- ~ jJ- ^ ^ I- • * 1- ^ 

This solution constitutes a proof of the superposition theorem as each 
term on the right gives the contribution of an individual voltage to the 
total current in terms of a mesh driving point or mesh transfer admit- 
tance of the network and shows that this contribution is independent of 
the effect of the other voltages. It is left as an exercise for the student 
to prove the dual form of the superposition theorem, viz.: In any net- 
work consisting of current generators and linear admittances, the voltage 
between any node and the reference node is the sum of the voltages that 
would appear betw^een the two nodes if each current generator were con- 
sidered separately, each other current generator being replaced at the 
time by an admittance ecjual to its internal admittance. 

The use of the superposition theorem permits the solution of networks 
without setting up a large number of simultaneous equations because 
only one generator at a time need be considered. Another advantage of 
the superposition theorem is that, if new voltages are introduced into the 
system, it is not necessary to solve the network from the beginning. An 
example, where new voltages not ordinarily accounted for may be 
introduced, is that of a telephone line exposed to inductive interference. 

If voltages of different frequencies are introduced, the superposition 
theorem permits a solution to be obtained for each individual frequency, 
these solutions being independent of each other. Therefore the currents 
of each frequency flow as though the other frequencies were absent if the 
impedances in the network are linear. 

Other typical applications of the principle of superposition will be illus- 
trated in the proofs of some of the following netw^ork theorems. 

3-23. Reciprocity Theorem. In any system composed of linear ^ bilateral 
impedances if a voltage E is applied between any two terminals and the cur- 
rent I due to E is measured in any branchy their ratio (the transfer impedance) 
will be equal to the ratio obtained if the positions of E and I are interchanged. 
The proof of this theorem follows directly from the results of the previous 
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sections. A linear bilateral network contains only linear self and mutual 
R, L, and C elements ; hence the two transfer impedances 

D , D 

Zrnn — ^ aUQ Znm — ^ 

^nm ^mn 

are equal. 

In the application of the reciprocity theorem it should be noticed that 
no impedances are interchanged in the transfer of E and I. The theorem 
does not apply to the interchange of a generator with internal impedance 
and a load impedance unless these two impedances are equal. 

An important conclusion from this theorem is that it proves that a 
network of bilateral impedances transmits with equal effectiveness in 
both directions, when generator and load have the same impedance. 

3-24. Compensation (Alteration) Theorem. In a linear network if any 
impedance Z through which a current I flows is modified by an amount AZ, 
the current increment produced thereby at any point in the network is equal 
to the change in current at that point that would be produced by a generator 
of emf I AZ placed in series with the altered impedance. 



(a) (6) 

Fig. 3-9. CiK*iut for proof of tlio romponsatioii theorem. 


Consider the network of Fig. 3-9, one branch of which is shown in 
detail. Let a compensating emf Ec = — I AZ be introduced simultane- 
ously with AZ as shown at a. Then the current / in this branch remains 
unchanged as will the currents at all other points in the circuit. 

Now let a second emf E = -\- 1 AZ be introduced as at b. Then the 
current at every point in the circuit will be modified in accordance with 
the superposition th(*orem. However, K + Ec — 0; therefore the imped- 
ance change AZ alone must produce the same effect as /i' = I AZ acting 
in the branch containing Z, AZ, and Ec = — / AZ. Since Ec exactly 
cancels the drop in AZ, the theorem is proved. 

This theorem greatly simplifies a study of the effect of impedance 
tolerances in network design. 

The use of the compensation theorem in handling network tolerances may be 
illustrated by a simple d-o example. It is desired to calculate the change in I\ in 
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Fig. 3-10 when the right-hand resistance increases 20 per cent. In the original 
circuit, 

I 2 = ^^<60 X = Ho amp 

At 6, the resistance is increased to 120 ohms, and by the compensation theorem a 
voltage E = — % volt is added in series. Then, by the superposition 

theorem, 

A7 = H X H 70 X H = Hio amp 

The student may verify this result by direct application of Kirchhoff^s laws. 

A simpler and more general form of the theorem is covered in the next 
section and will be designated the compensation theorem A. It is intro- 
duced because of its application in Chap. 9. 


10012 10012 



Fig. 3-10. Circuit for illustrating the use of the compensation theorem. 

3-26. Compensation Theorem A. Any impedance in a network {either 
linear or nonlinear) may he replaced by a generator of zero internal imped-- 
ancCy whose generated voltage at every instant is equal to the instantaneous 
potential difference produced across the replaced impedance by the current 
flowing through it. 

Consider the network of Fig. 3-11. In Fig. 3-1 la, one branch of imped- 
ance, Z, through which a current / is flowing is considered separately 
from the rest of the system. The equations of Kirchhoff^s laws com- 
pletely determine all the currents and potentials in the system. These 

I I 

Network containing — ^ f"** 

generators and ^ s ~ ^^me network as a IZ 

imp^ances of any type 5 | . ■ J | 

(a) ib) 

Fig. 3-11. Equivalent notviorks demonstrating the compensation theorem A. 

equations, summing up the voltage around any mesh or the current at 
any point, will not be altered if the network is changed from Fig. 3-1 la 
to Fig. 3-116, and therefore this change cannot affect the current flowing 
anywhere in the system. 

It should be noticed, in applying the compensation theorem A, that if 
any part of the network is later changed, the value of E must be changed. 
Observe also that there is no restriction in this theorem on the types of 
impedances in the network : they may be bilateral or unilateral, and they 
may be linear or nonlinear. 
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3-26. Current-division Theorem. In a passive two-branch circuit the 
ratio of either branch current to the total current equals the impedance of the 
other branch divided by the su7n of the branch impedances. Proof of the 
theorem consists in writing E of Fig. 3-12 in terms of the currents and 

impedances by Ohm^s law: 


— VW- 


r*AAArn 
Z2 

LhAAAt-* 
h 


E = I 


Z,+Z2 


— IiZi =■ I2Z2 


whence 


+ E L} — (3-38) 

Fig. 3-12. Circuit for proving the I Z\ Z 2 I Z\ Z 2 

current-division theorc'm. 

The current-division theorem simpli- 
fies the analysis of a number of circuits, particularly those of linear 
vacuum-tube amplifiers. 

3-27. Equivalent Passive Networks. It is often true that the analysis 
of a circuit problem may be simplified by n'placing some portion of that 
circuit by an equivalent network whose behavior is already known or 
readily calculable. 

By definition: 


An equivalent network is a network which, under certain conditions ef use, 
may replace another network without substantial effect on electrical performance. 
Note. If one net\vork can replace another network in any system whatsoever 
without altering in any way the electrical operation of that portion of the system 
external to the networks, the networks are said to be “neUvorkc of general 
equivalence.’’ If one netv\ork can replace another network only in some par- 
ticular system without altering in any way the electrical operation of that portion 
of the system external to the networks, the netwTjiks are said to be “networks of 
limited equivalence.” Examples of the latter are networks wdiich are equivalent 
only at a single frequency, over a single liand, in one direction only, or only with 
certain terminal conditions (such as H or T networks). (ASA C42 65.06.500.) 



Fig. 3-13. Networks N and N' are equivalent if Zx' =* I a and Ib' ^ I b- 

Thus two linear, passive networks may be said to be equivalent if, when 
identical voltages (of any value) are applied to corresponding terminals 
of the two networks, identical currents flow at corresponding terminals 
of the networks. This concept of equivalence is illustrated in Fig. 3-13. 
The networks N and N' are equivalent if 

and Ib = Ib 


I A = /i 
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when the voltages Ea and JBb, of any value whatsoever, are applied to 
both networks. If this condition is satisfied, network N' may be sub- 
stituted for N without disturbing any remaining portions of a circuit of 
which N may be a part. 

In the following sections the conditions for equivalence will be consid- 
ered for two-, three-, or four-terminal networks. 

3-28. Two-terminal Equivalent Passive Networks. The simplest 
example of network equivalence is the two-terminal network shown in 
Fig. 3-14a. It is desired to construct a network having the impedance 
Zui of a network a. One might first consider the question of how many 
complex impedance elements are required to synthesize Zm at a single 
frequency. This question is answered by considering how many condi- 
tions must be satisfied. In general if Z,n is complex, the number of 
conditions is two: one must design for a given magnitude |Zi„| and a given 
angle 6^n or, alternatively, for a given real part R^n and a given imaginary 



(a) (6) (c) 


Fig. 3-14 Equivalent passive two-terminal networks. 

part Xrnl therefore the unknown must at least have a resistance and a 
reactance. In turn these two components may be connected in series 
as at h or in parallel as illustrated at c. The values of the series form 
may be evaluated as follows: Z, must be equal to Z,„; so 

Z, = R, jX. = Z,n/^n = |Z,„|(cOS e,n + j Siu Syn) 
whence R, = |Z,n| cos X, = Z,n sin d,n (3-39) 

The shunt network of Fig. 3- 14c can be handled most easily by working 
in admittance form; hence one notes that Yp must be equal to 1/Z,n; so 


Y, 


whence 


_1_ 


ip |z .,| ' 

D _ \ ^*n\ 

" COS e,n 



(cos e^n — j sin Sin) 


Y = 

" sin e.n 


(3-40) 


Lest the student think of Eqs. (3-39) and (3-40) as “formulas” to be 
memorized, it is well to work out a typical example that frequently 
occurs in the laboratory. 


A test is to be made on an artificial line which must be terminated in the 
impedance 500 — jl53.5 ohms at a frequency of 796 cycles. The elements 
available for synthesizing the impedance are a decade resistance box of range 1 to 
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1,000 ohms and a decade capacitor covering the range O.OOl to 1 /nf* Then the 
series form of the impedance will be 

w = 2Trf = 2w X 796 = 5,000 radians/sec 
Zs = 500 - .7153.5 



Thus the required scries elements are 
Ra — 500 ohms 

“ to X 153.5 “ Wx lO^OTSSS X 10’') 

Since the value of C, is greater than that available from the decade capacitor, 
the parallel form of network should be considered. 

- 1 - ‘ X 

= (1.827 -|-j0.501) X 10-» 

= ^^+itoC, 

Then the required shunt components are 


Rp 

Cp 


w 


— 534 ohms 


1.827 
0.561 X 10-3 
5 X 103 


- 0.1121 


Mf 


This set of values is (luite satisfactory since they may be set up to three significant 
figures on the available decade units. 


1 


3 



Fig. 3-15 Equivalent passive three-terminal networks. 


In general since the reactance component varies with frequency, equiv- 
alence for any given set of components will hold only at a single frequency. 
The synthesis of some complex impedance over a wide range of frequen- 
cies is a complicated problem and will usually require more than the two 
elements used in the foregoing example. 

3-29. Three -terminal Equivalent Passive Networks. Another com- 
monly encountered configuration is the so-called three-terminal network 
shown in Fig. 3-15a, a network having two pairs of terminals with a com- 
mon lead joining one terminal of each pair. It may now be shown that 
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the basic definition of equivalence places certain restrictions on the mesh 
driving point and transfer impedances of the two networks that are to 
be equivalent; thus let N and N' of Fig. 3-13 be three-terminal networks. 
Then for network N one may write 


T J'JA I 

= 1 

Ib = 

— + 

Eb 

(3-41) 

Zii Z12 


221 

222 

and for network N' 





Ea , En 
■“ T~ I "zr* 

Eh — 


En 

(3-42) 

2 $3 Zu 

243 

Zn 

Then if corresponding currents are 
(‘quivalence, it must be true that 

to be 

equal 

in 

order to establish 

2ii = 233 

222 = 

244 


(3-43) 

2 i 2 = 234 

221 = 

243 


(3-44) 


Inasmuch as the networks arc linear and bilateral 


Zi2 == Z 21 Zs4 — ZiJ 

and Eqs. (3-44) may be replaced by the single condition 

Zi 2 = 234 (3-46) 

It follows from Eqs. (3-43) and (3-45) that ihe two networks will also be 
equivalent if they have identical mesh driving-point and mesh transfer imped- 
ances, This is a necessary and sufficient condition for equivalence; 
hence an equivalent network may be calculated if these three impedances 
are known for the original network. 

Sa 3 ^ that a three-terminal network is to be designed so that it is equiv- 
alent to the original network of Fig. 3-15a. In the interests of economy 
the equivalent network should contain the smallest number of elements 
possible. This minimum number may be arrived at quite simply by two 
methods of reasoning. First, for equivalence to be established, three 
design conditions must be satisfied (two driving-point and one transfer 
impedance); hence, three independent elements are required in the 
unknown network. In general the specified impedances are all complex; 
so the three unknown elements will also be complex. Second, if the 
student tries to interconnect three terminals with impedance elements, 
he will find that only three can be used without placing two or more 
elements in series or in parallel. He will also find that the three elements 
can be arranged either as a T or a 11 as shown at h and c in Fig. 3-15. 
In power applications these are termed “star” and “delta,” respectively. 
Thus either the T or the n network may be designed to be equivalent 
to the original network. 

The design of an equivalent T or n network on this basis is of particular 
advantage when the internal structure of the original network is known, 
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for then the unknown elements may be calculated in terms of the imped- 
ance determinant and cofactors of the original network.^ 

By way of illustration say the original network has p meshes, and let the 
meshes be numbered so that mesh 1 includes the input and mesh 2 the 
output terminals. Then the circuit is described by Eqs. (3-6) except 
that all the voltages but E\ and E% are zero, the network itself being 
passive. Then the input and output currents will be by Eq. (3-10) 


T C\l jjT , Cl2 T-T 

/i = ^2 = - + - 

T rp tC22 jp El E 2 


(3-46) 


Then if the IT network of Fig. 3-1 5c is to be made equivalent to the 
original network, one may write 


and one finally has 


h = {Ya + Yb)Ei + YbE2 
1 2 = +YbEi + (Yb + Yc)E2 


Za = 


D 


1 

Ya Cn - Ci 2 


Zc = 


D 


1 

Yc C 22 - C 12 


Zb = 


Yb 


(3-47) 


C 12 

(3-48) 


The student should consult the reference for an extension of these ideas. 

In communication work three- terminal networks may be of consider- 
able physical length, terminals 1 and 3 being located some distance from 
the other pair, 2 and 3. For this reason end-to-end impedance measure- 
ments on networks are often not feasible; hence if one wishes to construct 
an equivalent network from measurements on the original network, he 
must find some other value to replace the transfer impedance. 

The impedances that are most easily measured are the open- or short- 
circuit driving-point impedances at each pair of terminals. In this book 
these impedances will be designated by the following symbols because 
of their wide adoption: 


Zoi = input impedance at end 1 with the terminals at end 2 open- 
circuited 

Zo 2 = input impedance at end 2 with the terminals at end 1 open- 
circuited 

= input impedance at end 1 with the terminals at end 2 short- 
circuited 

Z ,2 = input impedance at end 2 with the terminals at end 1 short- 
circuited. 

‘ M. B. Reed, General Formulas for “T” and “n” Network Equivalents, Proc, 
IRE, vol. 33, No. 12, p. 897, December, 1946. 
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One method of approach to synthesizing a T section that is equivalent 
to the original three-terminal network would be to ascertain whether the 
mesh transfer impedance zn is specified uniquely in terms of Z 02 , 
Z,i, and Z, 2 . A simpler and more direct approach is to determine whether 
the elements of the T section itself may be evaluated in terms of these 
four measured impedances. Thus, reading from P'ig. 3-156, 

Zoi = Zi -f- Z 3 (3-49) 

Z.I = Zi + 

Zot = Zj + Zj (3-51) 

z.j = z, + 

Then the impedance elements of the ecjuivalent T section must be 
as follows: Rearranging Eqs. (3-49) and (3-51), 

Zi = Zoi - Z 3 (3-53) 

Z 2 = Z „2 ~ Za (3-54) 

Substitute Ecjs. (3-53) and (3-54) into Ecp (3-50). 


^ _ Z01Z02 “ Z01Z3 — Z02Z3 -j- Z 3 ^ -|- ZoiZi — Zs^ -f- Z02Z3 — Zs^ 

“ — — 

/jol 

All but two of the terms in the numerator will cancel, and so by clearing 
of fractions 

ZaiZo2 = Z01Z02 — Z3* 

Z, = ± V2.2(Z<„ - ZlT) (3-55) 

Equations (3-53) to (3-55) complete the design of the equivalent T section 
except for an ambiguity of sign. 

It is of interest to consider the products Zo\Z ,2 and Zo 2 Z«i. From 
Eqs. (3-49) to (3-52) 


ZolZ,2 == Z1Z2 + Z2Z3 + Z1Z3 
Zo 2 Z,i = Z1Z2 4 " Z2Z3 -f- Z1Z3 
Therefore ZoiZ ,2 = Zo 2 Z,i 


(3-56) 

(3-57) 


Equation (3-57) shows that only three of the four impedances Zoi, Z 02 , 
Z,i, and Z ,2 are unique and leads to an alternative expression for Z 3 of 
the equivalent T, 

Z 3 = ± V^oi(Zo 2 ~ Z. 2 ) (3-58) 


A similar procedure may be used to evaluate the components of the n 
network that will be equivalent to the original network in Fig. 3-15. 
Once again work with the IT section is best carried out in terms of admit- 
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tances; thus from Fig. 3-15c 


V - V I 

Yoi Ya + Yc 

F,i =^Ya + Yb 


y V J_ ^ ^ ^ 

ro2 ^c^Ya + Yb ( 3 - 59 ) 
r.2 = Yc+Yb 


whence the design equations of the equivalent 11 section, except for an 
ambiguity of sign, become 


Ya = y.i - Yi^ (3-60) 

Yc = ys2 - Yii (3-61) 

Yb= ± VYAY., - Yol) = ± VY.:(Y:2^^oT) (3-62) 


Comparison of the design ecpiations for the T and II networks shows, 
once again, the general duality that exists between these two networks. 
It will be observed that the interchange of Ya for Zi, Yc for Z2, and Yb 
for Z3, plus the interchange of open-circuit admittance for short-circuit 
impedance, allows the design of the II section from the equations of the 
T section. 

Inspection of the foregoing design equations for an equivalent T or IT 
section in terms of the opea- and short-circuit impedances of the original 
network shows that an ambiguity is present m the sign of Z3 or Fb. This 
indicates that the design equations can give two T^s or two iFs but only 
one of each pair can be equivalent to the original network. To resolve 
this difficulty, additional information is required about the original net- 
work. In a large class of problems a knowledge of the phase angle 
between Ii and 1 2 with the network terminated in a specified load pro- 
vides the necessary information. This situation is illustrated in the 
following example: 


Measurements on a three-terminal network at 1 kc yield the following data: 
Zoi = 10 -f- 7*50 ohms, Zc,2 = 5 H- jO ohms, Z,i =* 510 -f- j50 ohms. 1 2 lags h 
when end 2 is terminated in a pure resistive load. Design the equivalent T 
section. 

+ Z3 = ± \^Zo 2 (Zoi — Zai) = ± ^/5/0° 500 / — 18 0^ = +y50 ohms 


Solution A. Choosing the positive sign, 

Z3 = +^50 ohms 

Zi = Zoi — Z3 = 10 -h jO ohms 

Z 2 = Zo 2 — Z3 = 5 — j50 ohms 

These values give the T section shown in Fig. 3-1 6a. 
Solution B, Choosing the negative sign, 

Z3 — — i50 ohms 
Zi = 10 -f jlOO ohms 
Z2 = 5 -h j50 ohms 

which values yield the T section shown in Fig. 3-165. 
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The phasor diagrams of the two networks are also drawn in the figure. Since 
network B provides the required sign of phase angle between h and hy B rather 
than A is the equivalent network. 

3-30. Physical Realizability of Equivalent Sections. It should be 
recognized that the arms of the equivalent T sections of physical struc- 
tures are not necessarily physically realizable. It is quite possible for an 
individual arm to have a negative-resistance component, i.e., the imped- 
ance may lie in any of the four quadrants. If the network which it 
represents is physical, the total I^R of all arms will be positive, although 
that due to an individual arm may be negative. The presence of nega- 


/j 10 5 ->50 I 2 Ii 10 +;100 +y50 5 I 2 



Fig ,3-16 Circuits having the same open- and short-circuit impedances but providing 
different phase shifts 

tive resistances in an arm of the equivalent network does not prevent its 
use in computation, since on paper a negative resistance presents no 
difficulty. The equivalent structure may also be set up physically if the 
arm with negative resistance is in series or in shunt with an external 
impedance whose resistance may be combined with the negative-resistance 
arm to make an impedance whose total resistance is positive. 

3-31. Equivalence of T and n Networks. In the preceding sections 
both the T and II sections were designed to be equivalent to the same 
original three-terminal network. Then by the familiar axiom, “Things 
equal to the same thing are equal to each other,” one might conclude 
that a n section may be designed to be equivalent to a given T, and vice 
versa. The equations relating the impedance elements of a T and the 
elements of its equivalent II are known as the “T-II transformations.” 

In one respect, these transformations have already been derived, for 
given a T, it is possible to find Foi, F 02 , and F,i and to evaluate the II 
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components from them by Eqs. (3-60) to (3-62), It is desirable, however, 
to have these transformations explicitly in terms of the component 
elements, and they may be derived by manipulation of the foregoing 
equations. Another approach, which utilizes the original definition of 
equivalence, will be used, however, to illustrate a different means of 
working the problem. 



Fio. 3-17. Circuits for deriving the 7-11 transformations 


The T and II networks of Fig. 3-17 are to be made eejui valent. Let 
the voltages Ej and E^ be apjdied to both networks as shown in the 
figure. Then 

(1 /I "h 1 u)Ei — Y hE^ = 1 \ 

- YnE, -f {Yb + Yc)E^ - 

and by Cramer ^s rule 


I /i - Yb 

\ T II 


y 1/2 F/r + Yc 1 

_Yb+ Yc j 1 

^ 7, 

(3-63) 

' \Ya+Y„ -Yb I 

" Ft* ^ 

Fr* ^ 

+ 

1 




1 T" 

Ya + Yb j 

Ft* "' 


(3-64) 

where Ft* = YaYb + YbYc + YaYc 

The mesh equations for the T network are 


(3-65) 

(Z, -1- Z,)/. -1- Z,/2 = Ey 


(3-66) 

Zil\ -f- (Z 2 Zz)Ii = Ei 


(3-67) 


Now by definition, if the two networks are equivalent, corresponding 
voltages and corresponding currents are equal ; hence coefficients of corre- 
sponding terms in Eqs. (3-63) and (3-66) and in (3-64) and (3-67) must 
be equal. Thus solving for the Z’a one obtains the II-T transformations 


7 Yc 


Zt = 


Z, = 


Yb 

Et* 


Za = 

Z» = 

Zj = 


ZaZ b 

Zt 

ZbZ c 

Zt 

ZaZc 

Zt 


Ft* = YaYb + YbYc + FxFc Zt = Z^ -|- Zb + Zc 


(3-68) 
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The student may show that the corresponding T-II transformations are 

I? 

Zt^ = Z 1 Z 2 -h ZiZ, + Z:Z, (3-69) 

3-32. Equivalent Four -terminal Networks. A four-terminal network 
or two-terminal pair (Fig. 3-18) may lack the common lead of the three- 
terminal network but is indistinguishable from the latter in so far as 
equivalence is concerned, provided no additional connection exists between 
the input and output generators through a third conductor such as ground. 
This follows because measurements of the impedances Zo\, Z 02 , ^si, and 
Z ,2 are made only at one end or the other of the network. To determine 



(a) (6) 

Fig. 3-18. Four terminal networks or two-teiminals pairs. A balam ed-to-ground 
connection is shown at h 


the presence or absence of a common lead within the network recjuires 
an additional end-to-end impedance measurement. It may be concluded, 
then, that a T or a 11 network may be designed to be equivalent to a two- 
terminal pair. 

The student should know that certain types of communication net- 
works, e.g., telephone lines, are purposely ‘^balanced to ground.’’ This 
means that both sides of the network have equal shunt admittances to 
ground and equal series impedances. Networks of this type operate 
between generators that are three-terminal devices, one terminal being 
connected to ground (in actual practice perhaps only by stray capac- 
itances) as shown in Fig. 3-186. If a T or a IT network is substituted for 
a network operated between two terminals of such three-terminal end 
devices, the third terminal being grounded, the common lead of the T or 
II network destroys the balance. To make a balanced equivalent of the 
two-terminal pair, it is necessary only to divide Zi and Z 2 of the T net- 
work equally between the upper and lower series arms, giving a balanced 
T or H network as shown in Fig. 3-1 9a. A balanced 11 or 0 network 
results from dividing the series impedance of the 11 network equally 
between the upper and lower arms as shown in Fig. 3-196. It should be 
apparent that such modifications of the original structures leave unaf- 


Ya = 
Yb = 
Yc = 
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fected the open- and short-circuit impedances and the design equations 
of the T and n networks. 

3-33. Lattice Network. One of the commonest four-terminal networks 
encountered in practice is the lattice, or bridge, network shown in Fig. 
3-20. The lattice-T transformation will now be derived in terms of the 


2i/2 2Y^ 



Z,/2 z;/2 2Y^ 


(a) (6) 

Fig. 3-19. Balanced networks, (a) Balanced T or H section. (6) Balanced 11 or O 
section. 



Fig. 3-20. Lattice, or bridge, network. 


component impedances. If the notation adopted in the previous sec- 
tions is applied to Fig. 3-20, the following relations will be obtained : 


Zo\ “ Z,\ 


{Zg + Zb){Zc -j- Zd) 

+ Zd 

(Zg -h Zc)iZb + Zd) 

Zg Zb ^ Zc Zd 
ZgZbZc 4" ZgZcZd ~h ZgZdZb 4“ ZbZgZd 
(Zg 4- Zc)(Zh 4- Zd) 

ZgZbZc 4" ZgZcZd 4” ZgZbZd 4“ ZbZcZd 

(Zg 4 “ Zb)(Zc 4 - Zd) 

(ZbZe - ZgZd)^ 

(Zg Zb + Zc + Zd)(Zg 4- Zc)(Zb~+ Zd) 


(3-70) 

(3-71) 

(3-72) 

(3-73) 

(3-74) 


Insert the results of Eqs. (3-74) and (3-71) in Eq. (3-55) to obtain one 
of the equivalent T-section arms. 
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It is of interest to note that, in the special case where Zd = 0, the 
lattice structure becomes a IT section and so Eq. (3-75) should reduce to 
the IT-T transformations. Therefore the positive root will be used, and 
Eq. (3-75) becomes 


^3 


ZffZc — Z^Zd 
Za Zb ^ Zc Zd 


(3-76) 


By inserting Eqs. (3-75), (3-70), and (3-71) in Eqs. (3-53) and (3-54) 


ZaZc H“ ^ZaZd “f" ZhZd 
Za Zb ']r Zc Zd 

ZaZb “f* ^ZaZd "4“ ZcZd 

Za Zb Zc + Zd 


(3-77) 

(3-78) 


Lattice structures are sometimes used in preference to ladder structures 
(T or IT networks). These are rather special applications, and so the 
relations for the design of a lattice structure will be discussed in a later 
chapter after the relations in repeated, or iterative, structures have been 
developed. 

3-34. Equivalent Active Networks. While the discussion of equivalence 
thus far has been restricted to passive networks, corresponding ideas may 
be set up for circuits containing voltage or current sources, but a new 
definition of equivalence is required for these active circuits: Two active 
networks are said to be equivalent ify for any value of load impedance con- 
nected to the terminals of both circuits, they both produce the same value of 
load current. Two theorems covering the equivalence of active circuits 
will be presented. 

3-36. Thevenin’s Theorem. The current in any impedance Zr, con- 
nected to two terminals of a network, is the same as if Zr were connected to a 
simple generator, whose generated voltage is the open-circuited voltage at the 
terminals in question and whose impedance is the impedance of the network 
looking back from the terminals, with all generators replaced by impedances 
equal to the internal impedances of these generators. 

In Fig. 3-21 the upper part is a diagrammatic representation of 
Th^veiiin’s theorem. Eoc is the voltage measured at terminals 1, 2 
with Zr removed, and Zg is the impedance measured back from terminals 
1,2. In measuring this impedance it is assumed that the generators have 
stopped generating; i.e., they are replaced by impedances equal to their 
internal impedances. 

The network can be reduced to the simple network of Fig. 3-2 Ic with 
three impedance elements and one generator. If there is more than one 
generator, then, by the superposition theorem, each could be considered 
separately in the proof. When each had been reduced to the simple 
network at the right, the generated voltages would all be connected 
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in series and could be replaced by a single generator. The proof bolds, 
therefore, for any number of generators in the network. 

In Fig. 3-21c a solution of the T network gives 


BJZs 

Z1Z2 + ZiZz + ZiZz + Zr{Zi + ~Zz) 


(3-79) 


Equation (3-79) can be rearranged so that Zr will appear in the denom- 
inator only and he alone. 


I 2 


E Z,/(Zi + Z3) 
Z1Z2 ~l“ Z^.Z’^ -|~ ZiZ'i 
Zi + Zz 


4* Zr 


(3-80) 


This current is the same as would flow for any value of Zr, if Zr were 
connected to a generator whose generated voltage is EZz/{Zi + -^3) and 
whose internal impedance is {Z 1 Z 2 -f Z^Zz + ZiZz)/{Z\ -f Zz). 



Fig. 3-21. Equivalent networks as given by Th6venin's theorem 


If Zr is removed, the voltage at the terminals 1, 2 of the T network 
will be 

£0. = (3-81) 


and if Zft is removed and E is replaced by a short circuit, the impedance 
at the terminals 1, 2 will be 


Z, = Z2 + 


ZiZz Z1Z2 “h Z2Z3 “h Z1Z3 

Zi + Z3 Zi + Zz 


(3-82) 


By comparing Eqs. (3-80) to (3-82), it will be seen that Eq. (3-80) 
gives the current which will flow if a generator whose emf is given by 
Eq. (3-81) and whose internal impedance is given by Eq. (3-82) is con- 
nected to the load Zr. This proves Th4venin’s theorem. 

While Th^venin^s theorem as stated at the beginning of the section 
can be applied quite readily when the internal components of the genera- 
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tor and their configuration are known, another case often is encountered 
that requires some ingenuity in addition to the theorem. Say some 
generator is available in the laboratory, such as an audio oscillator. One 
wishes to determine its Thevenin's equivalent circuit in order to predict 
its behavior when serving as the voltage source for some complicated 
network. What measurements can be made on the oscillator which will 
allow one to synthesize the equivalent generator? Remember, one must 
also be sure the source is behaving as a linear network. 

Two quantities must be determined, as may be seen from Fig. 3-21d: 
\Eoe\ (only the magnitude is required since the phase may be assumed 
zero) and Zg. Feedback is employed in many typical oscillators; hence 
the internal emf cannot be made zero readily without changing the 
equivalent internal impedance; hence the determination of Zg by a bridge 
measurement is not feasible Accurate a-c current measurements are 
difficult to make ; so the problem resolves into : How many voltage measure- 
ments need be made? Since there are three unknowns, three voltage 
measurements will be required. The different values of voltage are 
obtained for different load conditions. 

1. Eoc can be obtained by direct measurement under no-load con- 
ditions, i.e., with Zr = . 

2. Let Zr — Ri + jXi] then the voltage across the load will be 


El = Eoi 


Ri + jXi 


(R„ + R,) + j(Xg + Xl) 

Taking magnitudes, squaring, and rearranging, 


{Rg + RlV + (Xg + Xiy = 


El 


{Ri^ -h Xi^) 


3. Let Zr = 7 ? 2 4- jX 2 ; then in a similar manner 

|2 


{Ra -f R2y + (Xg + XtY = 


E2 


(R2^ + x**) 


Subtracting Eq. (3-85) from (3-84) and expanding, 


(3-83) 


(3-84) 


(3-85) 


Rg^ H- 2RgRl -h Rl^ -h Xg^ -f 2XgXl -h Xl^ - Rg^ - 2RgR2 - R2^ 


- Xg^ - 2XgX2 - X2^ = 


2(Ri - R2)R„ + 2(Xi - X2)Xg 


\Ei 


(Ri^ + Xi^) 


I E 2 


(R2^ + X2^) 

(3-86) 


= + X,*) ^ - 1^ _ (B,* - X,») (1 1^' [ - 1 ) (3-87) 


Now it is desirable to minimize the amount of calculation necessary in 
finding Rg and Xg; thus one tries to choose the loads intelligently. If 
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one chooses JTi ~ Bq, (S-SZ) may be solved for /fg in terms of known 

quantities. Then Xg may be determined from either Eq. (3-84) or Eq. 
(3-85). Notice, however, that both these equations are quadratics and 
there will be ambiquity in the sign of Xg. 

If, on the other hand, one chooses /?i = i? 2 , Eq. (3-87) may be solved 
for Xg with no ambiguity of sign. 

_ + Xy^){\EoJE,\^ - 1) - + X,^){\EodE,\^ - 1) ,, 

Xg - 2(Xi - Xi) ^ 

Rg may then be determined from either Eq. (3-84) or Eq. (3-85), and 
the choice of sign is no problem since Rg must be positive. Thus Rg, 
Xg (with proper sign), and \Eoe\ may be determined in terms of the three 
measured voltages. 

Even further simplification results if \Ei\ and IE 2 I are measured with 
purely capacitive loads, making Ri = R 2 = 0. Under these conditions 

_ Xi^{\EoJE,\^ - 1) - X2K\EoJE2V - 1) 

2(X, ~X2) 

and from Eq. (3-84) 

(X, + 

it being understood that X\ and X 2 are negative quantities. A similar 
reduction in Eq. (3-87) cannot be obtained for inductive loads because 
the condition = i ?2 == 0 cannot be satisfactorily approximated with 
physical inductors. 

A familiar example of an application of Th^venin^s theorem is the 
equivalent-plate-circuit theorem of electronics whereby the plate circuit 
of a vacuum tube operating under linear class A conditions is replaced 
by an equivalent generator nEg in series with the dynamic plate resistance 
of the tube. These two equivalent series components may be used to 
calculate the a-c plate current flowing in the load. Use of the theorem 
allows the complicated structure of the vacuum tube to be replaced by 
an equivalent generator and series impedance, in so far as the calculation 
of a-c load current is concerned. 

3-36. Norton’s Theorem. A theorem suggested by E. L. Norton of the 
Bell Telephone Laboratories is: The current in any impedance Zr, con- 
nected to two terminals of a network y is the same as if Zr were connected to a 
constant-current generator whose generated current is equal to the current 
which flows through the two terminals when these terminals are short-circuited y 
the constant-current generator being in shunt with an impedance equal to the 
impedance of the network looking hack from the terminals in question. 

This theorem is simply the dual of Th^venin’s theorem. It is illus- 


(3-88) 

(3-89) 
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trated by Fig. 3-22. If one starts with Th4venin '5 theorem, it is apparent 
from Fig. 3-22b that 


Ir 


Eoc 

Zg + Zr 


(3-90) 


On short circuit the current would be 



(3-91) 


In Fig. 3-22c the current through Zr would be 


Ir 


I*eZg 
Zg + Zr 


(3-92) 


Combining Eqs. (3-91) and (3-92), 

which shows the equivalence of b and c in Fig. 3-22, and hence the equiva- 
lence of c to a. 



Fig. 3-22. Equivalent networks as given by Norton’s theorem. (Compare with 
Fig. 3-5.) 


One of the commonest applications of Norton^s theorem is the shunt 
form of the equivalent plate circuit of a vacuum tube operated under 
linear class A conditions. Here the plate circuit of the tube is replaced 
by a current generator gmEg shunted by the dynamic plate resistance, 
in so far as the calculation of a-c load current is concerned. Another 
use of the theorem was covered in Sec. 3-10. 

3-37. Limitation on Thevenin’s and Norton’s Theorems. The student 
should pay particular care to note the wording of the two foregoing 
theorems. The equivalence afforded by Th^venin’s or Norton’s equiva- 
lent circuit holds for the load current and not for conditions within the 
generator itself. Failure to recognize the limitations of these theorems, 
as well as of any other theorem, can lead to ridiculous results. 

To illustrate this point, it will be shown that the power loss within the 
generator of Fig. 3-2 Ic is not the same as the power loss within the 
equivalent generator of d. 
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Let all the impedances be pure resistances to simplify the calculations. 
Then in the former circuit under no-load conditions, that is, Zr—*^ , 

the power loss within the generator is Pg = E^/{Ri -|- Rz)y whereas the 
power loss within the Th6venin’s equivalent generator under the same 
no-load conditions is zero. Neither Th^venin^s nor Norton^s equivalent 
circuit can be used to calculate circuit efficiencies. 

3-38. Other Theorems. Other theorems will be developed in later 
chapters as subsequent theory is introduced. Important examples are 
Foster’s reactance theorem and the theorems governing the maximum 
transfer of power. 

3-39. Special Properties of T and n Networks. The amount of space 
that has been devoted to T and n networks indicates that they assume 
important status in the analysis of communication networks. Because 
of their importance certain special properties that they exhibit will be 
investigated, properties that are primarily concerned with their imped- 
ance characteristics: the iterative, image, and characteristic impedances. 

3-40. Asymmetrical T and n Networks. The first impedance of the 

asymmetrical T network to be considered 
is the iterative impedance. By defini- 
tion : The iterative impedance of a trans- 
ducer is that impedance which, when 
connected to one pair of terminals, pro- 
duces a like impedance at the other pair of 
terminals.” (ASA C42 65.08.387.) By 
applying this definition to the asymmet- 
rical T section, i.e., where Zi Z2, of Fig. 3-23, by definition if Zr = Z,«, 
then Z,n == Z^t, and one may calculate Z** in terms of the known compo- 
nents of the network. Thus 



Fig. 3-23. As} mmotrical T section 
used for calculating Z»t. 


Zi 4- 


Zz{Z2 + 

2^2 + Z3 “h Ztt 


= 


(3-94) 


Cross multiplying. 


Zi(Z2 + Zi Zu) + Zz{Z2 + Zu) — Ztt{Z2 + Z 3 -h Zit) 

Ztt^ + (Z 2 — Z\)Zxt — {Z 1 Z 2 + Z2Z^8 + ZiZi) = 0 (3-95) 

and by the quadratic formula 

z„ = ~ ± ^ ^ —4--- ^ - + {ZiZi + + Z.Z.) 

or Zu = - ^ ± + (Zi + (3-96) 

As a general rule the choice of the sign in front of the radical is gov- 
erned by the physical realizability of Z,*. If the latter is to be built up 
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as a passive physical structure, its real part must be positive, a condition 
that is usually satisfied by using the positive sign. 

The student should observe that the value of given by Eq. (3-96) 
applies only when Zi is on the tnpul side of the T section. If the T sec- 
tion is reversed, putting Z 2 on the input side, the new value of Z,( will 
differ from Eq. (3-96). The derivation of this new value is left as an 
exercise for the student. 

The usefulness of Z** as a concept in circuit analysis will become evi- 
dent in the study of iterative networks, which are discussed in Chap. 6. 

The iterative impedance of an asymmetrical 11 section, i.e., one in 
which Za Zr, may be found in a similar manner, or one may utilize 
the principle of general duality between the T and 11 networks and write 
for the iterative admittance, Va being on the input end, 


V., = ± ■yj-'' ^ + {Y A + Yc)Yb (3-97) 


Another pair of impedances, the unagr impedances, also are charac- 
teristic of an asymmetrical four-terminal passive network. By definition: 
^^Thc image impedances of a transducer are the impedances which will 
simultaneously terminate all of its inputs and outputs in such a way that 
at each of its inputs and outputs the impedances in both directions are 
ecpial.’’ (ASA C42 05.08.390.) 

More specifically for three- or four-terminal structures, such as the T 
and n networks, the two image im- 
pedances, Z/i and Z /2 are two values 
of impedance such that, it end 1 of 
the network is terminated in Z/i, the 
input impedance at end 2 is Z/ 2 ; and 
if end 2 is terminated in Z/ 2 , the in- 
put impedance at end 1 is Z/i. F rom 
this definition their values can be 
determined in terms of the components of a T section as in Fig. 3-24. 

The input impedance at terminals 1, 2, wh^i Z /2 is connected between 
terminals 3, 4, is by definition, Z/i. Therefore 



2 4 

Fig. 3-24. Asymmetrical T section illus- 
trating the image impedances. 


Z/i = Zi -f- 


(Z 2 4- Zt2)Za 
Z2 + Z3 -f- Z/2 


(3-98) 


Similarly, when Zn is connected to terminals 1, 2, the input impedance 
into terminals 3, 4 is Zn. Therefore 

(Zi 4~ Z/QZs 

Zi + Z 3 4- Z/i 


Zn = Z 2 4- 


(3-99) 
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Solving these two equations simultaneously yields 


Zn = 


The student may recognize the factors within the radical as the open- 
and short-circuit impedances of the T network. Hence alternative 
expressions for the image impedances of the T are 


Zji = \/ ZoiZ,i 
^12 = \^Zo2Zt2 


(3-102) 


Corresponding equations for the image admittances of the asymmetri- 
cal n network may be derived by the principle of general duality. It 
will be found that the concept of the image impedances of a network is 
of particular use in the design of impedance matching networks, Chap. 11. 

3-41. Symmetrical T and n Networks. The symmetrical T section is 
one in which the two series arms are equal, that is Z 2 = Z\, Under this 
condition, from Eq. (3-96), 


Z^ = + 2 Z 1 Z 3 (3-103) 

and from Eqs. (3-100) and (3-101) 

Zn = Z 12 = VZi^ + 2ZiZ\ (3-104) 

It may be observed from these eciuations that the image and iterative 
impedances of the symmetrical T network coalesce into a single value 
which is given a special designation, the characteristic impedance^ Zo» 
The same situation holds true for the symmetrical 11 , where Y a = Ec. 
It is the usual practice to adopt a special notation when one is dealing 

The two equal series arms are each 
designated Zi/2 and the shunt arm Z 2 
as shown in Fig. 3-25. It is conveni- 
ent to derive expressions for the char- 
acteristic impedance in terms of this 
new notation; thus the characteristic 
impedance Z© will be that value of 
impedance which, when it terminates 
the network, causes Z,n to be equal to 
Zo. To state this mathematically, if the section of Fig. 3-25 is termi- 
nated in Zo, 


with the symmetrical T section. 

zjz Zjl 



Fig. 3-25. Symmetrical T network il- 
lustrating the characteristic imped- 
ance. 


Z, , Zj(Zi/2 + Z.) 
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Clearing and taking the square root, 

Z, = ^ 


(3-106) 


Equation (3-106) permits calculation of Zo when Zi and Z 2 are known. 
It is not in optimum form for handling complex impedances, however. 
The rearranged form 



(3-106a) 


is much better for this purpose, a fact that may be verified by working a 
numerical example. 

Frequently the problem arises in the laboratory of determining the 
characteristic impedance of a symmetrical unknown network, i.e., one 
where Z\ and Z2 are not known. For such a situation the open- and 
short-circuit impedances of the network can be measured. Because of 
symmetry in the network 

Zo\ ~ Zoi ~ Zqc 
and Z g\ Z g 2 Z$c 


Then, since Zo and the image impedances of a symmetrical network are 
identical, 

Zo = V%Xc (3-107) 


Equation (3-107) applies to the symmetrical T section as well as to an 
unknown symmetrical network. It is suggested that the student verify 
this statement by evaluating Zoc and Z^c in terms of Zi and Z 2 to show 
the identity of Eqs. (3-106) and (3-107). 


It follows, then, that the components of a symmetrical T section may 
be calculated in terms of the open- and short-circuit impedances. Using 
the new notation, Eqs. (3-53) to (3-55) ^ 



8 - 1 . (o) Using nodal analysis, calculate the ^ T network. 


input admittance between terminals 1, 4 of the bridged T network of Fig. 3-26. (6) 

What is the input impedance between the same two terminals? (c) What is the nodal 
transfer admittance between terminals 1, 4 and 3, 4? 

8 - 2 . Repeat Prob. 3-1, using mesh analysis. 

8 - 8 . (a) A two-terminal impedance consists of a 1,000-ohm resistance shunted by 
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a 460-mh inductance. Calculate the components of an equivalent series network at 
169 cycles. (6) Will the two networks be equivalent at 796 cycles? 

8-4. An unknown network with two terminal pairs yields the following measure- 
ments, and /a lags h when the load is resistive: 

Zo\ “ 0 ZoT, = +^200 ohms 

Z,\ = — jSO ohms Z ,2 =» « 

a. Calculate the components of an equivalent T network. 
h. Repeat for an equivalent II network. 

8 - 6 . Reduce the bridged T network of Fig. 3-26 to an equivalent II network, and 
verify the results of Prob. 3-la. 

8 - 6 . Construct a network involving eight resistance elements, and then reduce this 
network to an equivalent T section and an equivalent II section. 

8-7. Construct a network involving eight impedance elements, each element to 
contain resistance and reactance, and then reduce this network to an equivalent T 
and an equivalent n section. 

8 - 8 . A four-terminal network that is known to be balanced to ground and to have 
inductive series arms yields the following data: 

Zoi = 10 -f ;1() ohms Z ,2 = 10 -hilO ohms 
Z,\ » 10 — ;10 ohms 

Calculate the components of a balanced equivalent T section. 

^^-9. A transformer has two input and two output terminals with the following 
'measurements : 

Zoi = 400 + j4,(KK) Zo2 * 100 + jl,000 Z.2 = 38 -|-i380 

Determine the equivalent T and n sections. 

8-10. A generator with a generated voltage of 1 volt and an internal impedance of 
1,200 -4-^1,900 ohms is connected to the input terminals of the transformer of Prob. 
3-9. Determine from Th^wenin’s theorem the equivalent generator which can replace 

the network and actual generator as far as the 
load current is concerned. 

3-11. It is desired to investigate 7 l as a 
function of frequency in Fig. 3-27. This may 
be simplified if the network is reduced to an 
equivalent series circuit. 

a. Derive the components of the equivalent 
series circuit as far as 7 l is concerned. 

b. If the reactance of C is negligibly small 
as compared with r^, what simplification can be made in the equivalent circuit? 

c. What is the value of 7 l, in polar form, under the conditions of (/>)? 

8-12. Show that the T-n transformations give circuits that are equivalent at all 
frequencies, provided that the T is constructed of inductances alone or capacitances 
alone. 

8-18. The following data are obtained for an unknown generator at a frequency of 
1 kc: (1) The open-circuit voltage is 10 volts. (2) The voltage across a 500-ohm- 
resistance load is 5.25 volts. (3) The voltage across a 250-ohm -resistance load is 
3.46 volts. 

a. Determine the components of the Th6venin equivalent generator. 
h. Determine the components of the Norton equivalent generator. 



Fig. 3-27. Circuit for Prob. 3-11. 
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3-14. (a) By calculating the power loss within the two equivalent generators cal- 
culated in Prob. 3-13, show that the equivalence does not hold within the generators: 
(b) By calculating the power dissipated in a 400-ohm resistive load, show that the 
equivalence does hold for the load. 

8-16. Calculate the iterative and image impedances of a T network in which 

Zi = 30 +j7.5ohm8 Z* « -;3, 220 ohms 
Z 2 = 50 -}- jlO ohms 

8-16. For a certain network 

Zoi - Zoi = 100 “ ;7.2 ohms 
Z,i *= 90 -f j22 ohms 

Derive the components of the equivalent balanced T section at a> = 5,000 radians/sec. 
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In the networks used in power-distribution systems, resistance and 
inductive reactance play the major role, while capacitive reactances are 
of only minor importance. This restricted use of capacitive reactances is 
due to the large size and cost of capacitances which could handle a reason- 
able number of volt-amperes at commercial frequencies. 

Inductive reactances increase and capacitive reactances decrease as the 
frequency is raised; therefore even the inductive reactance or capacitive 
susceptance of a length of wire connecting two elements cannot be neg- 
lected at high frequencies. Use is therefore made of the fact that a 
capacitive susceptance can be neutralized by an inductance in parallel, 
or a series inductive reactance can be nullified by a series capacitive 
reactance of the same value. This phenomenon is called “ resonance. 

Because of the fact that one type of reactance increases with frequency 
while the other decreases, the total reactance or susceptance can be 
reduced to zero at only one frequency. This gives an important use of 
resonance, in that, by its means, circuits can be designed which will 
transmit freely certain frequencies and greatly impede others. This 
enables the use of a single medium, such as a telephone line or free space, 
for the transmission of several messages simultaneously, selective circuits 
at the receivers picking out those bands of frequencies associated with a 
given message for routing to its proper destination. 

Two types of resonance have been referred to: (1) series resonance, or 
the neutralization of series reactance, and (2) parallel resonance, or the 
neutralization of parallel susceptance. Parallel resonance is often and 
preferably called antiresonance to distinguish it from series resonance. 
Either or both types of resonance may occur at diiTerent freciuencies one 
or more times in a given network, the number of such resonant points 
depending on the number and character of the meshes. 

4-1. Series Resonance. The simplest type of resonant circuit is a 
series circuit consisting of resistance, inductance, and capacitance as 
shown in Fig. 4-1. In such a series circuit resonance is defined to be 
the condition that obtains when the total net reactance is zero. The 
resonant frequency /r is that value of frequency at which resonance occurs. 
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Phaser diagrams of the series resonant circuit are also drawn in this figure 
for the three cases where the frequency is less than, equal to, and greater 
than the resonant frequency. It will be seen that, when the reactance of 
the inductor is equal to the reactance of the capacitor, the phasor sum 
of the voltage drops across the inductor and the capacitor is zero. The 
total voltage, which is the phasor sum of the individual drops, is then a 
minimum for a given current and equal to the drop due to the resistance. 
If the frequency is increased above resonance, the total reactance will 
increase, so that for a given current the voltage will be greater. Like- 
wise, if the frequency is decreased below resonance, the total reactance 
and voltage will increase again. 



Fig. 4-1. Resonance in a series circuit. 


The total impedance of a series circuit can be determined by adding 
the individual impedances in the complex form 

Z = ( 4 - 1 ) 

It can be seen by inspection that \Z\ is a minimum when 



and the circuit has unity power factor. At lower frequencies l/<aC > wL, 
and the total reactance is capacitive, while at frequencies higher than 
resonance coL > 1/wC, and the circuit is inductive. In determining how 
the reactance of such a circuit varies with frequency, use can be made of 
sketches showing the way each individual element behaves. 
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4-2. Reactance Curves. A curve is drawn in Fig. 4-2a, showing the 
variation with frequency of the reactance of a capacitor. This is the 
hyperbola Xc = — l/wC. Figure 4-26 is the corresponding curve for the 
reactance of an inductor, which is the straight line Xl — coL. In Fig. 
4-2c these are combined and added to get the total reactance Xr. The 
frequency at which the curve crosses the abscissa is the point of resonance. 

In actual circuits pure reactances are not present, the resistance R 
being largely a part of the inductor, but the general considerations are 
the same, except that the voltage measured across any physical element 
would be the phasor sum of its IX and IR drops. 

The curves of Fig. 4-2 may be presented in another form to give a 
handy nomogram for the calculation of reactance and resonant frequency. 





Fig. 4-2. Ilcactance sketches of a sen(*s resonant circuit. 

This nomogram is derived by plotting the reactance vs. frequency curves 
on log-log paper, (^onsider the reactance of the inductor L, 


A/, — u>Ij — 

and taking logarithms 


log Xl = log 2wL + log/ 


(4-5) 

(4-6) 


Eq. (4-6) can be seen to plot as a straight line with unit slope and with 
y intercept ecjual to log 2irL. In a similar manner the reactance of the 
capacitor C is‘ 


X = 

<oC 2wCf 


(4-7) 


1 In accordance with the recommendations of the ASA the symbol Xc is used here 
to designate the capacitive reactance, — 1 /uC. There is variance in the past literature 
on this point, in many cases the usage being Xc — 4-1/wC. The student in reading 
the literature should make a practice of checking which sign is used by each author. 

Xl is defined to be -{-coL. A general reactance X carries its own sign. The 
reactance of an inductance and capacitance in series is written X « Xl + Xc. Cor- 
respondingly Bl ** — l/wL and Be * +u>C. The susceptance of an inductance and 
capacitance in parallel is B » Bl + Be. 
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and taking logarithms of the magnitudes 

log |Zc| = - log/ (4-8) 

Equation (4-8) also plots as a straight line with negative unit slope 
and with y intercept equal to log (l/2xC). If, now, Eqs. (4-6) and (4-8) 



IMc 10 Me 100 Me 1.000 Me 10.000 Me 100,000 Me 1,000,000 Me 
(300 m) (30 m) (3 m) (30 cm) (3 cm) (0.3 cm) (0.03 cm) 

Frequency 

Fig. 4-3. Reactance chait .\Iways use corresponding, i.e , upper or lower, scales. 
{General Radio Company.) 

are plotted on log-log paper for dilTerent values of L and (7, the family 
of straight lines of Fig. 4-3 results. This nomogram may be used for 
determining reactance and resonant frequency as well, for Eq. (4-2) is 
represented on the figure by the intersection of the two curves represent- 
ing the particular values of L and C involved. 

4-3. Loci of Impedances and Admittances of Series Circuit. The 
locus of the terminal point of the impedance phasor, as the frec{nency is 
changed, is a straight line as illustrated in Fig. 4-4a. Since 

z = R+j (u,L - ^ 


134 


COMMUNICATION ENGINEERING 


this locus will be parallel to the reactance axis at a distance R, As the 
frequency is raised, the impedance phasor will be represented successively 
by Zi, Z2, Zsj Zi, Zi, . . . and will extend from the origin to points on 
the vertical locus through R. 

The locus of the corresponding admittance will now be determined. 
The derivation will be carried out on a geometrical basis and then will 
be related to the electrical circuit. In Fig. 4-46 the circle OBGO is con- 
structed to that its diameter OG = 1 /OR. It is desired to find the rela- 
tionship between any point X on the vertical line through 72, and a point 





(c) 


Fig. 4-4. Impedance and admittance loci of a series resonant circuit. 


Bj which is the point of intersection of the straight line OX and the cir- 
cle. The angle OBG, being inscribed in a semicircle, is 90°. Then 
because the triangles OBG and ORX are similar 


OB ^ OR 
OG OX 


(4-9) 


But by the construction of the circle 

OG = or OGOR = \ (4-10) 

Therefore OB = (4-11) 


Since X is any point on the vertical line, it may be concluded that the 
transformation [Eq. (4-1 1)] maps the vertical line, point by point, into 
the circle. 

These geometrical results may now be applied to electrical circuits. 
For any two-terminal network, the impedance and admittance are 
related by 


>'-2 “ H ' lft - 12 ^, 





whence 


Y 


( 4 - 12 ) 
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Since the electrical circuit requires a change of sign in the angle 
the lower half of the impedance line maps into the upper half of the 
admittance circle and the upper half of the impedance line maps into the 
lower semicircle. 

Now, the variation of Z with frequency for the series resonant circuit 
is given by a vertical line in the Z plane representing a constant value of 
R and a varying value of X, Thus the corresponding admittance will 
be represented by a circle of diameter G = 1//^ lying along the real axis 
of the admittance plane. This situation is shown at a and c in Fig. 4-4, 
where corresponding values of Z and Y are represented by corresponding 
subscripts. This circle diagram has important applications in electro- 
mechanical impedances such as telephone receivers, piezoelectric crys- 
tals, and magnetostriction oscillators, where resonant mechanical systems 
reflect their characteristics back into the electrical networks, and in the 
analysis of induction and synchronous rotating machinery. The trans- 
formation Y = IjZ is also of aid in the study of transmission lines. 

The principle that has just been illustrated, whereby the straight line 
representing Eq. (4-1) in the complex Z plane is mapped into a circle in 
the complex Y plane by the transformation Y = l/Z, is but one example 
of the so-called linear transformation of complex-variable theory. This 
transformation 


+ Pz 


y + 5z 


(4-13) 


where a, /3, y, and 5 are complex constants, maps circles in the complex 
z plane into circles of the complex y plane, it being understood that 
straight lines are circles of infinite radius. If a, P, and y be set equal to 
zero and 5 equal to unity, Eq. (4-13) reduces to the special case specified 
by Eq. (4-12). 

4-4. Quality Factor Q. The equations that govern resonance may be 
simplified by introducing the quality factor Q of the resonant circuit. 
This quantity will now be defined. 

Basically Q is defined as the quality factor of an inductor and as such 
is a measure of the efficiency of energy storage in the inductor when an 
alternating current is passed through the inductor. Mathematically, 
the definition is 


Q 


27r 


max energy stored 
energy dissipated/cycle 


(4-14) 


or, multiplying numerator and denominator by /, the frequency of the 
current, 


max energ y stored 
avg power dissipated 


(4-14a) 


In this book, the Q of an inductor will be designated by the subscript 
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L, Ql may he expressed in terms of the resistive and inductive compo- 
nents of the inductor and in terms of the frequency of the current. To 
illustrate this, let a current of rms value I and of frequency/ flow through 
the inductor represented in Fig. 4-5a. B and L are, respectively, the 



Fig. 4-5. Circuits for calculating the figure of merit Q 
series resistance and inductance of the inductor at frequency /. Then 


Max energy stored/cycle = 2 

= ^|V2/p = L|/|* (4-15) 

and Avg power dissipated = \I\^R (4-16) 


Substitution of Eqs. (4-15) and (4-16) into Eq. (4-14a) reduces the quality 
factor of the inductor to 



(4-17) 


It should be noticed that Ql depends upon frequency, and hence a 
numerical value of Ql has meaning only when the corresponding value 
of frequency is known. It might seem from Eq. (4-17) that Ql varies 
linearly with /. This is not generally true, however, because L and R 
also vary with frequency in physical inductors. The reasons for this 
variation are discussed later in the chapter. 

At any frequency an inductor may also be specified in terms of its 
effective shunt resistive and inductive components, Rp and Lp, as shown 
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in Fig. 4-56. It is left as an exercise for the student to show that the 
expression for Ql in terms of these shunt components is 

(«« 

While the concept of Q was originally applied to inductors, it may be 
extended so that the efficiency of energy storage in a capacitor, or in any 
two-terminal network for that matter, may be expressed in terms of the 
circuit components and frequency. Thus, for example, if the series 
resistance and capacitance of a capacitor are, respectively, R and C as 
in Fig. 4-5c, evaluation of Eq. (4-14a) when an rms current |/| of fre- 
quency f flows through the capacitor shows the quality factor of the 
capacitor to be 

Qc = (4-19) 


On the other hand, if the capacitor is represented by its shunt compo- 
nents Rp and Cp, the quality factor becomes 

Qc = o>CpRp (4-19o) 


In practice, Qc is often replaced by its reciprocal, the dissipation factor. 

A further extension of the definition of Q to a two-terminal network 
containing both L and C is often of aid in the analysis of communication 
circuits. Thus in Fig. 4-5c it is possible to determine the quality factor 
Qt of the circuit comprising Rj L, and C in series. It should be noticed, 
however, that Eq. (4-14a) involves the maximum energy stored per cycle; 
hence Qt will be expressed in terms of either L or C depending upon 
whether the frequency of the current is greater than or less than the 
resonant frequency of the combination. This is illustrated in the follow- 
ing example: 


In the series resonant circuit of Fig. 4-5c the maximum energy stored per cycle 
in* the capacitance is 

(JTc)™ \EcVC = ^ 


and the maximum energy stored per cycle in the inductance is 

(TT.), = 

at frequencies below resonance f < fr and wL < l/coC. Hence 

{WcU > (WlU 

Thus below resonance, by Eq. (4-14n), 


Qt = 


1 

(aCR 


f<fr 
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On the other hand, above resonance iWc)m < {W l) my and the circuit quality 
factor becomes 


n 


f>fr 


At the resonant frequency the maximum energy stored is the same for 
both the inductance and capacitance, and the quality factor may be 
expressed in terms of either L or C as 


<«'>’ - T - 

In certain cases the quality factor of a complete circuit including the 
generator resistance in Fig. 4-5e is required. In such a case the resistance 
used is the net series resistance in the circuit, or, for the figure. 


This in turn may be related to the Qt of Eq. (4-20) by dividing numerator 
and denominator by R to give 


0)rL/ R _ {QT)r 

1 -f RJR - 1 + RJR 


(4-22) 


Several applications of the concept of inductor or circuit Q in the study 
of resonance will be apparent in the next section. Methods for measuring 
the quality factor will be discussed later in the chapter. 

4-6. Sharpness of Resonance. It has been shown in a previous section 
that the admittance of the series resonant circuit as a function of fre- 
quency plots as a circle in the complex Y plane. An alternative and very 
useful representation may be obtained by plotting \ Y\ and dy as a func- 
tion of frequency in rectangular coordinates as in Fig. 4-6. The ordinate 
of Fig. 4-6a is also a plot of current magnitude if the voltage is assumed 
to be constant. If the resistance of the series circuit is increased, the 
admittance will be decreased at all frequencies, but much more markedly 
in the neighborhood of the resonant frequency. A flatter curve will be 
obtained under these conditions. In Fig. 4-6 curve 2 is drawn for a com- 
bination with higher resistance than curve 1 . Curve 1 will discriminate 
more in favor of frequencies in the region of the resonant frequency and 
therefore is called a “more selective^' circuit. 

In order to specify the degree of sharpness, it is customary to compute 
the frequency band within which the admittance or current exceeds a 
certain proportion of the maximum. This proportion may be arbitrarily 
assumed; it is only necessary in comparing different curves that the 
same basis be used for each curve. The most convenient limiting points 
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to assume are those where the reactance has increased from its value 
of zero at resonance to a magnitude equal to the resistance. This 
will occur at two frequencies, one above and the other below the res- 
onant frequency. At these points since 1X| = and Z = \/ + X®, 
Z = \/2 the admittance is 70.7 per cent of its maximum value and 
the power \I\^R for a given voltage is one-half the value at resonance. 
These two frequencies, which shall be designated /i and/ 2 , are termed the 
lower- and upper-half-power frequencies, respectively. 

In most radio-frequency (rf) circuits, the reactances of the inductor 
and capacitor are individually much larger than the value of the resist- 
ance, so that, in the neighborhood of resonance, the reactance is a small 
difference between two relatively large quantities. It is preferable and 
convenient in the region of resonance to calculate this difference directly. 




(a) ib) 

Fig. 4-6. Resonance curve of a circuit containing R, L, and C in series. 


In Fig. 4-2a the slope of the reactance curve for the capacitance is 


dj 2TrPC 


(4-23) 


In Fig. 4-26 the slope of the reactance curve for the inductance is 

dXi 


At the resonant frequency 


df 


= 2irL 


(4-24) 


2irfrL = 


1 


or 


2irfrC 

“ 2^S7C 


(4-25) 


Therefore, from Eqs. (4-23) to (4-25), at the resonant frequency 


\dS )r V dS )r 


(4-26) 


which means that, if a change of frequency A/ is made in the neighbor- 
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hood of resonance, the capacitive reactance will increase algebraically in 
a positive direction the same amount as the inductive reactance. Since 
the capacitive reactance is negative, its absolute value will decrease by the 
amount that the inductive reactance increases. The increase in induc- 
tive reactance of an inductance when the frequency is increased by an 
amount Af is 

AXl = 27rAfL 

Therefore, the change in the reactance of a series circuit in the region 
of resonance, for a change in frequency Af, is twice the increase in induc- 
tive reactance alone, and so 

AX = 4rAfL (4-27) 

This expression will simplify computations of selectivity. 

In the case where the fretiuency band is to be determined, within which 
the power is eciual to, or greater than, one-half the maximum power, 
let /i equal the lower frequency at which the power dissipated is one- 
half the value at resonance. Let /2 e(iual the higher fretiuency at which 
the power dissipated is one-half the value at lesonance. Let fr be the 
frequency at resonance. It has been explained that at resonance the 
reactance will be zero and at /i and /> the reactance will be equal to the 
resistance. Furthermore A/ = /r — /i = /2 - fr- Then by Ecj. (4-27) 


Mfr - h)L = It 
4 t (/2 - fr)L == R 

Therefore /z - /i = (4-28) 


The sharpness of resonance in a circuit is therefore dependent on th(' 
ratio R/L and may be related to the quality factor of the series resonant 
circuit. 

Let 

BW = /2 — /i = half-power bandwidth (4-28a) 

Divide both sides of Eq. (4-28) by fr. Since BW is the difference 
between the two half-power points, 


BJV ^ hj-Jl ^ ^ ^ 

fr fr 2irfrL Qr 


(4-29) 


The percentage frequency discrimination of a resonant circuit BW /fr is 
therefore inversely proportional to the quantity Qr. 

At times it is desirable to examine the variation in voltage across indi- 
vidual components. For example, if the grid circuit of a vacuum tube is 
connected across the capacitor, the voltage across the capacitor would 
determine the current in the plate circuit. Figure 4-7 shows the reso- 
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nance curve for the three variables \El\, \Ec\, and |/| of Fig. 4-1. It 
will be observed that the three curves have practically the same sharp- 
ness, the two voltage curves being tipped slightly from the current curves. 
All three curves check Eq. (4-29) for sharpness of resonance. 

It will be observed from Fig. 4-7 that \El\ and \Ec\ maximize at practi- 
cally the resonant frequency, a phenomenon that has been termed the 
‘‘resonance rise of voltage. It may be shown that this maximum value 



of voltage is determined by the circuit Q and the applied voltage. At 
resonance 


E ^ ^ 
Rg "F R Rt 


(4-30) 


and the voltage across the capacitor will have the magnitude 


\Ec\ = 


i/i _ 


(ji)CRt 

But at resonance (»)rL = 1/corC. Therefore 
\Ec\ = 1^1 


(4-31) 


(4-32) 


A similar approximation holds for the voltage across the inductor. 
Remembering that any physical inductor has resistance, say, as in 
Fig. 4-7, one may write for the voltage magnitude across the inductor 
at resonance 

| 2 ? l | = ^ y/R^TX? 


(4-33) 
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Now if the quality factor of the inductor at fr satisfies the inequality 

Ql = § > 10 / = /r (4-34) 

Eq. (4-33) becomes approximately 

\El\ « ^ = \E\Ql (4-35) 

Equations (4-32) and (4-35) may be used to verify the data of Fig. 4-7. 

4-6. Effect of Source Impedance. For purposes of comparison with 
curves which will be shown later in connection with the discussion of 
antiresonance, Fig. 4-8 shows the same three variables for the extreme 
condition where the generator is a constant-current one. In a constant- 



Frequency, kc 

Fig. 4-8. Resorifincc t urves of a senes circuit driven by a constant-current generator. 

current supply the generated voltage is infinite, and the internal resist- 
ance is also infinite, but the ratio of generated voltage to the internal 
resistance is finite and equal to the current supplied. It will be seen 
that in Fig. 4-8 the series circuit does not provide any frequency dis- 
crimination whatever under this condition. 

4-7. The Universal Resonance Curve. Figure 4-6 shows the selec- 
tivity curves for two series resonant circuits having different values of Q, 
While the curves exhibit different peak values and different values of 
selectivity, still they have the same shape. This must be true because 
they both are described by the same basic equation 


/ = 


E 

R -f- y(a?L — X/oiC) 


where R is the total series resistance of the circuit, including the gener- 
ator, and it can be made easier to see if the basic equation is reduced to 
normalized form. Thus if current is divided by its peak or resonant 
value, and if frequency is divided by the resonant frequency, both these 
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quantities will be reduced to a dimensionless, ''per unit'' basis and a 
normalized equation will result that is applicable to all series resonant 
circuits. The process of normalization may be carried out as follows: 
Factor out R from the denominator of the basic equation. 


i = i \ 

R \ + H\/R){uL - l/uC) 

Factor out WrL from the second term in the denominator. 


But 


7 = ^ 

■* -n 


1 


R 1 jijbirL/ R){u3/(jiiT ~ l/c*>WrLC) 


E 

R 


= Ir 


(t)rL 


= Qr 


Jl_ 

LC 


= 


( 4 - 36 ) 


(4-37) 

(4-38) 


Substituting Eqs. (4-38) into Eq. (4-37), and dividing through by /r, 
there results 

Z “ 1 + jQrU/fr - fr/f) 

Equation (4-39) is in the desired normalized form and may be used for 
slide-rule calculations of both the magnitude and the phase of the cur- 
rent ratio. It should be noticed that the derivation of the equation 
assumes R to be independent of frequency in the vicinity of resonance. 
Actually R is frequency-dependent, but the use of the circuit Q defined 
at resonance eliminates R from the equation so that, in effect, the assump- 
tion is made that the circuit quality factor remains constant at its reso- 
nant frequency value. The validity of this latter assumption is discussed 
subsequently in the chapter. 

While Eq. (4-39) is in a form that yields to ready calculation by the 
slide rule, it is of interest to reduce it formally into polar form, viz.. 


and 


i / 
Tr 

d 


Vl + mf/fr - fr/f)r 


= — arctan Q, 




(4-40a) 

(4-406) 


If Eq. (4-40a), giving the normalized current response of the series 
resonant circuit, is plotted with f/fr as the independent variable, it will 
be found that the resulting curve displays geometric symmetry ^ that is to 
say, \I / 1 r\ will have the same value at two frequencies, /« and /b, whose 
geometric mean is /,, the resonant frequency. This may be demon- 
strated as follows: 

Let two frequencies be chosen such that 




(4-41) 
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Then the quantity /a//r — fr/fa is equal to 



1* _ P 

frh _ 1 

(h fr) 

\ fr fa) 

' Mr 

P ' 

Kfr h) 


(4-42) 


It follows at once, because of the identity between the two quantities 
marked with an asterisk, that \I/Ir\ in Eq. (4-40a) will have the same 



.07 01 2 3 4 6 .8 1 2 3 4 6 8 10 20 30 40 

fjfr 



( 6 ) 

Fig. 4-9. Comparison of resonance curves plotted against (a) logarithmic and (b) 
linear frequency scales 
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value at /« and fh] the property of geometric symmetry has been proved. 
It should be noticed also that, at fa and any two frequencies whose 
geometric mean is /r, B will have the same magnitude but opposite sign. 

One of the principal consequences of geometric symmetry is that Eq. 
(4-40a) displays mirror symmetry when plotted against a logarithmic fre- 
quency scale. This is illustrated in Fig. 4-9a, where Eq. (4-40a) is 
plotted for Qr = 5. The same data are plotted against a linear fre- 
quency scale at h in the figure to show the asymmetry that results when 
a curve having geometric symmetry is plotted against a linear frequency 
scale. It should be mentioned that both curves are plotted with a loga- 
rithmic ordinate scale to allow the convenient presentation of the almost 
100-to-l range of values present. Such a procedure does not affect the 
symmetry along the horizontal axis, for more or less obv^ious reasons. 

If, however, the second curve is inspected closely, it will be observed 
that in the vicinity of resonance^ i.e., for values of f/fr nearly equal to 1, 
the curve appears to he symmetrical^ as near as the eye can tell. Use is 
made of this fact to derive a simplified approximation of the .universal 
resonance curve [Eq. (4-39)], which may be used for calculations near 
resonance. This approximate form will now be derived, and it will be 
shown over what range of frequency it is valid. 

Let 5 be defined as the fractional deviation from resonance, i.e.. 


d 


_f-fr 
' fr 


Then, adding 1 to both sides of the equation, 


whence 


fr f 


1 + 5 = 1 + 
1 


1 + 5 - 

.2 + 5 


f-fr ^ I 
fr fr 

1+28 + 8* 


1 + 8 


1 + 8 


(4-43) 


(4-44) 


(4-45) 


If, then, the frequency is restricted to values near resonance so that 
|8{ '<^1, one has the approximation 


H-46) 

and the previous exact equation (4-39) becomes 

/ . 1 
Ir ~ 1 +j2QrS 


(4-47) 
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and the polar components of I/Ir become 


I ^ 1 

~ vrr (2^“ 

^ — arctan 2QrS 


(4-48) 

(4-49) 


Equation (4-48) displays arithmetic symmetry, i.e., at any two fre- 
quencies fa and /b, such that fr ^ fa = fh — /r, \I/ Jt\ has the same value. 
The proof of this proposition is left as an exercise for the student. 

Equations (4-48) and (4-49) are plotted in Fig. 4-10 to give the univer- 
sal resonance curves. It should be noticed that Qr5, rather than 8 alone, 



Q5 

Fig. 4-10 Universal irsonance curves. 


is used as the independent variable so that the curves are independent 
of the specific value of Qr. It must be stressed again that the curves are 
based on the assumption that |5| <3C 1. 

A brief explanation about the sign of 6 in Fig. 4-10 and Eq. (4-49) 
may be helpful. From the ecjuation it is seen that 6 is the angle of 1 
relative to 7r. If B is negative, I lags /r. But at resonance current 
and applied voltage are in phase; thus negative B implies current lagging 
the applied voltage, or a positive phase angle in the circuit. 

4-8. Approximate Form Errors. Some idea of the magnitude of the 
errors introduced by use of the approximate equation (4-48) may be 
obtained from Fig. 4-11, where the exact and approximate equations have 
been plotted for a Q, of 5 and of 10. The following facts may be observed 
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from the curves: (1) The approximate curves are tipped to the left about 
the point of maximum response so that for any given response the fre- 
quencies given by the approximate equation are lower than those given 
by the exact equation. (2) The difference between the exact and approx- 
imate frequencies decreases as resonance is approached. (3) The differ- 
ence between the exact and approximate frequencies decreases as Qr is 
raised. These points may be verified analytically from the work that 
follows. 



Fig. 4-11. Comparison of exact and approximate resonance curves for two values of Qr. 

Interestingly enough the approximate equation may be used to deter- 
mine the bandwidth, say, (A/) a, between the two frequencies at which 
the normalized response has the value 1/a. From Eq. (4-40a) 

whence (A/)a = ^ -\/a- — 1 = (BW) \/a- — 1 exact (4-50a) 

Qr 

From the approximate form, Eqs. (4-43) and (4-48), 

(/. - fr) = 1 ; (A/). = 

(A/)a = (BW) ^/a- — I approximate (4-506) 

Since Eqs. (4-50a) and (4-506) are identical, the statement is proved. 

If, however, the actual frequencies at which the normalized response 
is 1/a are required, then the approximate, arithmetic symmetry form 
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does introduce an error, the error being a function of Qr and the value of 
normalized response. Let 

ft, = exact frequency below resonance at which relative response is 1/a 
fb = approximate frequency below resonance at which relative 
response is 1/a 

Let it be required to find the value of Qr for which the difference 
between these two frequencies does not exceed 100k per cent. That is, 


fb 


or = y > 1 — k 

Jb 


Then from Eq. (4-40a) 

the negative sign being chosen because fjfr < fr/fh- Then 

The positive sign must be chosen for fl, to be positive. Expanding 
the second radical by the binomial expansion. 

In a similar manner from Eqs. (4-43) and (4-48) one obtains 


■2Qr = - Va^ - 1 

Jr 


or 

Then substituting for y in terms of fl, and ft and solving for Qr, 
Qr 


>■ - '^-4 - (' ± a/' + i/r- 1) 


(4-52) 


(4-53) 


where the positive sign will be chosen to minimize the error introduced 
by using only the first two terms of the binomial expansion in Eq. (4-51). 

By the hypothesis, y > 1 — k. Substituting into p]q. (4-53), one 
finally obtains 




(4-54) 


Equation (4-54) is plotted in Fig. 4-12 for k ~ 0.01 and 0.03. For 
example, if Qr is 25, frequencies determined by the approximate equation 
are correct to 1 per cent within the 3io relative response points. 

4-9. Tuning: Series Resonance with Variable Capacitance. In the 
foregoing discussion of resonance it has been assumed that the circuit 
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parameters remained fixed while the frequency of the applied voltage 
was varied to give a selectivity curve. Resonance was said to occur 
when the frequency had a value such that Xl = —Xc- 

In practice, resonance may be obtained in another manner. If the 
amplitude and frequency of the applied voltage are held constant, the 
circuit parameters may be varied to satisfy the resonant condition, viz., 
that Xl = — Xc. This procedure is known as tuning ^ and resonance is 
generally brought about by varying the circuit capacitance. 

In case capacitance is used as the abscissa of a resonance curve, it is 
again easiest to specify the sharpness in terms of the variation between 
half power points, i.e., the change in capacitance necessary to increase 



Relative response 

Fio. 4-12. Curves showinR the error between the exact and approximate resonance 
curves. The error between the two forms is lOOk per cent. 

the current from 0.707 to /n».x and reduce it again to 0.707 7„,ax. At 
each end point the total reactance will equal the resistance in magnitude. 
Let 

Cl = capacitance at lower half potver point 
C2 = capacitance at upper half power point 
Cr = capacitance at resonance 



wL 


o»Cj * 


J l_ 

uCi <oCi 
Ci-Ci 
uC\Ct 


= 2 R 


= 2R 
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Now Cr* nearly equals C 1 C 2 , and if AC is the change in capacitance 
between the two half power points, 


C 2 - Cl __ AC _ 
WC1C2 wC ,2 


AC 

Cr 


— ^licjCr 


(ijL 


2 

Q 


(4-55) 


Equation (4-55) is very similar to Eq. (4-29) ; so measurement of the 
sharpness of resonance by either the variation of frequency or the varia- 
tion of capacity may be used to find Q and the resistance of the circuit. 



f<fr f^fr f>fr 

ib) 

Fig. 4-13. Antiresonance in a parallel circuit. Note. The circuit is the dual of Fig. 
4-1. 

4-10. Parallel Resonance. In parallel resonance (antiresonance) two 
equal and opposite susceptances oppose each other, so that the admit- 
tance, instead of the impedance, is a minimum at the resonant frequency. 

This situation is represented in Fig. 4-13. The total admittance of 
the shunt circuit can be determined by adding the individual admit- 
tances in complex form 

r-o,+y(.c,- ( 4 . 56 ) 

Comparison of this equation, describing the shunt circuit of Fig. 4-1 3a, 
and Eq. (4-1) of the series circuit shows that these two circuits are exact 
duals, i.e., they are identical term by term except for the interchange 
of impedance and admittance. Thus admittance for the shunt circuit 
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behaves in exactly the same manner when frequency is varied as does the 
impedance of the series circuit. Hence by the principle of duality one 
may immediately sketch the admittance and impedance loci of the shunt 
circuit as shown in Fig. 4-14. The susceptance curves are also shown in 
the figure. 





Fio. 4-14. Admittance and susceptance curves for the parallel circuit of Fig. 4-13. 


The equation for the voltage drop across the shunt elements is 


E 


I _ 1 


(4-57) 


and again by the principle of duality it follows at once that E and Z 
(since I is constant) obey the universal resonance curve. This follows 
at once since Eq. (4-57) ma}" be reduced to the normalized form 


.w !i f 4 - 58 ^ 

Er 1 + jQrCf/fr ~ fr/f) 1 + j2Qr6 

It should be observed, however, that in this case, where Rp{=l/Gp) is 
in shunt with Lp, the circuit quality factor is given by Eq. (4-18), namely, 
Qr = i^p/wrLp, and since at antiresonance UrLp = l/«rCp, one may also 
write 

Qr ~ (^rCpRp 


( 4 - 59 ) 
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At this point the student may object that the shunt form of the anti- 
resonant circuit which has just been discussed is not the ^‘usuar^ anti- 
resonant circuit with which he is familiar; R should be in series with L 
rather than in shunt. In reply, it may be stated that the behavior of 
most antiresonant circuits at rf can be described equally well by both the 
shunt and the more conventional representations. At best, they are 
both only first-order approximations to the physical circuit. The rea- 
sons for this statement will be discussed later. For the moment the 
student's objection will be recognized. Consider the more familiar form 
of the antiresonant circuit that is shown in Fig. 4-15. 

In this diagram it will be seen that the capacitive component of sus- 
ceptance neutralizes the inductive component at the resonant frecjuency. 
If there were no resistance, there would be no total current and the admit- 
tance would be zero. At this frequency the power factor is unity. This 



Fig. 4-15 Antiresonance m a parallel circuit of modified form. 


will be discussed shortly under the algebraic solution. At frequencies 
below resonance, the circuit is inductive and above resonance it is capac- 
itive, which is the reverse of the series-resonance case. 

It is often desirable in circuits which are composed largely of reactive 
elements to determine the approximate manner in which the reactance 
varies with frequency. This can be done if the resistive components are 
neglected and sketches are drawn for the variation of the reactive compo- 
nents with frequency. Several examples of reactance sketching will be 
discussed in this chapter. A practical application of the use of these 
sketches will occur in the discussion of filters and Foster's reactance 
theorem. 

Then, if R of Fig. 4-15 is neglected, the susceptances of that circuit 
are identical to those of the shunt circuit (Fig. 4-14a) and the curves of 
Fig. 4-14c and d apply here as well. In all reactance curves where 
resistance is neglected it should be noted that the slope is positive at all 
frequencies. 

To solve algebraically for the impedance of Fig. 4-15, the procedure is 
to add the two admittances. 
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Let Y » total admittance. 

_ R + i(Xi + Xc) 

{R +jXt)jXc 
„ _ 1 _ —XiXc + jRXc 
Y R+j{Xi. + Xc) 

Rationalizing, 

_ RXc^ .X^Xl + XcXl^ + R^Xc 

+ {Xl + XcY /?» + (Xx + XcY 

4-11. Condition for Unity Power Factor in Parallel Resonant Circuit. 

In order to make Zt a pure resistance, the imaginary part of Eq. (4-62) 
should equal zero. 

Therefore for unity power factor 

Xc^Xl -f XcXl^ -h R^Xc = 0 

= -Xl{Xc + Xl) (4-63) 

It will be noticed that for unity power factor the criterion is not quite 
the same for series and parallel resonance, as in the former — Xc must 
equal Xl. Where, as is often the case in radio circuits, the quality factor 
Qr is high, say, greater than 10, Xl E, and Eq. (4-63) nearly reduces 
to the equation. 


(4-60) 

(4-61) 

(4-62) 


Xl ^ -Xc (4-64) 

For example, let 

Xl = 1,000 ohms 
/? = 20 ohms 

Then to find Xc for unity power factor, change Eq. (4-63) to 

jfo - - (x. + f;) 

= -(1,000 + 0.4) = -1,000.4 (4-65) 

whose magnitude is almost equal to Xl- 
Where the resistance is appreciable in comparison with the reactance, 
the inductive reactance should not be equal to the capacitive reactance 
and the currents II and Ic will have a definite ratio different from unity. 
This can be used to set the circuit for unity power factor if an ammeter 
is placed in each branch. This ratio is computed as follows: From 
Eq. (4-63) 

R2 + Xl^ = -XlXc 

ft* + Xl* _ Xl 

Xc* Xc 
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Substituting Eq. (4-65) for — Xc, 

+ Xl^ _ Xl^ 
Xc^ Xl^ + 


But \Ic/Il\ = \/R^ -{■ XlV|Xc|. Therefore for unity power factor 


Jl y/Xt} + R^ 


(4-66) 


Radio-transmitter circuits are sometimes tuned to resonance by making 
use of Eq. (4-66). 

4-12. Conditions for Maximum Impedance in Parallel Resonant 
Circuit. It may be that, instead of desiring uniixj power factor from the 
adjustments of the parallel circuit, maximum impedance is required. In 
making the adjustments, the capacitance, frequency, or inductance may 
be varied. It is usual to adjust the capacitance in any resonant circuit, 
as this can most readily be made variable by the physical construction. 
Equation (4-61) is the simplest to find when the absolute value of Z is a 
maximum. Since the interest lies in the absolute value, the square of the 
impedance is most readily handled. This will eliminate square roots and 
when |Z|* is a maximum, \Z\ will be, also. 

From Eq. (4-61), by finding the absolute value of numerator and 
denominator 


I ^ {R^ -t- X^^) Xc^ 

+ {Xl + XcY 


(4-67) 


Equation (4-67) is simpler to apply than the use of the square root of 
the sum of the squares of the components in Eq. (4-62). 

To maximize with respect to Xc, 

d\Z\^ _ (R^ + Xl^)12Xc[R^ + (Xl + XcY] ~ 2XcHXl + Xc)| _ . 

dXc '[R^ + (XL~h ~XcYY ~ 

R^ -h Xl^ -f 2 XlXc + Xc^ - XlXc - Xc' = 0 

R^ = -Xl{Xc + Xl) (4-68) 

It will be seen that Eqs. (4-68) and (4-63) are identical, and therefore, 
when the capacitor is adjusted so that the impedance is a maximum, the 
circuit of Fig. 4-13 will also have unity power factor. 

If the physical inductance of Fig. 4-13 is adjusted, the resistance may 
vary with the inductance. The nearest approximation is to assume they 
will vary proportionately; i.e., in varying the inductance, the magnitude 
of Zl will vary but not its angle. Now 

IZlI^ = R^ + Xl* 

Xl ^ \^l\ ^ 
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Equation (4-67) may be written 


|Z|* 




\Zl\* -f- 2\Zi,\Xc sin $ -|- Xp* 


(4-69) 


in which \Zl\ represents the absolute magnitude of the impedance of the 
inductive branch. To maximize with respect to \Zi.\ 


d\z\* _ 

^\Zl\ 

Xc^[2\Zi.\{\Z4^ -t- 2|Zt|Xcsin 6 -|- Xc*) - |Zt|*(2|Zi| -|- 2Xcsin 0)] _ 
(|Zt|^ + 2lZi.|Xcsin»-|-Xc*)* " 

\Zl\^ + 2\Zl\Xc sin -|- Xc* - \Zl\‘ - |Zi|Xc sin e = 0 

-Xc = \Zl\ sin e = Xl (4-70) 


Therefore the way to make |Z| a maximum, as \Zl\ is varied, is to 
make the capacitive and inductive reactances have equal magnitudes. 
It has been shown that, when the resistance is small, this is practically 
the same as the criterion for unity power factor. 

The maximum value of impedance may be found by substituting Eq. 
(4-70) into Eq. (4-61), thus: 


Z„ = - ^ = -XciQr - 3) (4-71) 


Taking magnitudes, 

|Z„| = |Xc| VQ7 + 1 (4-72) 

and again, if Qr is large with respect to 1, to a good approximation 


IZ..I = |Xpie, = A 


(4-73) 


In a similar way the condition may be found for maximum impedance 
when the frequency is varied. It will be found that, 
when Qr is large, Eq. (4-64) gives a high degree of ^ | 

approximation and hence the antiresonant frequency 
is approximately 

/, = ^ ^, -= (4-74) 


2t y/LC 




4-13. Resonance for Inductance and Capacitance 
in Both Branches. The derived equations can also be 
applied to the circuit shown in Fig. 4-16, provided that 
the term Xl applies to the total reactance in one 
branch and Xc applies to the total reactance in the other branch. In 
order to secure parallel resonance, one branch must have its inductive 


Fig. 4-16. Parallel- 
resonant circuit con- 
taining Rf L, and C 
in both branches. 
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greater than its capacitive reactance, and the reverse must be the case 
in the other branch. 

In Fig. 4-17 is shown a circuit in which taps are brought out from 
intermediate points on the inductance. The 
condition which must be met to secure resonance 
between a and c is that the inductive reactance 
of one branch is equal to the magnitude of the 
capacitive reactance of the other branch, or 

co(Li + L2 + 2L12) = ^ (4-75) 

This is the same as saying that the total reactance measured around the 
I 00 PL 1 L 2 C (including the effect of mutual inductance between Li and L 2 ) 
is zero. 

To secure resonance between h and c, the inductive reactance of L 2 
must equal the capacitive-reactance magnitude through LiC, namely, 
— [w(Li + 2 L 12 ) — 1/coC]. Therefore 

C 0/.2 = ^- "(^1 + 2Ln) (4-76) 



Fig. 4-17. Parallel reso- 
nant circuit with variable 




But Eqs. (4-75) and (4-7G) are identical, and therefore, it resonance is 
secured between two points at any frequency in a parallel circuit, the 
circuit will be resonant at the same frequency between any other two 
points. 

It should be remembered that, if the capacitance between the leads 
a and c is appreciable in comparison with C, the movement of the tap 
from a to 6 maj have an effect on the resonant frequency. 

While the resonant frequency has not been changed by altering the 
connection of the lead from a to fe, the impedance will be less than the 
impedance between a and c. It may be shown that 


provided that 


and 


^ac 


1 r CJr(I>l 4~ ~h 2 L 12 ) 

(j3rC L R\ “h 1^2 
[air(/-^l -f- Z/2 + 

Ri “H R 2 

03r{Ll + 1/2 + 2L12) , 

Ri + R2 



(4-77) 


Zhe = 2^2 + J(*3rL2 “ 

ML2+Li2)P 
^ Ri + Ri 


Rj^ — [cilr(I /2 + Li2)Y + j2R2(ar{Li "b L12) 
Ri “t- R2 


( 4 - 78 ) 
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provided that 


iaJLz 


»1 


1»7 


where Zac = impedance at resonance between points a and c 
Zhe = impedance at resonance between points h and c 

4-14. Sharpness of Resonance in Parallel Circuit. It is apparent 
that, when a parallel combination of inductance and capacitance is con- 



800 900 1,000 1,100 1,200 

Frequency, kc 


Fig. 1 - 18 . Effect of generator resistance on the voltage across a parallel resonant 
circuit. 

nected to a generator with a zero internal impedance, the voltage across 
the combination will not vary with frequency. On the other hand, if the 
generator has a high impedance, the voltage drop in this impedance will 
be a minimum at the antiresonant frequency where the current is a mini- 
mum. Therefore, the voltage across the combination will be a maxi- 
mum at this frequency and will drop off as the frequency is increased or 
decreased from this value. The current through either branch will be a 
maximum at approximately the frequency where the voltage is a maxi- 
mum. As the resistance of the generator is increased, this curve will 
become more peaked, because the drop in the generator impedance 
increases more at the off-resonant frequencies than at resonance. Fig- 
ure 4-18 shows how the voltage across the capacitor varies with fre- 
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combination. 

In order to compare the sharpness of resonance for the curves of Fig. 
4«18, they have been replotted in Fig. 4-19 with the following modifi- 
cation: As the resistance of the generator was increased, the generated 
voltage was also increased so as to bring all the curves to a common peak. 
This is often approximated in practice, for higher generated voltages are 
usually associated with higher internal resistances, both in vacuum tubes 



Frequency, kc 


Fig. 4-19. Resonance curves of Fig 4-18 with generator voltages modified to give a 
common peak 

and in electromagnetic generators. It is also possible in Fig. 4-19 to 
include the case for a constant-current generator and show that, unlike 
the series-resonance case, the constant-current generator gives the most 
selective curve of all. 

In order to make a comparison of the change, with frequency, of the 
different variables in the series and parallel resonant cases. Figs. 4-20 
and 4-21 have been drawn. In Fig. 4-20 the parallel circuit matches the 
generator resistance of 20,000 ohms at antiresonance. This should be 
compared with the series case of Fig. 4-7, where the same R, L, and 
C in series match the generator resistance of 50 ohms at resonance. It 
will be seen that, except for a different scale of ordinates, the curves of 
Fig. 4-7 can be superimposed on the curves of Fig. 4-20. However, the 
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Fig 4-21 Resonance curves of a parallel circuit driven by a zero-resistance generator. 

curve of common current of Fig 4-7 corresponds in shape to the curve of 
common voltage of Fig. 4-20, the voltage across the capacitor in Fig. 4-7 
corresponds to the current through the inductor of Fig. 4-20; and the 
voltage across the inductor in Fig. 4-7 corresponds to the current through 
the capacitor of Fig, 4-20. 
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As a further comparison Fig. 4-21 has been drawn for the case where 
the generator has zero internal impedance. The curves are of the same 
character as those shown for the constant-current supply of the series 
circuit shown in Fig. 4-8 ; they could be superimposed on each other with 
the same correspondences as between Figs. 4-7 and 4-20. 

It can thus he seen that, to secure sharpness of resonance with a low- 
impedance generator, series resonance should be used, while, to secure sharp- 
ness with a high-impedance generator or supply network, a parallel combi- 
nation must be used. As most of the generators in communication circuits 
have a high impedance, parallel resonance is used much more extensively 
than series resonance. 

4-15. Universal Resonance Curve. In previous sections it has been 
shown how duals in the series and parallel resonant circuits behave in 
the same manner. It may now be demonstrated that the previously 
derived universal resonance curves may be applied to the parallel reso- 
nant circuit, provided that Q is properly evaluated. Thus consider the 
circuit of Fig. 4-22a. Application of Norton^s theorem to the generator 




produces the equivalent circuit shown at h. It is convenient to reduce 
this to the equivalent circuit c. 

Thus, changing the RL branch into equivalent shunt form, 

Y _ 1 _ ^ ~ 

" R^jo>L R^ + (u>Ly 

Then if Ql of the inductor is 10 or greater, R^ or 


V ~ ^ _ X 

~ (wLy wL 


(4-79) 


This of course corresponds to a shunt resistance (uLy/R and a shunt 
inductance L. The net effective shunt resistance R,, as depicted at c, 
will be the parallel combination of (juLy/R and Rg, 


Re 


Rg{wLy/R 




Qe 


Rg + {wLy/R R -1- {wLy/Rg 
Since R, and L are in parallel, the circuit Q becomes at resonance 

Re_ _ <I),L _ (Qz,)r _ (Qi)r 

UrL R + iwriy/R, l + {uLy/R,R l + (Qi.),tOrL/Rg 


(4-80) 


(4-81) 
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The last step is obtained by dividing numerator and denominator of th^ 
expression by B, 

Then for the final circuit (Fig. 4-22c) 



/ 

l/Re+j{o>C - l/a)L) 


(4-82) 


Multiplying numerator and denominator by Rt and factoring out l/wrL 
from the parentheses, 

IJ^ 

1 + (Re/ COrL) (oyOJrLC — COr/w) 


Noting that I Re = Ery the voltage at aiitiresonance, and substituting 
for known quantities, 


E 1 

Er 1 +jQe(f/fr-fr/f) 


(4-83) 


This expression is identical to I/Ir for the series resonant circuit; there- 
fore the universal resonance curves of Fig. 4-10 also apply to normalized 
voltage in the antiresonant circuit. This fact will be of particular use 
in the study of tuned amplifier circuits in Chap. 15. 

Inasmuch as the circuit under consideration is the dual of the series 
resonant circuit, one may expect a resonance rise of current in each 
branch. This may be proved as follows: The current through the capac- 
itor in Fig. 4-22c will be, at resonance. 

If the left-hand member of Eq. (4-83) is multiplied by Ir / /, the equa- 
tion is seen to give the normalized impedance of the antiresonant circuit 


Z 1 

Zar l+jQe(f/fr-fr/f) 


(4-83a) 


Equation (4-83a) may be evaluated to give the equivalent series imped- 
ance of the antiresonant circuit, as shown in Fig. 4-23. The curves are 
plotted for the arithmetic symmetry approximations. 

4-16. Design of an Antiresonant Circuit. A problem which frequently 
presents itself is that of designing a parallel circuit which will convert a 
branch resistance into a definite higher resistance at antiresonance. The 
usual circuit which is used is that shown in Fig. 4-15. From Eq. (4-62) 
the impedance at antiresonance will be a pure resistance given by 

I? 

""" ^ R^ + (Xl + Xcy 


(4-85) 
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Fig. 4-23. Equivalent series impedance of a parallel resunant circuit. 

From Eq. (4-G3) (Xl + XcV = R*/Xl^. Introduce this in Eq. (4-85). 

j? — Xc^Xj} f. 

" R{I{^ + Xl^) ^ 

Also from Eq. (4-63) -XlXc = + Xi}. Therefore 


R^ + Xi.\ 


Xl = A//e(/far - R) 

~Xl,Xc = RarR 

Y' RgrR r> / 

Jiaryj- 




Rar — R 


(4-87) 

(4-88) 


One of the principal applications of such an antiresonant circuit is as 
the tuned plate load of a class C amplifier. In that application the 
relatively small resistance load R is transformed into the large value 
Bar required for proper loading of the vacuum tube. The tuned circuit 
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serves another important function in this application in that its select 
tivity characteristic discriminates against the high-order harmonics that 
are present in the plate current. Satisfactory suppression of these 
unwanted harmonics requires a inductor Ql of 10 or more. This restric- 
tion brings up an important question in design because there are only 
two adjustable parameters in the network, Xl and Xc- Consequently 
it is impossible to design for three arbitrary values, Ran and Ql. It 
will be shown that, if Ql is specified, the impedance transformation ratio 


n = 


Rar 

R 


(4-89) 


must be greater than a specified value. By definition Ql = XlIR- 
Introducing Eq. (4-87), 

whence n = Qi^ + 1 (4-90) 


Equation (4-90) may be applied to (4-87) and (4-88) to give 


and 


Xc = 



Ql 


Xl = Xc 


Ql^ 

Ql^ + I 


(4-91) 


Thus if Ql is to be 10 or greater, the transformation ratio must be at 
least 101 ;1, and to a good approximation Xl = —Xc- 

If this ratio causes Rar to be too large, a satisfactory load for the tube 
may be obtained by tapping down on the coil as discussed in Sec. 4-13. 

4-17. Circuit Components at Radio Frequency. In the foregoing 
treatment of resonant circuits it has been assumed that the circuit 
parameters, /?, L, and ( 7 , are independent of frequency, and they have 
been thought of as circuit constants. Actually this may not be true; all 
three parameters vary with frequency, and their variation may become 
quite significant in rf work. These phenomena will now be considered. 

4-18. Inductors. It is customary to think of the equivalent electrical 
circuit of an inductance coil as a constant inductance L in series vdth a 
constant resistance R. Actually at higher frequencies such a naive 
equivalent circuit is not adequate. If the student thinks of the physical 
construction of a coil carefully, he will realize that all three types of 
impedance elements are present: inductance due to the flux linkages 
when current flows in the coil; resistance due to the finite conductivity 
of the wire that makes up the coil; and capacitance distributed through- 
out the entire structure, between turns and from end to end. 

The effective wire resistance increases with frequency because of skin 
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effect and the proximity effect. In the former it may be shown that 
increasing frequency changes the current distribution within the cross- 
sectional area of the wire conductor, causing the current to crowd toward 
the surface of the conductor. The resultant decrease in effective cross- 
sectional area causes a change in effective resistance proportional to the 
square root of frequency. 

Further, the change in resistance is also affected by the flow of current 
in nearby conductors. In an inductor this means that the distribution 
of current in any given turn is affected by the current in the other turns, 
causing a further change in the effective cross-sectional area. The result- 
ing increase in resistance has been termed the proximitij effect. 

It can be seen readily that the construction of an exact equivalent cir- 
cuit for an inductor is a complicated procedure, and resort is generally 
made to a first-order approximation to the actual circuit. This sim- 



(a) (6) (c) 


Fig. 4-24. Equivalent inductor circuits (o) First-order approximation, (b) Below 
antiresonant frequency, (c) Above antiresonant frequency. 

plified equivalent circuit is shown in Fig, 4-24a. It will be observed that 
the circuit is precisely the antiresonant circuit that has been studied in 
earlier sections, and their results may be applied here. In order to 
emphasize that resistance changes with frequency because of skin and 
proximity effects, the internal resistance of the inductor will be repre- 
sented by R{f). The equivalent series impedance of the inductor may 
be determined from Eq. (4-62) and is plotted, assuming R{f) is constant, 
in Fig. 4-23. The curves show that the circuit is inductive below the 
self-resonant frequency of the inductor, fr — l/27r y/LC, and is capac- 
itive for / > fr. Thus if the inductor is to have an inductive reactance, 
its operation must be confined to frequencies below the self-resonant 
frequency. It may be shown from Eep (4-62) that the effective series 
inductance at frequencies well below fr is given approximately by 


L. 


L 

1 - (///.)* 


( 4 - 92 ) 


provided that Qt = <aL/R > 10 over the frequency range of interest. 
This inequality is usually satisfied by most inductors in the rf range. 
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Fia. 4-25. Variation of typical inductor parameters as a function of frequency. 
Air core, (b) Metal core. 


(a) 


In a similar fashion the effective series resistance at frequencies well 
below fr may be shown to be 


Re 


R(f) 

[1 - (f/frn 


(4-93) 


where the variation of R(f) with frequency is generally not known but 
will be something greater than VJ. 

Figure 4-25 shows the measured variation of L*, and Q* = €aL«//?« 
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for two typical inductors. It will be observed from these data that over 
a given frequency range Qe remains more constant than whose exact 
behavior is difficult to predict. It is for this reason that the universal- 
resonance-curve equations are expanded in terms of Q at the resonant 
frequency. 



/,Mc 

Fig. 4-26. Effect of metal shield on inductor parameters. 

It is the usual practice in rf work to surround inductors with a grounded 
aluminum shield to minimize both the magnetic and the electric coupling 
to nearby units. Such a shield adds further complication to the induc- 
tor^s behavior because the shield acts like a secondary circuit of induc- 
tance and resistance coupled by mutual inductance to the inductor. 
The first-order approximate circuit of a shielded inductor is shown at 
the inset in Fig. 4-26. The student may verify, at least in a qualitative 



(a) (6) 

Fig. 4-27. Equivalent capacitor circuits. 


fashion, that the shield acts to lower L* and raise Measured data 
for Le and Qe as a function of frequency are plotted in Fig. 4-26 for a 
typical inductor, with and without a shield. 

4 - 19 . Capacitors. The first-order-approximation equivalent circuit of a 
capacitor is shown in Fig. 4-27. R represents the losses of the capacitor 
dielectric, and Ll and Rl represent the lead inductance and resistance, 
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respectively. For good air or mica dielectric capacitors R may be 
assumed infinite, giving the series resonant equivalent circuit of h. In 
this case the lead inductance may become of appreciable importance at 
frequencies in the vicinity of 100 Me or more. In that range the induct- 
ance of a single lead is given to a good approximation by 

L = 0.00508J ^In ^ - 1 

where I = lead length, in. 

d = lead diameter, in. 

Thus if a 100-/i/xf capacitor has 1-in. leads of No. 22 copper wire on each 
end, the inductive reactance of the leads is 26 ohms. Considering that the 
reactance of C alone is —16 ohms at the same frequency, one notes that 
at 100 Me the whole structure is inductive with a reactance of 10 ohms! 


Mb 


(4-94) 



Fig 4-28 Q-meter ciicint used for measuring parameteis of an inductor. 


4-20. Measurement of Circuit Parameters. The results of the two 

preceding sections show that the design of circuits at radio frequencies is 
difficult because circuit parameters are not constants as they can be 
assumed to be in the lower power frequencies. This is particularly true 
when operation is extended into the very-high-frequency (vhf) (30- to 
300-Mc) and ultrahigh-frequency (uhf) (300- to 3,000-Mc) ranges. At 
these high frequencies the best procedure is to determine the effective 
parameters by direct measurement at the desired operating frequencies. 
The series parameters of an inductor may be determined cpiite readily at 
rf by means of a number of devices whi(*h are known commercially as 
‘‘Q meters.^* The operation of one such device will now be explained 
since it is an excellent practical application of series resonance. The 
basic circuit is given in Fig. 4-28a, the equivalent circuit in Fig. 4-286. 
The current furnished by a calibrated oscillator, is held constant by 
suitable controls and a thermocouple current instrument. Application 
of Th^venin^s theorem yields the equivalent circuit at the right. With 
the unknown coil connected to the terminals T, the variable capacitor is 
adjusted until a maximum voltage is indicated on the vacuum-tube volt- 
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meter. This maximum value of \Ec\ occurs at resonance, where 


/ = ^ 

+ Re 

So \Ec\ = /lA-cl = 

But resonance is defined by equal values of Xl and \Xc\] therefore 

\Ec\ = m (4-97) 


(4-95) 

(4-96) 


In a typical commercial version of the instrument R' is 0.04 ohm and for 
the usual case may be considered negligible with respect to R,-, thus 

\Ec\ = \E,\Qe (4-98) 


If, therefore, /', and so Eg, is set to a fixed, known value, then the vacuum- 
tube voltmeter ma 3 ^ be calibrated directly in Qe. The effective induct- 
ance is given by 


Le = 


1 

0>r^C 


(4-99) 


The above description covers only two of the many measurements that 
can be made with the Q meter. The other properties of resonance may 
be applied for the measurement of the distributed capacitance of induc- 
tors and the like. While the Q meter may be used to determine the 
quality factor of an inductive circuit, it cannot determine the Qr of a 
resonant circuit at the resonant frequency. This is because at fr the 
series resonant circuit has a series impedance that is a pure resistance. 
This difficulty may be overcome by measuring Qr by means of the half- 
power-bandwidth method. For example in the circuit of Fig. 4-5e the 
frequency of the applied voltage may be varied to /i and/ 2 , at which the 
current drops to 70.7 per cent of its resonance value. Then by Eq. 
(4-29) the Qr of the entire circuit including the generator impedance at 

fr will be Qr = /r/(/2 ~ /l). 

On the other hand, if it is required to find the quality factor of the res- 
onant circuit R L C alone, one can obtain the desired result from im- 
pedance measurements, for the total reactance is 


X 


Xl "4" Xc = wZ/ — 


wC 


Differentiating with respect to /, 
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f 

But at the resonant frequency the derivative has the value 

Then from the derived form for Qr and Eq. (4-100) 


{QL)r = 


6}rL 

~R 



(4-100) 


(4-101) 


Inasmuch as R and (dX/df)r can be determined from impedance 
measurements, Eq. (4-101) may be used to determine (QL)r from lab- 
oratory data. The equation also is of value in determining the Q of 
resonant sections of transmission lines. 

The quality factor of an antiresonant circuit may be determined in a 
similar manner. The two half-power frequencies /i and /2 may be found 
as the frequencies at which the voltage across the antiresonant circuit 
drops to 0.707 times its resonance value. Then Eq. (4-29) gives the 
quality factor, at the antiresonant fre(|uency, of the entire circuit includ- 
ing the generator impedance. 

The Q of the antiresonant circuit alone may be determined from admit- 
tance measurements, and by duality the necessary relationship may be 
shown to be 


- 


C) — zZr’iJ I 

^ o \ 



(4-102) 


where Gp is the eciuivalent conductance ot the network at the antiresonant 
frequency. 

4-21. Multiple Resonance. It is possible for a network to be resonant 
at one frequency and antiresonant at another; in fact a network is limited 
in the number of its resonant and antiresonant frequencies only by the 
number of its capacitive and inductive elements. Circuits that have 
more than one resonant or antiresonant frequency are said to exhibit 
multiple resonance. 

An example of the use of a circuit which is resonant at one frequency 
and antiresonant at another is the case where a parallel combination of 
inductance and capacitance is inserted in an antenna circuit to present 
a high impedance to an interfering signal. Such a combination is called 
a “wave trap At the same time the circuit as a whole is tuned to 
resonance to accept a desired signal. 

It is often the practice, where such networks become rather compli- 
cated, to analyze their behavior on the assumption that only pure react- 
ances are present, i.e., the small resistances representing the power losses 
in the reactance elements are neglected or assumed to be zero. As has 
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been explained previously, this practice greatly simpliSes the work 
involved and means are available to correct the results for the resistive 
components. 

Subject to this simplifying assumption, a great deal can be learned 
about a multiple-resonant circuit from its reactance or susceptance curves 
similar to Figs. 4-2 and 4-14c and d. The method of using these curves 
may be demonstrated by working the example shown in Fig. 4-29. 




Fig. 4-29. Circuit displaying multiple resonance. 

At h the reactances of Li and Ci are added to get their total reactance 
Xi as a function of frequency. Since the two branches LiCi and C 2 are 
in parallel, they may be handled most readily as susceptances. Thus 
at c, Bi is the reciprocal of Xi and is added graphically to B 2 = WC 2 . 
The reciprocal of their sum is plotted at d. This is the reactance of the 
combination of the three elements. 

Inspection of d shows that at fi the over-all impedance is zero, indicat- 
ing series resonance; therefore /i is a series resonant frequency, or a zero. 
Furthermore, the total impedance is infinite (remember, lossless elements 
have been assumed) at/ 2 ; thus /2 is an antiresonant frequency, or a pole. 

The frequencies at which the zero and pole occur may be determined 
by setting up the equation for Z, the driving-point impedance. 

„ _ (— //wC2)/(a)Li — 1/wCi) 

jicoLi - l/«Ci - l/aiC2) 
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Factoring out Li/u from the numerator and denominator, 


J_ - l/LiCi 

mCs , 1 

" LiCiCt/{C, + Cl) 


(4-103) 


It is clear that, at = IfLiCiy Z = 0, defining a zero, or resonant fre- 
quency. Thus, adopting the previous notation, 


LiCi 

Similarly at = - - ■ } — r~ 7 r\^ Z ^ y defining the pole, or anti- 

L\LiL2/\S^\ “T t/2) 

resonant frequency. 

1 1 


(4-104) 


So 0)2^ 


LiCiC2/(Ci + C 2 ) 


0)2 = 


(4-105) 


Vi'iCiC2/(Ci -f- C 2 ) 

By introducing Eqs. (4-104) and (4-105), Eq. (4-103) may be simplified 


to 


The circuit of Fig, 4-30 may be analyzed in a similar 
manner to give 


r(a,^ - a,,*)-] 
1/2 2\ 1 

(4-106) i 

[(0)2 ~ 0)2*) J 

1 


Z — J<*)Lo -7—^ 2 \ 

(aj2 — wjZ) 




where wi is a pole of value 


and W 2 is a zero of value 


LiCi 


(4-107) \ , 1 

1 

1 

Fig. 4-30. 

Cir- 

cuit whose 

im- 

(4-108) p e d a n c c 

is 

given by 

Eq. 

(4-107). 



1 


LqLiC 1/ {Lo + Li) 


(4-109) 


The subscripts of the w^s are chosen to show the order of their values, 
that is, 0)2 > 

It will be observed that Eqs. (4-106) and (4-107) are quite similar in 
form, differing only in the coefficient preceding the bracket and in the 
subscripts of the o)*s. This similarity represents a general principle which 
may be obtained by extrapolating these results. Thus the driving-point 
impedance of any lossless, two-terminal network will have the form 


/j _ „ - <Jol^)(ctf^ - 0)02^) (o)^ - 0)03^) « > « (o)g - 0?O,,2) . 

(o)* — 0)xl®Kw* — «x2*)(ci)* — C«)x3*) * • • (o)® — 0)xm*) ^ 


where x = jtaH or a; = H/jw. 

The student should note that the foregoing sentence is stated without 
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proof. The above results merely show that two circuit configurations 
of lossless elements have driving-point impedances of the specified form. 
The general proof is available in more advanced texts. 

4-22. Foster’s Reactance Theorem. In Eq. (4-110) each frequency 
uokl^TT is a zero, for if / = Z = 0. Further, these values of frequency 
are known as internal zeros, meaning simply that they are finite and 
different from zero frequency. Similarly, each frequency coxik/2T is an 
internal pole; if / = /xa^, Z qo and/xt will always be finite and different 
from zero frequency. With these definitions and Eq. (4-110) one may 
state Foster’s reactance theorem: The driving-point impedance of any 
two-terminal j lossless network is uniquely specified by its internal poles and 
zeroSj which occur at real frequencies, and a scale factor H. This follows 
because H and the internal singularities are the only constants in Eq. 
(4-110). 

Two corollaries are of importance here. 

Corollary 1 . The poles and zeros of a two-terminal lossless network must 
alternate along the frequency scale. This is known as the separation prop- 
erty of such networks and may be proved by differentiating Eq. (4-110). 
It will be found that dZ/j dco > 0, that is, the reactance curves will always 
have positive slopes. (This is also apparent from the fact that both the 
reactance and susceptance curves of ail lossless components have positive 
slope.) Then since Z can change sign at only a pole or a zero, the sep- 
aration property is proved. 

A consequence of the separation property is that the number of inter- 
nal zeros, z, and the number of internal poles, p, can never differ by more 
than 1. 

In working a numerical example, it is convenient to have the subscripts 
on the internal singularities ordered so that < W 2 < ws • ' * . It is 
therefore desirable to expand Eq. (4-110) into two alternative forms 
corresponding to the two possible forms of the external factor x. 

If X = jooHj 0 ) = 0 and Z = 0 at direct current. Then by virtue of 
the separation property, the next higher (or first internal) singularity 
must be a pole, with zeros and poles alternating above that. Thus, for 
X = jooHf Eq. (4-110) may be written 


7 = Of 71 ~ t02^) (a?^ c«>4^) - — (ci)^ — C02^^) 

(w^ — aji2)(c«)2 — W3*) • • • (w^ — W2*±l) 


(4-1 10a) 


On the other hand, if a: = H/j<ay Z — > oo at w = 0, indicating an exter- 
nal pole at direct current. By the separation property the first internal 
singularity must be a zero, with poles and zeros alternating with increas- 
ing frequency. Thus for x = if/jeo Eq. (4-110) may be written 


H (o)^ C0l^)(a?^ — 0^3^) • • • (ctf^ — 

jo) («* — CU2^)(«® — «4®) •••(«* — 


z 


(4-1106) 
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Corollary 2. There are only four possible types of reactance curves thal 
may he obtained with two-terminal j lossless networks. This corollary may 
be proved by noting the possibilities inherent in Eqs. (4-1 10a) and 
(4-1106), namely, z and p may be equal or may differ by 1. Since there 



Shunt circuit 







Fig. 4-31. Summary of basic Foster reactance networks. 


are two equations each having two possible relationships between z and 
p, Z has four possible forms. These are illustrated in Fig. 4-31. 

Consider a specific example, say, x = joH and z — p. As previously 
explained, an external zero occurs at direct current. Then an equal 
number of internal singularities alternate, beginning with a pole and end- 
ing with a zero. By the separation property an external pole occurs at 
infinite frequency. The last statement may also be verified from Eq. 
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(4-1 10a). Factoring out coV«* and taking the limit as « oo ; 


lim Z = 
«0 


lim I ?7 “ (“ 2 /“)*][l — (" 4 /w)®] • • • [1 - (wi,/&))*] 

urn --(a„/<.)^][l - (a„/«)»]- • • (1 - 


This case is illustrated in Fig. 4-31a. In the diagram zeros are indicated 
by a small circle and poles by a small cross. 

Two of the possible circuit configurations that give the specified react- 
ance curve are also shown in the figure. It is of interest to note how these 
circuits may be checked from physical considerations. Thus, continuing 
the previous example, which is shown at a in the figure, consider the 
behavior of the series form circuit. At direct current there is a direct 
short through the inductances Lo, Li, L3, . . . , L2*-i, giving Z = 0 at 
direct current. At infinite frequency the reactance of Lo is infinite. 
Since Lo is in series with the remainder of the network, Z — > 00 at infinite 
frequency. Thus the two external singularities of the reactance curve 
have been verified : a zero at direct current and a pole at infinite frequency. 
Furthermore, since the several antiresonant loops such as L\C\ are all in 
series, the total impedance must be infinite at the antiresonant frequency 
of each of these loops; hence the number of antiresonant loops must 
correspond to the number of internal poles on the reactance curve. 

The shunt circuit may be checked in a similar fashion. Lo contributes 
the external zero at direct current. Since each of the shunt branches 
contains a series inductance, Z is infinite at infinite fre(iuency. The 
number of series resonant branches must equal the number of internal 
zeros on the reactance curve for, at each resonant frequency, the total 
impedance goes to zero. 

The other three possibilities are also shown in Fig. 4-31 and may be 
checked by the same methods used in analyzing Fig. 4-3 la. 

4-23. Canonic Forms. The student should take particular note of 
the fact that, in each of the Foster networks shown in Fig. 4-31, the total 
number of elements is one more than the sum of internal poles and zeros 
and is the minimum number of elements that may be used to synthesize 
a given reactance curve. It is for this reason that the Foster networks 
are referred to as fundamental, or canonic, circuit forms. The value of 
these canonic forms in designing a minimum-element structure to give a 
specified reactance curve will become apparent when the synthesis of 
these reactive networks is considered. 

4-24. Synthesis of Foster Networks. The components of a Foster 
network to provide a given reactance frequency curve may be deter- 
mined by expanding Eq. (4-110) with the proper number of pole and 
zero factors, by partial fractions, as described in Sec. 2-13. Such an 
expansion reduces the equation into a series of terms each of which may 
be identified with a capacitance and inductance in parallel, or an anti- 
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resonant circuit. This procedure may best be illustrated by working a ’ 
typical example. 

It is required to synthesize a reactive network which will give a 
response as shown in Fig. 4-316, having two internal poles, u)i and wa, 
and one internal zero, C 02 . For this case, then, Eq. (4-110) reduces to 


Z 


. _ ^^2) 


(4-111) 


The degree of a, in the numerator is 3, and in the denominator 4. Thus 
Z is a proper rational fraction, and the partial-fraction expansion^ in 
terms of is 

A B 


Z = jo}H 


f-- 


Wl^) (0,2 — 0,3^). 


(4-112) 


Since the two equations (4-111) and (4-112) must be identical, one may 
evaluate A and B by equating the terms within the brackets. 


+ 


B 


( 0,2 — 0,2^) 


(c«j 2 — aJl 2 ) ( 0,2 — 


0,3 


(0,2 — Ci,l 2 )(w 2 — 0)32) 


Reducing to a common denominator. 


Let 0 ) = «i. 


or 

Let 0 } = 0 , 3 . 


or 


A{o)^ — 0,3^) + jB(0i, 2 — = (ci,2 — 0,2*) 

A{o3i^ — 0,3*) = (o,i2 — 0,2*) 

A == (ttfl* — 0,2*) 

(0,i2 — 0,3*) 

R(o, 3* — 0,i2) = (0,3* — 0,2*) 
j . ^ (0,3* - W2*) 

(0,3* — 0,i2) 


(4-113) 


(4-114) 


Thus, given the values of the poles and the zero, one may obtain 
numerical values for A and B. Then Eq. (4-112) becomes 


A jojHB 

(0,2 — 0,l2) (0,2 — 0,32) 


(4-115) 


Since the total impedance of two networks in series is the S2im of their 
individual impedances, Eq. (4-115) represents two impedance combi- 
nations in series. Each combination may be identified from Fig. 4-32, 
where a number of basic reactance combinations are tabulated. Thus 
each term of Eq. (4-115) is a shunt LC combination, and the components 


*See, for example, W. L. Hart, “College Algebra,” D. C. Heath and Company, 
Boston, 1926. 
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of the Grst term may be calculated. From Eq. (4-115) and Fig. 4-32 

M (4-116) 

The components of the remaining parts of the network are calculated in 
a similar manner, and it will be noticed that the series-form network of 
Fig. 4-316 has been derived. 


r 

Element 

z 

Y 

Internal singularity 

R 

L 

0 — 

j(t3L 

1 

None 

1 

Bsa 

1 

j(t)C 

jfjsC 

None 

H 

Li Cl 

o-^TJOT^(— 0 


(t) 

yLi(o)2-o)i2) 


d 

Lz 

C2 

0) 

0) 


;C2(a>2-o)2^) 

* hCz 


Fig. 4-32. Summary of basic elements for synthesizing Foster reactance networks. 


In any specific problem one additional piece of data, other than the 
poles and zeros, must be specified in order that H may be evaluated. 
This is illustrated in the following numerical example: 


Design a series-type Foster network to give a driving point impedance of 
+jl00 ohms at 0 ) = 1 megaradian/sec. There is to be a zero at 3 megaradians/ 
sec, and poles at 2 and 4 megaradians/sec. Following the previous notation of 
ordering the subscripts, let 
wi = 2 megaradians/sec 
0)2 = 3 megaradians/sec 
0)3 = 4 megaradians/sec 

To find H, substitute o) = 1 raegaradian/sec into Eq. (4-111). 


jlOO = i(l X IQ^)H 


(1 X Wy - (3 X 10”)^ 


= -jH 
or - - 


[(1 X 10«)2 - (2 X 10»)*J[(1 X wy - (4 X 10«)*] 

(4-1 lOo) 

8 X 10-« 


45 
45 X 10* 


8 X 10--« 


-5.63 X 10» 
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From Eq. (4-113) 

. ^ ^ (4 - 9) X 10» ^ . ...g 

(«i* - «,*) (4 - 16) X 10^* ^ 

From Eq. (4-114) 

„ ^ (C08^ ~ 0^2^) ^ (16 ~ 9) X 10^^ ^ 

^ (0)3^ - oji*) (16 ~ 4) X IQi* +0-584 

From Eq. (4-116) 


and Cz = 


■" (5.63 X 10«) (6.416) 
= 58.7 /xh 

1 

(5.63 X 10») (0.584) 
= 20.5 ^ih 


= 4,250 fifJLf 


= 3,040 fifii 


L\ and Ci are in parallel. Cz and Lz are in parallel. The two parallel com 
binations are in series. This completes the design of the required network. 

The student might well wonder how the equivalent shunt Foster net- 
work of Fig. 4-3 Ih is derived. In that form a number of branches are in 
parallel ; hence a good approach to the problem would be to work in terms 
of admittance, rather than impedance, because admittances in parallel 
add directly. Thus, to get the shunt equivalent of the previously derived 
network, one need only invert the impedance equation (4-111) and expand 
by partial fractions. (Notice the similarity here to the procedure used in 
the last chapter to design equivalent shunt-form two-terminal imped- 
ances.) Thus, inverting Eq. (4-111), 

1 - 0 , 3 =) 


JO)// (o)^ — a>2^) 


(4-117) 


As in the previous example the partial-fraction expansion is to be carried 
out in terms of w-; so it is convenient to multiply through by co/w, giving 

W (&)2 - a)l2)(u2 _ 

^ -jH~ ^ 

Now F includes an improper rational fraction whose degree of w in the 
numerator is not less than the degree of w in the denominator; thus one 
divides through once by the denominator to give the partial-fraction 
expansion in 


jii V - «s7 

_ <i» . (7 I wD 

~ jH - w,>) 


(4-118) 
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Remembering that F, C, and D may be positive or negative depending 
upon the specific values of the singularities, one can, by comparing each 
term with the basic forms of Fig. 4-32, identify them as 


jH' 

C 

jHo>- 

coD 


A capacitance of value Co 
An inductance of value Lo 



A series resonant circuit with resonant frequency / 2 , where 


L2 


H 

D 


and C 2 


1 

W2^Z/2 


(4-119) 

(4-120) 

(4-121) 


These three branches are all connected in parallel to give the shunt Foster 
form of Fig. 4-31 />. It should be apparent that the two constants C and 
D are evaluated in the same manner as were A and B of the series-type 
circuit. 



Fig. 4-33. A redundant network. Figure 4-30 gives the same impedance function 
with a minimum number of elements. 


4-26. Simplifying Redundant Networks. It has been pointed out (but 
not proved) that Foster networks are canonic in that they synthesize a 
given reactance curve with the minimum number of reactive elements. 
This fact may be utilized to simplify a redundant network. Repeated 
addition of reactance and susceptance curves shows that the reactance of 
the circuit of Fig. 4-33 exhibits one internal pole and one internal zero as 
shown at 6. Then, since the network has four elements, rather than 
three as is the case with canonic forms, the original network is redundant; 
it has more than the minimum number of required elements. A Foster 
network may therefore be designed which will require only three elements. 
One such possible network is shown in Fig. 4-30. As a matter of fact, 
whenever in a network the number of inductors differs from the number 
of capacitors by more than one, there are redundant elements. How- 
ever, there can also be such elements when this is not the situation, and 
a resort to reactance plots is one of the simplest methods to discover 
^ redundancy. 



BESONANCB 179 

I 

4-26. Cauer Networks. The student must not think that the Foster 
forms of Fig. 4-31 are the only types of canonic networks. Other con- 
figurations are possible; for example, where only four internal singularities 
are needed, a dead-end bridged T structure may be used (see Prob. 4-15). 
In any case, regardless of the number of poles and zeros a Cauer network 
may be used in place of a Foster network. These Cauer structures are 
ladder networks and have the form shown in Fig. 4-34a. They are 
derived by expanding the impedance function into a continued fractiony 
rather than a partial fraction. The expansion of the driving-point imped- 
ance of a two-terminal ladder network into a continued fraction may be 
demonstrated for the generalized ladder structure of Fig. 4-34a. The 
series elements of the network are written as impedances, and the shunt 


0— 1 I I Zj I — 






(a) 





( 6 ) 



Fig, 4-34. Cauer networks. 



elements as admittances, for convenience in the expansion which begins 
at the right-hand end of the network. 

The driving-point impedance of the last two elements may be obtained 
by inverting Yi and adding it to Zz. 

z. = z, + ^ 

/ 4 


The driving-point admittance of the last three elements may be obtained 
by inverting Zi, and adding it to Fj. 


Ya = 


Yt + 


1 

Z, -I- l/F. 


Then the driving-point impedance of the entire array is 




1 

Y, + 1/(Z, -I- I/F 4 ) 


(4-122) 


Blquation (4-122) is in the form of a continued fraction and is often 
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(4-122a) 


where the symbol | is a space-saving notation for the continued fraction. 

In general any driving-point impedance function may be synthesized 
by two alternative Cauer networks, the series-L type of Fig. 4-346, and 
the series-r type of Fig. 4-34c. For the series-L type the continued- 
fraction form of Z will be 


Z = -f- 


(4-123) 


This form may be obtained by arranging the analytical expression for 
Z in descending powers of o) and carrying out a process of lepeated long 
division, the remainder being inverted after each division. The result- 
ing expression will have the form of Eq. (4-123), but the coefficient of 
each jcj term will ha\ e a numerical value. Then each element of the 
network may be identified with its corresponding term in the continued 
fraction and so may be evaluated. 

For the series-f' Cauer network the continued-fraction form of Z will b<‘ 


^ = izk + ri/jW \r/ko! \i/}ol! + \i/k^ + ■ ■ 

In contrast to the series-L case the numerical form of Eep (4-124) is 
obtained by arranging the analytical expression for Z in ascending powers 
of 03 before carrying out the process of repeated long division. These 
methods will be illustrated later by numerical examples. 

The study of Foster-type networks earlier in the chapter showed that 
only four types of impedance curves can be obtained from lossless two- 
terminal networks. It was also shown that the character of the external 
singularities placed certain restrictions on the elements in the network. 
Since Cauer networks are also two-terminal lossless structures, similar 
restrictions apply to them. Knowledge of these restrictions can guide 
the algebraic manipulation that must be carried out in the synthesizing 
process. 

Consider these restrictions for the series-L type (Fig. 4-346). If the 
impedance is to be zero at direct current, C 2 n must be shorted out so that 
a continuous path from terminal to terminal is provided through induct- 
ances alone. Furthermore, if a zero is to occur at infinite frequency, 
Li must be shorted out so that a purely capacitive path connects terminal 
to terminal. This latter fact may be verified by Eq. (4-123). If Li is 
different from zero, Z » at infinite frequency; if Li is shorted out, 
Z = 0 at infinite frequency. 
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A similar set of restrictions may be set up for the series-C network of 
Fig. 4-34c. If the impedance is to be zero at direct current, Ci must be 
shorted out so that L 2 may provide the required short-circuit path 
between terminals at direct current. This fact may be verified from 
Eq. (4-124). Furthermore, L 2 n must be shorted out if a zero is to occur 
at infinite frequency. 



L. L3 C3 



(6) (c) 

Fio. 4-35. Examples of two Cauer networks and their impedance curve. 


With these restrictions established, the process of synthesizing Cauer 
networks to give a specified impedance function may be illustrated. 


Design a two-terminal lossless network to meet the following specifications; 
Z = j\.b\ ohms at 1.59 kc, and there shall he only two internal singularities, a 
pole at 15.9 kc and a zero at 31.8 kc. 

From the specifications it may be predicted that the reactance frequency curve 
has the form shown in Fig. 4-35a. Since the curve exhibits a zero at direct 
current, the factor z in Eq. (4-110) Further from Eq. (4-110) the expres- 

sion for Z must be 


(w* — Wi*) 


where W 2 = 2ir(31.8 X 10*) = 2 X 10* radians/sec. 

0)1 = 2Tr(15.9 X 10*) = 1 X 10* radians/sec. 
and one may predict that the form of the network will be that shown in Fig. 
4-356. The value of H may be determined by substituting in the equation for 
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(0 * 2ir(L59 X 10>) =* J X 10^ radians/sec. Thus 


H - -Ml 10" - 10'^ 
^jlO* 10* - 4 X 10*« 


= 0.375 X 10-^ 


Hence the analytical expression for the required impedance function is 


Z = ia)(0.375 X 10-^) 


- 4 X 10^0 
0)2 - 10'« 


The series-L type Cauer network will be designed first; hence the numerator is 
multiplied out and the terms arranged in descending powers of o;. 


„ _ (0.375 X 10-^)jo)3 - (1.5 X 10«)io) 
0)2 - 10'® 


Then by long division 

075 X 10-> 

0)2 - 10'®) (0.375 X 10-‘)3o) 3 -"(1'.5 X 10®)7o) 

X 10-^)jo)® - (0.375 X l()®)./o) 
~ 1.125 X 10^0) 


or 


Z = 


(0.375 X 10-^)3o) - 


(1.125 X 10®)7a) 
0)2 - 10'® 


To get the continued-fraction form, the remainder, or second term, is inverted and 
the process of long division carried out again. 


^^8^ >^lO-®)jo) 
-(1.125 X 10®);o))o)2 - 1 X 10'® 


-1 X 10'® 


or Z - (0.375 X 10-‘)jo) + 


1 


I . 10 ' 

h 


1(0.889 X 10-®)3o) 11.125 X 10«3o) 


Rearranging the remainder, 


Z (0.375 X 10 •)jo) + |(Q ggg + 1(1.125 x ]0-')iu^ 


But, from Fig. 4-356, Z in terms of the circuit elements must be 


Z 


= jiaLi + 





1 I 

b’wLs 


Then, comparing coefficients in the last two equations, one has 

Li = 0.375 X 10-^ = 37.5 
C 2 = 0.889 X 10-« = 0.889 /xf 
Li - 1.125 X lO*-* = 112.5 /xh 

This completes the design of the series-L-type Cauer network. It should be 
observed that the number of circuit elements is 1 greater than the number of 
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internal singularities; hence the structure is canonic. The student will observe 
that for this case the Cauer and series-type Foster networks are identical. When 
more than two internal singularities are required, this is no longer true. 

To illustrate further the method of continued fractions, let a 8eries-(7 network be 
designed to give the same impedance function. This is done by first arranging the 
analytical expression for Z in ascending powers of w. 

(1.5 X - (0.375 X 


It has already been determined that a zero occurs at direct current; hence Ci in the 
netwoik must be zero, and one predicts that the network will have the form shown 
in Fig. 4-35c. Since the reactance of Ci must be zero, one inverts the equation for 
Z and begins the process of long division, the remainder being inverted each time 
as has been demonstrated above. The resulting expression is 


a667j< 10‘ 

- " 1 -L 

2 X 10« ^ 

r- ' 

0.75 

joi 

j(j) 

1(0.375 X 10-^)ia) 


But from the figure 

Then by equating corresponding terms 


L2 

Cz 

U 


0.667 X 10‘ 
1 


2 X 10' 


= 0.5 yi 


0.375 X 10-' „ , 

“0.75 


This completes the design of the series-(7 Cauer structure, which, once again, is 
canonic, the number of elements exceeding the number of internal singularities 
by 1. 

4-27. Choosing Canonic Forms. The results thus far indicate that 
for any given impedance function at least four possible canonic networks 
may be designed — two Foster and two Cauer types. Theoretically, at 
least, all four give identical behavior, and the student might well wonder 
why all four types have been considered when any one will do the job. 
Aside from pedagogic reasons, the answer lies in the practical problems 
of building a network that has been designed. 

For example, as has been seen, all inductors inevitably have some shunt 
capacitance. The effect of this capacitance is to cause undesirable 
changes in the effective inductance, especially when the frequency of 
operation approaches the self-resonant frequency of the inductor. On 
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this basis alone, then, the series Foster circuit seems preferable, for its 
design calls for a capacitance, say, C, shunted across each inductance, 
save possibly one. This capacitance may be used to ‘‘wash out’' the 
stray capacitance associated with the coil, that is, C may be adjusted so 
that its value plus the strays equals the design value. Such a procedure 
cannot be used in the shunt Foster forms, but these latter permit the use 
of a common ground connection. 

Another practical consideration is the size and cost of the components 
required by each of the equivalent networks. In general each of the four 
possible circuits requires a different set of values. Thus that design 
having the most economical set may be chosen. In this regard one may 
note the following facts about low-level circuit components used at low 
voltages and currents. 

Fixed capacitors are generally made with three types of dielectrics: 
paper, ceramics, and mica in that order of increasing cost. The nominal 
ranges of capacitance available with these dielectrics are: 

Ceramip 1 ju/tf-O 01 

Mica 6 fi/xi-O 01 /if 

Paper 500 /i/if-1 /if 

As a general rule cost and physical size go up with capacitance. The 
paper dielectric gives the greatest losses, and its values drift more with 
time and temperature. Thus where possible it is desirable to use capac- 
itance values not exceeding 0.01 /xf with either ceramic or mica as the 
dielectric. 

Variable capacitors which may be used for trimming the parameters 
to the proper value are generally available with three types of dielectric. 
The nominal ranges are : 

Ceramic 50 ntxf max, 7 : 1 ratio 

Air 500 /i/xl max, 10:1 ratio 

Mica 0 001 fi\ max, 10- 1 ratio 

In regard to inductors those having inductances up to approximately 
100 juh are often self-supporting and may be adjusted over a small range 
by slight changes in the between-turns spacing. In another type of 
construction the coils are wound on a supporting tube of treated paper or 
ceramic with a movable slug inside the tube. Slugs of high-permeability 
materials such as powdered iron alloys or magnetic ceramics (ferrites) 
increase the effective inductance as they are centered in the coil winding. 
Slugs consisting of a shorted turn of silver-plated copper decrease the 
effective inductance as they are centered in the coil winding. In general, 
positioning of the slug proves a 2 or 3 to 1 change in effective inductance. 
The high-permeability-type slug increases inductance more than effec- 
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tive coil resistance with the result that Q’s of the order of 100 or more 
may be obtained. 

In the millihenry range the single-layer type of winding is usually 
replaced by groups of narrow-width multiple-layer coils. In the 100-mh 
and greater range resort is often made to winding the coils on closed cores 
of high-permeability materials. 

4 - 28 . Reactance Frequency Curves for Dissipative Networks. The 

reactance curves shown thus far are for ideal elements of zero resistance. 



Fig. 4-36. Effect of inductor losses on the impedance function of a Foster network. 

They show the reactances reversing through infinity at the antiresonant 
frequencies. Such ideal elements do not exist, and furthermore nature 
does not deal in infinities. Therefore, the actual reactance must reverse 
by passing through zero at antiresonance. This has been shown in Fig. 
4-23. Because of the behavior of the real part of the impedance, the 
magnitude of the impedance goes through a large, but finite, maximum 
at the pole. How these effects show’^ up in a physical Foster network is 
illustrated in Fig. 4-36. 

The network was designed to the following specifications: Z = +^400 
ohms at 2 kc; internal zeros at 500 cycles and 1.5 kc; internal pole at 
1 kc. Design values of inductance, namely, Lo == 58.2 mh, L 2 = 54.6 mh, 
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were set to only two significant figures on decade inductors. The induc- 
tor quality factors were Qo = 90, Q 2 = 81, both measured at 1 kc. 

The measured value of Z at 2 kc was 14.1 +^’405 ohms. Poles and 
zeros checked the design values to less than 3 per cent, which is within 
the accuracy of the frequency calibration of the oscillator and of the 
’mpedance-measuring equipment. 

Measured values of resistance were less than 20 ohms from 0 to 590 
cycles and above 1.7 kc. The student should notice that, even though 
X passes through zero at the pole, \Z\ is large, approximately 8,500 ohms, 
because of the sharp rise in the resistive component. 

4-29. Resonant Circuits as Impedance -transforming Networks. Sec- 
tion 4-16 has shown how a parallel resonant circuit can transform a low 
resistance in one of its branches to match a high-resistance generator. It 
will be shown later in Chap. 11 how a parallel resonant circuit can be 
used to match any two impedances external to itself, a function which it is 
peculiarly able to perform in the narrow h-f bands used in radio commu- 
nication, where the constants necessary to build an efficient transformer 
of inductances alone cannot be attained. 

PROBLEMS 

4 - 1 . Draw a log-log reactance vs. frequency chart for the following values of induct- 
ance and capacitance: 1, 2, 6, 8, and 10 mh; 0.01, 0.02, 0.04, 0.06, 0.08, and 0.1 ^tf. 
Cover the frequency range from 10 cycles to 1 Me. 

4 - 2 . By geometrical inversion derive the admittance locus of a series circuit con- 
sisting of constant L in series with R that varies from 0 to 

4 - 3 . Repeat Prob. 4-2 for a circuit of constant C in senes with R that varies from 
0 to oe. 

4 - 4 . A 53-ohm resistor is in senes with an inductance coil. The parallel inductance 
of the coil is 100 /xh and the parallel resistance 56.5 kilolims. 

а. Reducing the network to an equivalent series circuit, find Ql and Q at 1 Me. 

б. Verify your results for Q by using the basic definition in terms of stored and dissi- 
pated energy. 

4 - 6 . An inductance of 200 /xh has a Q of 50, which is to be assumed independent of 
frequency. This inductance is connected in scries with a capacitance of 100 nfii to a 
generator with a generated voltage of 1 volt. The generator has a constant internal 
resistance equal to the Tesistance of the coil at resonance. Construct a table from 
which the curves of current, voltage across the capacitor, and voltage across the 
inductance as a function of frequency may be determined. 

4 - 6 . Verify the results of Prob. 4-5, using the universal resonance curves. 

4 - 7 . Using Eq. (4-48), verify that BW — fr/Q- 

4 - 8 . A radio antenna has an effective series resistance of 25 ohms and an induced 
voltage of 250 /xv. The antenna is connected to a series coil and variable capacitor. 
The coil has inductance L = 270 /xk, and its Q varies as 


/, kc 

550 

800 

1,000 

1,200 

1,400 

1 1,600 

Q 

60 

81 

92 

1 99 

JOO 

1 94 
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a. Plot a curve of Qr vs. /, where Cr is the value of capacitance required to produce 
resonance. 

h. Plot a curve of \E\c vs. /. 

4 - 9 . Verify Eq. (4-83) by reducing the circuit of Fig. 4-22a into an equivalent series 
circuit. This may be done by applying Th4venin's theorem to all the circuit lying 
to the left of the capacitor. 

4 - 10 . An inductance of 200 /xh has a constant Ql of 50 and is shunted by a lOO-M/uf 
capacitor. The shunt combination is connected to the terminals of a generator whose 
internal resistance is equal to the antiresonant impedance of the tuned circuit. The 
generated voltage is 100 volts. Plot a curve of voltage across the tuned circuit vs. 
frequency in the neighborhood of the antiresonant frequency. 

4 - 11 . A class C amplifier is to work into a resistive load of 10 kilohms at 500 kc. 
The physical load of 72 ohms, pure resistance, is placed in series with an inductance L 
whose resistance is negligible. This combination is shunted by a capacitance C to 
form the tuned tank circuit. 

a. Calculate the required values of L and C. 

h. What is the Q of the tuned load? 

c. It is found that the fundamental and second-harmonic components of plate 
current have relative amplitudes of 0.325 and 0.26, respectively. Calculate their 
relative amplitudes in the 72-ohm resistance. What is the percentage reduction of 
second harmonic to fundamental? 

4 - 12 . An inductance of 200 /xh has a Q of 100. Two capacitors are connected in 
scries across its terminals. A generator with an internal resistance of 10,000 ohms is 
connected across one of the capacitors. What should be the capacitances of the two 
capacitors, in order that the load presented by the parallel circuit to the generator 
shall be a resistance of 10,000 ohms? What will be the generator current and the cur- 
rent in each branch in this case^ / = 1,000,000 cycles. 

4 - 18 . The d-c inductance of a coil is 20 ^h, and the coil is self -resonant at 20.5 Me. 

a. Calculate the effective series inductance at 10 Me. 

h. Up to what frequency does the series inductance remain within 1 per cent of its 
d-c value? 

c. What is the shunt capacitance of the coil? 

4 - 14 . A Q meter has a fixed frequency oscillator that operates at 1 Me. The 
capacitance C is variable from 30 to 450 iiid. 

a. Draw a calibration curve to show how the capacitor may be calibrated to read 
effective series inductance directly. Is any advantage to be gained by using a log-log 
plot of L vs. C? Explain. 

h. What should be the oscillator frequency to have the 
C scale direct reading from 0.1 to 1.5 mh? 

4 - 16 . The dead-end bridged T network shown in Fig. 

4-37 has the values 
Lii * Z/2 ® 100 /xh 
Cl Cj *« Cs » 100 /LX/xf 

а. Calculate the internal poles and zeros of the network. 

б. Sketch the curves of driving-point reactance vs. 
frequency. 

c. Is the network canonic, i.e., does it have the mini- 
mum possible number of elements? 

4 - 16 . Synthesize a series-type Foster network that has the same input impedance 
as in Prob. 4-15. 

4 - 17 . Synthesize a shunt-type Foster network to give the Z of Eq. (4-1 10a). 


^3 



Fig. 4-37. Dead-end 
bridged T network. 
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4 - 18 . The circuit of Fig 4-33a has a pole at a>i » 10* radians/sec and a zero at 
=* 1 6 X 10® radians /sec The input impedance is 4-jl,000 ohms at 08 X 10® 
radians /sec Design a series-type Foster network that is equivalent to the original 
network 

4 - 19 , Design a Caiier network to synthesize the impedance 

^ 2 X 10i« - 9 5 X 10-®co2 + 2 5 X 

> - 3 5 X 10 
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BRIDGE NETWORKS 


An important class of networks often encountered in communication 
engineering comprises the null, or bridge, networks. Those circuits usu- 
ally take the form of a two-terminal pair whose elements are so arranged 
that at some particular frequency both the nodal and mesh transfer 
impedances between the terminal pairs become infinite. Use may be 
made of this property to measure voltage transfer ratios, impedance, and 
frequency. The property of infinite transfer impedance may also be 
used to separate two signals originating at different points but traversing 
a common network, e.g., two telegraph or telephone messages passing 
along a transmission line in opposite directions. Three basic types of 
null networks and some of their more important applications will be con- 
sidered: the a-c Wheatstone bridge, 
the parallel-T, and the bridged-T net- 
works. A number of applications of 
bridge networks which employ mutual 
inductance will also be considered. 

6-1. A-C Wheatstone Bridge. Fig- 
ure 5-1 shows the components of a 
Wheatstone bridge for measuring im- 
pedances. A source of alternating 
voltage is impressed between the 
points a and 6, and a detector is con- 
nected between the points c and d 
In the af band this detector is usually Detector 

a pair of telephone receivers, but it Wheatstone bridge for 

may be another indicator such as a * 

vacuum-tube voltmeter. The detec- 
tor may incorporate an amplifier to make it more sensitive. It is 
desirable that this amplifier be tunable to the frequency being measured. 
A sensitive harmonic analyzer makes an almost ideal bridge detector. 

When the bridge is balanced, the points c and d are at the same poten- 
tial and no current will flow in the detector circuit, no matter what its 
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impedance. Then one may write at balance 


and 

Therefore at balance 


IiZi — I2Z2 
I\Zz = I^Za 


Equation (5-3) is the equation of balance of the a-c Wheatstone bridge, 
i.e., if the four impedances satisfy Eq. (5-3), no current flows in the 
detector, the transfer impedance between terminals a, b and c, d is infinite, 
and the bridge is said to be balanced. 

In the general case all the four impedances are complex; thus the 
equation of balance imposes two requirements on the circuit, one con- 
dition on the impedance magnitudes, and one on their angles, for Eq. 
(5-3) may be written : 

\z,\/ej _ \z,\/i, 

W \ /n ~ W \ /c ( 5 - 4 ) 


\z,\/ez \z,\/e. 


whence 


— ^3 “ ^2 — 


A similar set of conditions on the real and imaginary components of the 
impedances may also be derived. 

When the bridge is used for impedance measurement, it is customary 
to make Zi and Z 2 pure resistances. For this condition E(i (5-3) sim- 
plifies to 

Rz+jXz Ri+jX, 

Inverting the equation. 


Rz , Xz 


R2^^ Rz 


For Eq. (5-7) to be satisfied, the real components of both sides of the 
equation must be equal and so must be the imaginary components. 
Thus, if Z 3 is the unknown impedance, its components may be deter- 
mined as follows: 

Equating reals, 


£12 


Equating imaginaries, 


(5-9) 
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Or alternatively one may find from Eqs. (5-4) and (5-5) that 

\Z^\ = IZ4I (6-IO0) 

itz 

and 63 = $4 (5-106) 

Equations (5-10) state that the polar coordinates of the impedances 
must balance, and Eqs. (5-8) and (5-9) show that this is equivalent to 
saying that the rectangular coordinates must balance. Either pair of 
e(iuations proves that, in general, two adjustments must be made on any 
a-c bridge to secure a balance. This is in contrast to a d-c bridge, where 
one adjustment only is necessary (although the ratio arm may be adjusted 
roughly to bring the reading within the limits set by the range of the 
variable arm). 

6-2. Adjustment of Wheatstone Bridges. Physical adjustments may 
correspond to the satisfying of a balance in cither polar coordinates or 
rectangular coordinates. For example, in Fig. 5-1, let the impedance Zz 
be the unknown. Suppose that a variable reactance in series with a 
variable resistance is provided for Z 4 . Within quite a wide range, then, 
/t\ and /?2 may be fixed, so that, if they are adjustable, their variations 
usually occur in big steps. The value of the variable reactance X 4 is 
then adjusted to satisfy Eq. (5-9) and the value of the variable resist- 
ance R 4 (plus any resistance inherent in the reactive element) is adjusted 
to satisfy Eq. (5-8). This is, then, a balancing of rectangular coordinates. 

It is easier to construct resistances variable over a wide range than 
variable reactances. Frequently, therefore, for a-f measurements the 
reactive standard X 4 is fixed in magnitude. Under these conditions a 
balance may be obtained if one of the ratio arms Ri or R 2 in addition to 
Ri is continuously adjustable, or else its increments should be small 
enough to fall within the accuracy required in the measurements. The 
adjustments required are, first, to make resistance R 4 such that the power 
factor or angle of Z 4 is ecjual to that of the unknown Z 3 , thereby satisfy- 
ing Ecj. (5-106), and, second, to adjust one of the ratio arms R\ or R 2 
until h]q. (5-lOrt) is satisfied. The actual controls, therefore, individually 
obtain a balance for each of the two polar coordinates. 

In practice, it is not feasible to balance one coordinate exactly before 
balancing the other. In either t 3 ^pe of adjustment (polar or rectangular) 
one control should be changed until the tone in the receivers or any other 
indication which may be used is an approximate minimum; then the other 
control should be varied unt.il the tone is further reduced. By alternating 
from one control to the other, successive approximations will finally 
secure an exact balance. The number of alternations required will 
decrease with experience. 

This “sliding balance’’ may be thought of in terms of a man who is 
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constrained to walk in either the north-south directions or the east-west 
directions, trying to reach the bottom of a lopsided bowl-shaped valley. 
Starting at any given point in the bowl, he walks east or west until he 
is at a minimum elevation at that latitude (adjustment of 72). He then 
walks north or south until he finds the lowest altitude on that longitude 
(adjustment of X), then east or west again, and so on, until he finally 
reaches the bottom. 

It has sometimes been suggested, in discussions of the bridge, that the 
resistances should be first balanced on direct current. This operation 
is of no value in most cases, as the effective resistance of the majority 
of networks or impedance elements will vary with frequency. This 
change in effective resistance with frequency (and similar changes in 
effective inductance or capacitance) also introduces a difficulty in bridge 
balances if the source of alternating voltage is not a pure sine wave, for 
when a balance is reached for the fundamental, the harmonics will not 
be balanced and so a tone remains in the detector. When using the tele- 
phone receiver as the indicator, the operator must concentrate his atten- 
tion on this fundamental, and, with practice, he can distinguish it and 
notice when it disappears, if the harmonics are not too strong. If a selec- 
tive circuit in the detector is used, the same effect is achieved by elec- 
trically or mechanically concentrating the attention on the fundamental. 

The fact that the balance of bridges for a particular configuration 
depends upon frequency may be used as a means of determining an 
unknown frequency. In this case the variable arm may be calibrated 
directly in terms of frequency. The bridge may also be used as a har- 
monic analyzer. 

Since inductors cannot be wound with zero resistance, there will be 
times when, in order to secure a balance, resistance must be added to the 
unknown Z3 instead of the standard Z4. An example of this would be, 
in a balance of polar coordinates, when the power factor of the unknown 
is less than that of the standard inductance. Inductance standards must 
be wound with air cores to prevent saturation effects, and their power 
factor is therefore high in comparison with inductors which have cores 
of ferrous materials. 

6-3. Sensitivity of Bridge. It is possible to select a wide variety of 
combinations of Zi and Z2 which will give a balance for the bridge of 
Fig. 5-1, if Z4 is also adjustable. It is desirable to select an order of 
magnitude for these impedances which will give the most sensitive bal- 
ance.^ Assume, in Fig. 5-1, that Zi, Z2, Z3, and Z4 are initially in balance. 
Assume that Zs is the unknown and that Z4 is then changed by a small 
factor p. Then the impedance in this arm will be (1 -|- p)Z4. The 

^ The student is referred to the catalogue of the General Radio Company for an 
alternative treatment of bridge sensitivity. 
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sensitivity can be computed by determining the voltage which appears 
between the points c and d when the detector is disconnected. Let this 
voltage be AE. The value of h will be 


and of I 2 


E 

Zi -f" Zz 


Z 2 + (1 + P)Z4 
AE = IlZ\ — 1 2^2 

^ ^ Zi Z 2 

E Z\ Zz Z 2 + (1 “h p)^4 

Z\Z\ -j- pZ\Z^ — Z2Zz 

(Zi + Zz){Z 2 + Z4 + pZa) 


(5-12) 


From Eq. (5-3), ZiZa = ZzZz. If p is small, pZi may be neglected in 
the denominator of Eq. (5-12). Then 


AE pZiZa 

'E ^ (Z^ + Zz){Z2 + Za) 


(5-12a) 


~ — r 

Zi Z\ 

Z\ + Za Z 2 + Za 


= 1 +r 


Then Eq. (5-12a) becomes 


AE _ pZiZa _ pr 
~E ~ (1 -h ryZiZz “ (1 4- ry 


(5-125) 


where all the quantities are complex. The problem now is to determine 
the value of r that makes \AE/E\, and hence the sensitivity, a maximum. 
Thus, taking magnitudes, 

^ - iPL-_M (5.13N 

E 11 + r|» 


For convenience let 


r = \r\/d = \r\ cos 6 H- j\r\ sin 6 


|1 -h r|* = (1 -|- |r| cos ey + |rp sin* 6 
= 1 + 2|r| cos 6 + |r|* 


Substituting into Eq. (5-13), 


IpI • H 

1 + 2|r| cos 0 + Irl* 
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Then differentiating with respect to |r| and equating to zero to find the 
maximum, 

d\/!!iE/E\ _ , , 1 + 2\r\ cos 6 -f \r\^ - (2 cos 6 + 2lr|)|r| _ . . 

~~d\f\ (l+2\r\co8e+ \r\y ^ ^ 

and \r\ = 1 (5-16) 

This shows that for maximum sensitivity the impedance Zi should be 
of the same order of magnitude as Zs, and, hence, Z 2 should be of the 
same order of magnitude as Z4. In other words, if an impedance 
of the order of 1,000 ohms is to be measured, known impedance arms of 
the order of 1,000 ohms will give the most sensitive bridge, while if the 
unknown has an impedance of the order of 1 megohm, the other arms 
should also be of the same order. 

If the detector has a finite impedance and its indication is dependent 
on the power delivered to it, the optimum impedance of the detector may 
be readily found. Applying Th(5venin^s theorem, the open-circuited 
voltage of the network supplying the detector will be given by E(i 
(5-126). If the generator impedance is negligible, the impedance of the 
network looking back into the terminals c, d will be 

^ Z/Z, Z2Z4 

Z, + Z3 Z2 + z. 

In case the impedance arms are all of the same magnitude. Zed will ecjual 
the impedance of a single arm. Therefore, the detector should have a 
magnitude of the same order as the unknown. 
If the detector responds to voltage only and not 
power, then its impedance should be as high as 
possible. 

6-4. Wagner Earth. In setting up any cir- 
cuits to operate at af or rf, circuit elements are 
frequently introduced which are not indicated 
on the circuit diagram. The most important 
of these aic the capacitances of the various 
elements to each other and to ground. In bal- 
ancing a bridge at af it will fretpiently be found 
that the apparent balance shifts as the observer 
moves around, particularly if the detector is a 
pair of telephone receivers on the observer’s 
head. This is due to the stray capacitances of 
the detector to ground. If the detector were at 
ground potential, this effect would not occur. The best way of securing 
this result is to make use of a separate balancing arm as shown in Fig. 5-2. 
In this case it is desirable to make the ratio arms pure resistances so that the 



Fig. 5-2. Use of Wagner 
earth to eliminate disturb- 
ance of stray capacitances 
to ground in the balance 
of a bridge. 
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auxiliary balance may also be secured with pure resistance. The bridge is 
first balanced in the usual manner with the two-pole switch connected to 
point e. The switch is then thrown to / and the resistances Rs and jRe ad- 
justed for a balance so that Rj^/Rt = R\/R 2 . The point c will then be at 
ground potential. The resistors /?5 and R% should be low enough so 
that their admittance is large in comparison with that of any stray 
capacitances between the points a and h and ground. After making 
this Wagner-earth balance, the switch should be returned to e and the 
bridge rebalanced. It may be necessary to repeat the process of balancing 
the Wagner earth again, but this is uncommon. 

6-6. Maxwell Bridge. Another bridge of importance is shown in 
Fig. 5-3^ Since it has the same general configurations as Fig. 5-1, Eq. 
(5-3) will apply. The student may verify that at balance the components 
of the unknown arm are given by 

Ra = (5-17o) 

til 

U = RiRzCi (5-176) 

The equations indicate that the balance is independent of frequency, a 
condition which will be true, however, only if the impedance elements 
themselves are independent of frequency. 

The Maxwell bridge is especially convenient for the measurement of 
large inductances, because it is readily possible to make the impedance of 
the four arms of the same order of mag- 
nitude. This is in contrast to the case 
encountered with the basic circuit of Fig. 

5-1, where the standard inductor should 
be air-cored, and these are not ordinarily 
available in sizes above 1 henry. 

This bridge also affords one of the best 
means for measuring the typically large 
mcremental inductance of an audio trans- 
former, i.e., the inductance with a direct 
current flowing through the transformer 
winding. Such a direct current may be introduced by a d-c supply in 
series with the oscillator or in the detector arm, since the balance is inde- 
pendent of the impedance in these arms. 

6-6. The Wien Bridge. Thus far in the discussion of the Wheatstone 
bridge it has been tacitly assumed that the equation of null is used to 
find an unknown impedance. This need not be the case, however; for 
example, bridges may be used for the measurement of frequency. 

The Maxwell bridge would be unsatisfactory for this purpose, of course, 
for its conditions of balance are independent of frequency. One simple 
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frequency-sensitive bridge could be obtained by making Zi, Z 2 , and Zz 
pure resistances, and by making Za a series resonant circuit in Fig. 5-1 . 
The capacitor in Z 4 could be adjusted for a null in the detector; then the 
frequency of the applied signal would be 


1_ 

^ 27r '^LaCa 


(5-18) 


It is interesting to consider what the primary Irequency range of such 
a frequency bridge would be. Assuming La to be constant, the frequency 

range would depend upon the capacitance 
range of the adjustable capacitor C 4 . In 
general, variable air dielectric capacitors have 
a ratio of maximum to minimum capacitance 
of approximately 10:1. Thus the primary 
frequency range of this bridge is \/T 6 'l 
approximately. 

This reduction in frequency range as com- 
pared with the range of the variable element 
may be eliminated by using a Wien bridge, 
shown in Fig. 5-4. Since the basic configura- 
tion is the same as that of Fig. 5-1, one may apply Eq. (5-3); thus 
Z 1 Z 4 = Z 2 Z 3 , and, substituting in terms of the impedance elements, 



Fig. 5-4. Wien bridge. 




Ra 


Cross multiplying, 


1 + jo^CaRa 


= R. 


1 jf j^\R2 

j03C2 


(5-19) 


ju}C 2 RlRA — /i?3[(l — 0)^0 aRaO 2 R 2 ) 4“ aRa “h C 2 I 22 )] 


Equating reals. 


Equating imaginaries. 


_ 1 
^ 2 t '^CaRaCI2R2 


C 2 R 1 RA — Rz{CaRa "4" C 2 R 2 ) 
Now let R 2 = Ra and C 2 = Ca] then 


and 


^ 2wCtRi 

Ri = 2i?8 


(5-20a) 

(5-206) 


(5-21) 


Equations (5-21) indicate that, if the two capacitances, C2 and C4, are 
always equal and each has a range of 10 : 1 , then the frequency range is 
also 10:1. The desired result is accomplished. 

The Wien bridge designed to satisfy Eqs. (5-21) is particularly conven- 
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lent m that 10 1 capacitances allow the capacitance dials to be calibrated 
m decades of frequency The switching of decades may be accomplished 
by changing the values of Ri and Rz by a factor 10 Such an arrange- 
ment is often used in feedback audio oscillators where the Wien bridge is 
used as the frequency-determining element The student must note, 
however, that the use of the Wien bridge does not give something for 
nothing The price paid for making the frequency and capacitance 
ranges identical is the cost of an additional \aiiable capacitor, C 2 , that 
must be ‘‘ganged’’ to C 4 (1 e , connected to C 4 . so that the two capacitors 
may be adjusted simultaneously by a common control) 

6-7. Substitution Methods. In the foregoing discussion of bridge cir- 
cuits the measurement of impedance is absolute in that a single balance 
IS obtained and the unknown determined in terms of the equation of 
balance and the known impedances Zi Z 2 , and Z j When measurements 
are made in the rf range, such a procedure invariably introduces a number 
of residual errors due to stray capacitances and the like To overcome 
these c'ffccts resort is made to a substitution method of measurement 
whereby the bridge is balanced twice once with the unknown, and once 
with the unknown shorted out By this mc»ans the icsidual errors tend 
to cancel out and the unknown is determiiuHl in terms e>f the change in 
the values of the bridge elements 1 he 
substitution method may be illustrated 
by the bridge c irc uit shown in 1 ig 5-5 
It shows the basic circuit used 111 the 
General Radio type 9 16- A impedance 
bridge In the commercial model of the 
instrument an elaborate shielding s> stem 
IS used This is omitted in the diagram for 
the shielding has no effect on the equations 
of balance Since the bridge has the 
same form as I ig 5-1, one may detei- 
mine the equation of balance bv sub- 
stituting the element values in Eq (5-3) 

The balance will be considered first with 
the unknown Z* in place, and the values 
of the two variables Ca and Cp will 
be identified by the subscript 2 Thus 
Z1Z4 = Z2Z3 

+ Xp2)] = R,ijX.) (5-22) 

Canceling j and cross multiplying, 

(Rp + R.)RaXa2 +j(X, -h Xp2)RaXa2 = RaRl>Xn + jXa2R,X. 



Ik. 5 5 B ibK ( irc uit of General 
Radio C onipan> ‘)16-A imped- 
iiK t bridge , hirh uses the sub- 
stitution method of measure- 
ment 

substituting into Eq (5-3), 


(5-23) 
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Equating reals, 

ff, + K, = (5-24) 

Ao 2 

Equating imaginaries, 

X. -h X„ (5-25) 

The balance condition with Zx shorted out will now be considered. 
The corresponding values of the variable elements are denoted by the 
subscript 1. Thus from Eqs. (5-24) and (5-25), if Zx = 0, 


Rp = Rb v“ (6-26) 

Aol 

Xp, = X„ (5-27) 

Subtracting Eq. (5-26) from Eq. (5-24), 

R. = RbXn - V ) = n" - <"<■>) (5-28) 

\Aa2 Aal/ Cn 

Equating Eqs. (5-25) and (5-27), 

A% = X,. = - ^) (5-29) 

w V J»2 ('pl/ 


The last two equations indicate that the unknown is determined by the 
difference of two readings on the variable standard capacitors Ca and Cp. 

It is highly desirable in an instrument of this sort to have dials cali- 
brated to read the unknowns, Rx and A%, directly. This may be effected 
in the following manner: In the actual bridge Ca and Cp are shunted by 
small trimmer capacitors (not showm in the diagram) which are adjust- 
able by means of ^Tnitial-balance’' controls independent of Ca and Cp. 
Thus with the unknown shorted out, the dials of Ca and Cp are set to 
read zero. The balance is then obtained with the trimmers. This pro- 
cedure, in effect, makes Cai = 0 and 1/Cpi = 0. Effectively, then, the 
equations of balance become 


R. 

Xx 


Rt2_ 

Cn Ca2 
1 

(toC p2 


(5-80) 


The trimmers are left unchanged, the unknown is inserted, and a second 
balance is obtained with Ca and Cp. By virtue of Eq. (5-30), then, the 
dial of Ca may be calibrated to read resistance directly in ohms. The 
same may be done for the dial of Cp with one exception. Inasmuch as 
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the Xx balance condition is frequency-dependent, the dial may be cali- 
brated correctly in ohms for one fre<iuency only, say 1 Me. If measure- 
ments are made at some other frequency, the reactance reading must 
then be corrected by the factor /mc. 

6-8. Use of Mutual Inductance in Bridge Circuits. In some applica- 
tions of the bridge it is not practicable to apply the voltage between the 
points a and b of Fig. 5-1. It is possible to balance a bridge in which 
the voltage is applied between any two of the points a, 6, c, or d, pro- 
vided mutual inductance is introduced to couple two adjacent branches. 
An example of this is the ordinary three-wire single-phase distribution 
system shown in two forms in Fig. 5-0. 



Fig. 5-6 Halanco in thrce-wiro single-phase distribution system. 


In F'ig. 5-6a the transformer is provided to produce the two voltages 
El and in phase with each other. If the irnpedan(*es Za and Zh are 
adjusted to have the relation Ei^E^ = Za^Zh. there 
will be no current in the neutral. It is not necessary 
to have a two-winding transformer, for an autotrans- 
former can be used in the same way, as shown in Fig. 

5-66. In this latter illustration the meter l\ may be 
considered as the detector, and the two halves of the 
transformer and two impedances Za and Zb will con- 
stitute the four arms of a bridge. In this bridge it 
will be observed that the voltage E is impressed 
across one of the four arms, but the mutual inductance or transformer 
action permits the balance to be obtained. 

In Fig. 5-7 is shown a general arrangement of a bridge with a mutual 
impedance between the two arms Z\ and Zj. The voltage E is applied 
to two branches, one branch consisting of the three arms Z2, Z4, and Z3 
in series, and the other branch being Zi alone. Between branches Zi 
and Z3 there is a mutual impedance Zm, usually a mutual inductance. 
The mutual impedance will cause the current in one branch to induce a 
voltage in the opposite branch. Adding up the voltage drops and induced 
voltages in each of the two branches will give the following relations: 

Zi branch: 



Fi(. 5-7 A-c bridge 
whi(h uses mutual 
impedance. 


Z2Z4Z3 branch: 


E = ZiZi — l2Zm 
E = /2(Z2 + Z3 + Z4) - /iZ, 


(5-31) 

(5-32) 
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Multiply Eq. (5-31) by Z^/Zi. 



(5-31a) 


Add Eq. (5-31a) to Eq. (5-32). 




Zi Zm 


(5-33) 


Zl{Z2 + Zs + z^ — Zrr} 

For a balance the potential of d with respect to c must be zero, i.e., 

I 2 Z 2 = E (5-34) 

Substitute Eq. (5-34) in Eq. (5-33). 

l^(Z\ -h Zm)Z2 _ Y 

z^+z;^z,)^z~j ” 

^1-^2 “h ZmZ2 — ZxZ^ + Z\Zz -|- ZiZa — Zm^ 


The equation for balance is therefore 

Z\Zz + ZiZi = Z2Zm + Zfn^ (5-35) 

If the mutual impedance is a pure mutual inductance, then Zm = jcuLm. 

If Zi and Zs are two windings on a transformer, in which practically 
all the flux of one coil links with that of the other, then 


ZxZs « Zm^ 


(5-36) 


By applying this to Eq. (5-35), the latter becomes 


Z1Z3 -f- Z1Z4 — Z2 \/ZiZ3 -|- Z1Z3 



Z 2 

Z 4 


(5-37) 


But if the resistances of Zi and Z 3 can be neglected in comparison with 
their reactances and if ui/uz is the transformer turns ratio. 


Zs n-i* 

and a balance may be obtained, if 

Z2 _ n\ 
Z4 n% 


(5-37a) 


6-9. Measurement of Phase Shift by Mutual-inductance Bridge. The 
bridge may be used to measure the ratio of two voltages in both phase 
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/i = 


E' = jajLmli = 


Ri + ^wLi 

jo)LmEl 


R\ + joiLi 


If R\ and Lm are adjusted unti] 
there is no indication in the detectoi 
E' = E^^ 

El /?i + jo^Li 


(5-38) 


and magnitude. An example of this would be to measure the phase shift 
on a filter or artificial line. This is 
illustrated in Fig. 5-8 by a typical 
circuit. 

El 



Fir. 5-8 Measuiement of the complex 
ratio of two voltages by means of a 
mutual-inductance bridge 


Since the mutual inductance may 

be made either positive or negative by rotation, the complex ratio E^/E\ 
may be measured in any of the four quadrants. 

6-10. Applications Other than Measurement. Thus far in the chapter 
the application of bridge circuits has been confined to the field of measure- 
ments. The null, or infinite transfer impedance property of the bridge 
circuit, has many other useful and interesting applications in the general 
field of communications. These have to do primarily with either the 


West East 



Fig. 5-9 Aiiti-sidc-toiie circuit 


separation or the combination of two signals in a common transmission 
medium. A number of these applications will now be discussed, first in 
telephony and telegraphy, and then in radio. 

6-11. Anti -side -tone Circuits. In a number of telephone applications 
it is desirable that the sound introduced in the transmitter should not be 
heard in the local receiver. In noisy surroundings this is particularly 
true, as the local sound tends to mask out the desired message from the 
distant point. A circuit which will prevent the transmitter from pro- 
ducing a response in the local receiver is called an anti-side-tone cir- 
cuit. An instance of its application is the telephone set. It has the 
added advantage of causing the user to speak loudly since he cannot hear 
himself so well through the receiver. 

Figure 6-9 shows one of the many possible combinations based on the 
bridge circuit of Figs. 5-6 and 5-7. The impedance Z should equal, in 
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phase and magnitude, the input impedance of the telephone line, includ- 
ing the effect of the termination at the other end. The design of such 
networks is considered at the end of Chap. 8. The accuracy with which 
Z should be adjusted depends upon the particular application. In a 
telephone set it is made only approximate, and so the anti-side-tone 
effect is not complete. 

When the transmitter at the east end is energized, it will produce no 
effect in the receiver at that end but will impress a voltage on the line 
which will affect the receiver at the opposite end. Similarly, the oper- 
ation of the transmitter at the west end will produce a sound in the east 
receiver but none in the west instrument. 

Half the energy available will be dissipated in the local impedance Z, 
but this is counterbalanced by the fact that there will be no loss in the 
local receiver. With the proper value of transmitter and receiver resist- 
ance there will also be no loss in Z at the other end of the line, and so 
the efficiency will be as great as for a set with side tone. The balancing 
conditions will be considered more in detail in the discussion of telephone 
repeaters, where an exact balance is very important. 

6-12. Duplex Circuits. It would be possible, in a circuit similar to 
that of Fig. 5-9, to have two one-way messages transversing the line 
simultaneously in opposite directions. One person at the west could talk 
continuously to an individual listening to a receiver at the east end, while 
a similar combination was operating in the opposite direction. Com- 
mercial circuits, however, must provide for two-way conversations, and 
so this circuit is used in telephone work, not to permit simultaneous con- 
versations, but only to eliminate f^xtraneous local noises from the local 
receiver. 

In telegraph work, on the other hand, a message is usually transmitted 
continuously and the reply sent back at some later time. Under these 
conditions it is feasible to operate in two directions simultaneously, the 
only requirement being that good operators (or machines), who do not 
require repeats in the message, except at rare intervals, shall be used. 
The bulk of modern telegraphic traffic is handled by machines, which 
can be adjusted to operate at uniform speed and make a negligible num- 
ber of mistakes. Under these conditions transmission of at least two 
messages on a wire simultaneously will greatly reduce the cost of the 
outside plant. When two telegraph messages are sent in opposite direc- 
tions at the same time, the system is called a ‘‘duplex telegraph. 

The balance for a telegraph circuit may be obtained in either of two 
ways, both shown in Fig. 5-10. 

In Fig. 5-lOa the balance is obtained by a differentially wound relay. 
The artificial line, AL^ must match in impedance, over the range of fre- 
quencies required for telegraphy, the input impedance of the line. This 
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artificial network usually consists of a variable resistance and capacitor 
in parallel. There are four possible combinations of the two keys. The 
relay at the west end should operate only under the control of the east 
key, and vice versa. The four combinations are: 

Condition 1. Neither key depressed. No current will flow and so 
neither relay will be operated. 


fsoundert ijj 



Condition 2. Key E' depressed; key TT open. The current will divide 
ecpially in the east relay, one-half going into the physical line and the 
other int o the artificial line. The magnetomotive force (mmf) produced in 
the east relay by current in one branch will balance that due to the current 
in the other branch, and so the east relay will not operate. At the west 
end the line current will flow through one-half of the relay winding to 
ground at the key and so will operate that rela 3 ^ 

Condition 3. Key W depressed, key E open. This condition is the 
reverse of condition 2, and so the east relay will be operated while the 
west relay will not. 

Condition 4. Both keys depressed. The two ends of the physical line 
will be at equal potentials, and so no current will flow over the line or 
through tlie relay windings connected to it. Current from the local bat- 
tery flows through the other winding of each relay, operating it, and so 
both relays are operated. 

Examination of the four conditions shows that the requirements for 
transmission of signals simultaneously in both directions are met. 

The circuit of Fig. 5-106 will operate in a similar manner, the balance 
being obtained electrically instead of magnetically. 

Under changing line conditions, such as a decrease in insulation resist- 
ance incident to wet weather, the balance may be upset, and the circuit 
become inoperative until the artificial line is readjusted. 

If the relays are of the polar type, i.e., act for mmfs in one direction 
but not the other, then the balance required of the artificial line need 
not be so exact and the circuit can operate under greater variations in 
line conditions. For this reason most duplex telegraph circuits use such 
polar relays, and the key reverses the potential of the battery, instead of 
connecting it and disconnecting it as it does in the two circuits of Fig. 5*10. 
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6-13. Phantom Circuits. Any means by which the number of com- 
munication channels carried by a given number of wires can be increased 
tends to reduce the relative cost of outside plant, a major charge against 
long-distance transmission. An extremely simple method by which this 
can be done is the use of phantom circuits. A phantom circuit gives 
an additional telephone channel for each four wires, thereby increasing 
the carrying capacity 50 per cent. It works on a balancing principle 
similar to that of a bridge circuit. The terminal equipment required is 
very simple, consisting only of a pair of repeating coils (or transformers) 
at each end of the phantom. The connection is shown in Fig. 5-11. 



Fig 5-11. Phantom telephone circuits 


The standard two-wire circuits are usually called “ physical, or **side,^* 
circuits. The terminals of both physicals and phantoms are brought in 
to jacks on the long-distance board, so that the operator does not need to 
treat a phantom circuit any differently from a physical. 

By the principle of superposition the signals may be considered one at 
a time. A voltage impressed on the phantom circuit at the west end of 
Fig. 5-11 will cause a current to enter at the mid-tap of the secondary 
winding of each repeating coil. If the impedances of the two line wires 
of the physicals are equal to each other, the current will divide equally 
and so produce mmfs which cancel each other in each repeating coil. 
The currents due to the signal impressed on the phantom terminals will 
flow in the same direction in the two wires of physical 1 and in the oppo- 
site direction in the two wires of physical 2. At the far end the two 
currents will again produce equal and opposing mmfs in the repeating 
coils, so that no flux will be produced. This absence of flux, due to the 
currents resulting from the phantom signal, prevents this signal from 
being transferred to the substations connected to the physicals. It also 
means that the effective inductance of the repeating coils is negligible 
for phantom currents. Three conversations, one on each physical and 
one on the phantom, can therefore be carried on simultaneously without 
interference. 

The directions of the currents at some instant due to the several sig- 
nals are shown by the arrows in Fig. 5-11. 
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In order to make sure that the mmfs completely cancel each other, the 
leakage flux must be made negligible. This is accomplished by winding 
the two halves of the secondary winding with wires which are adjacent 
to each other, as illustrated in Fig. 5-12. Toroidal cores are also used to 
reduce leakage flux. 

It is extremely important that the impedances of the two sides of each 
physical line be made as nearly identical as possible. If this is not done, 
the phantom currents in the two sides will not be identical and so a mmf 
will be set up in the repeating coils. This 
will result in cross talk,'^ or interference 
between the unbalanced physical and the 
phantom. If both physicals should be un- 
balanced, the phantom would provide a path 
so that cross talk could also occur between 
the two physicals, as well as between each 
physical and the phantom. 

The transmission on the phantom is actu- 
ally better than on the physicals. Since the phantom uses two wires in 
parallel for each conductor, the line impedance is cut in half. 

In order to prevent the currents flowing in one pair of wires in a cable 
from inducing a voltage in another pair, the pairs are twisted contin- 
uously along their length On open- wire lines the two wires are trans- 
posed at regular intervals for the same purpose. 

When two pairs are phantomed, each 
pair individually must also be treated as 
a single conductor and the two pairs 
twisted with each other in a cable or trans- 
posed with each other on an open- wire line. 
Cables in which this is done are called 
quadded cables. Owing to the greater 
effective separation of the sides of a phantom circuit, its susceptibility to 
inductive interference is greater. 

6-14. Telephone Repeaters. One of the most important applications 
of a bridge balance is in the two-way repeater on telephone lines. As 
the length of a telephone circuit is increased, the line losses will reach a 
limit at which the transmission will no longer be commercially feasible. 
Beyond this point it is necessary to introduce amplification to make up 
for the line losses. The transmission of a telephone circuit should be the 
same in both directions. Therefore the amplifier must operate in both 
directions. The first idea which would occur to the experimenter is to 
connect two amplifiers side by side as shown in Fig. 5-13, one to operate 
in one direction and the second to amplify in the opposite direction. The 
circuit of Fig. 5-13 would not work, because it would oscillate, or ‘‘sing.” 


Amplifier 


Amplifier 

Fig 5-13 Two-way telephone 
repeater which will not operate 
because of “singing.” 





repeating coils for 
phantom circuits 
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The output of one amplifier would be impressed on the input of the other, 
and the amplified output of the second would be reintroduced to the input 
of the first. It is necessary, therefore, to isolate the output of one ampli- 
fier from the input of the other, and also to separate the signals passing 
in one direction along the line for amplification by one amplifier, while 
those propagated in the opposite direction are acted upon by the second 
amplifier. This can be done by the same principle which was applied 
in the aiiti-side-toiie circuit of Fig. 5-9. The two-way repeater circuit 
is shown in Fig. 5-14. This is called a ‘‘22-type repeater circuit,'^ the 
digits standing for “two-way, two-element.^^ 


LftHHJuif” 




I Balancing 
-nwr-Kwnr-l — 1 network 


Balancing 

network 




Amplifier 
No. 1 




Fig. 5-14. 22-type telephone repeater. 


The transformer is called a “hybrid coil.^’ The output of one vacuum- 
tube amplifier induces a voltage in the secondary, which impresses equal 
voltages upon the line and the balancing network. If the impedance of 
the balancing network^ equals that of the line, over the range of frequen- 
cies which are to be amplified, there will be no volt- 
age between the points A and B, due to the output 
of the vacuum-tube amplifier 2, just as none was 
impressed across the receiver of Fig. 5-9, due to the 
local transmitter. Under this condition the output 
of one amplifier is isolated from the input of the 
other. A voltage impressed by the line, on the 
other hand, will be transferred to the grid of the 
tube whose input circuit is connected between AB. 
This will be amplified and half of the output 
energy delivered to the far line, the other half being dissipated in the 
balancing network. 

5-15. Impedance Relations in 22-type Repeaters. The analysis of 
the bridge circuit of Fig. 5-14 can be made most readily by considering 
the two-winding transformer of Fig. 5-15. This can be done because the 
only purpose of the third winding in Fig. 5-14 is to keep the line balanced 
to ground. 

The generator and impedance Itp in Fig. 5-15 represent the effect of 
the vacuum-tube output circuit. Zi represents the input impedance of 

^ Balancing networks for typical lines are discussed in Chap. 8. 


JEr Jip 



d 


Fig. 6-15. Equivalent 
circuit for analysis of a 
telephone repeater. 
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the line, Z 2 that of the balancing network, and Zs that of the input circuit 
of the vacuum-tube amplifier. 

In order to prevent singing, no current should flow in Z3 due to the 
voltage E. In order to accomplish this, if ac and ch are identical wind- 
ings, the following relation is necessary : 

Zi = Z2 

It is desirable to make the transfer of power from the tube to the line as 
efficient as possible. This can he done by adjusting the turns ratio of 
the transformer. Let ni represent the number of the turns on winding 
e/, and n2 the number on the winding ah. Since Zi = Z2, the load on the 
secondary is 2Zi. If the line is terminated at the distant end in its char- 
acteristic impedance Zo, then Zi = Z^, as will be shown in Chap. 6. (If 
a line is not so terminated, undesirable reflections occur). Then the 
corre(‘t turns ratio will be 



It is desirable that the input impedance, looking into the repeater at the 
terminals a, d, should be Zo, so as to prevent any reflection of a signal 
arriving at the repeater. This can be done by a proper selection of the 
impedance Z3. 

Consider for the moment that Z2 is disconnected. Looking into the 
terminals a, h of the transformer, the impedance will be 2Zo if Eq. (5-39) is 
satisfied. Looking into the terminals a, c the impedance would be Zo/2, 
since the impedance is proportional to the square of the number of turns. 
If Z2 is disconnected, the value of Z3 which would make the impedance 
between a and d equal to Zo would be 

Z, = I” (5-40) 

The voltage drop between a and c would then be equal to the voltage 
drop between c and d. The power arriving would be divided into two 
equal parts, one half being dissipated in Z3 and the other half in Rp. 
Since the power is cut in half in both the input and the output circuit, 
the power output of the repeater is one-quarter of that which would be 
obtained if corresponding amplifiers were used in one direction only. 
The current flowing in the winding ac would induce a voltage in the other 
half of the secondary c6, which would be equal to the voltage oc, if the 
transformer were 100 per cent eflficient. In an actual case the voltage 
between c and h would be practically that between a and c. But since 
Eae = Ecd and Eac = Eeb, the voltage between b and d will be zero: 
Ehd = 0. 



206 COMMUmCATIOK ENOINEERING 

Therefore, it makes no difference whether Z 2 is connected or not when 
a signal is applied by the line to the terminals a, d, since no voltage is 
induced across it, and the deductions obtained for Z 2 when disconnected 
also hold when it is connected. The principal deduction is that, to pre- 
vent reflection if Eq. (5-39) is true, then Eq. (5-40) should be satisfied. 

If both networks become unbalanced, the 22-type repeater will sing, 
or oscillate. Since it is not possible to secure a perfect balance at all 
frequencies, the gain of a repeater is usually limited, the tendency to 
sing increasing with increased gain. In order to prevent singing at a 
frequency outside the range necessary for speech transmission, a filter is 
introduced to provide attenuation at the higher frequencies. The cut- 
off freciuency of this filter is usually set at the highest frequency which it 
is desirable to transmit. 

5-16. Two-way One-element Repeaters. It is possible to construct 
a repeater in which the line itself acts as the balancing network. Only 

one amplifier is necessary in order to 
act in both directions. This is called 
a 21 -type, or two-way, one-element re- 
peater. Its circuit is shown in Fig. 5-16. * 
A 21-type repeater can be used only 
between two lines of similar characteris- 
tics. Furthermore, it sends half the am- 
plified energy back toward the sending 
station and therefore produces a very 
strong echo. This feature prevents its 
use on a long line where more than one repeater is required. 

5-17. Foxir-wire Repeaters. In the 22-type repeater of Fig. 5-14 the 
signals traveling in opposite directions are separated. Each amplifier 
element might be replaced by a long-cable circuit with a succession of 
one-way amplifiers. Then the hybrid coils and balancing networks 
need be provided only at the terminals. One cable pair is necessary for 
transmission in one direction and the other pair in the opposite direction, 
so that a four-wire circuit is used. The advantage of such a circuit lies 
in the higher gain which can be obtained with one-way repeaters, both 
because of the absence of loss in balancing circuits and the impossibility 
of singing in a single, properly designed, one-way repeater. The number 
of repeater points can then be decreased or the size of conductor reduced, 
or both. Most long-cable circuits operate on this principle. 

1 The comparative simplicity of the 21-type repeater has made its use desirable in a 
number of military applications. For example, the EE 89- A is a Signal Corps 21-type 
repeater for use in field telephone systems. As used in typical field systems, its intro- 
duction into a line gives an increase of 30 to 50 per cent in the useful distance of trans- 
mission, depending upon the particular type of line used. 
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^ Amplifier 


Fig. 5-16. 21 -type telephone re- 
peater. 
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6-18. Bridge Circuits for Radio-frequency Amplifiers. Another use 
for bridge circuits is to make a vacuum tube a true one-way device; i.e., 
the bridge can prevent energy in the plate circuit from being fed back to 
the grid circuit. 

For example, one of the principal problems of a tuned rf amplifier 
employing a triode vacuum tube is its tendency to oscillate. This tend- 
ency is due to the feedback path afforded 
by the grid-plate interelectrode capaci- 
tance Cgp, The basic a-c circuit of such 
an amplifier is shown in Fig. 5-1 7a. 

Because of C^p, the tube does not function 
as a true one-way, or unilateral, device; the 
plate voltage can produce a voltage be- 
tween grid and cathode. The immediate 
problem, then, is to neutralize the effect 
of Cgp, This may be done by modifying 
the circuit as shown at h in the figure. 

Inspection of the redrawn circuit at c 
shows that the tuned plate load, Cgp, and 
the neutralizing capacitor Cn form a bridge 
circuit with mutual inductance coupling 
between two arms as in Fig. 5-7. C tunes 
the inductance to resonance, and the large 
circulating current also helps to make the 
voltage across ad in phase with the volt- 
age between d and h. Hence, proper ad- 
justment of Cn can bring the bridge into 
balance. Then the output voltage appear- 
ing between a and d can have no effect on 
the grid voltage between c and d because 
the transfer impedance between these two 
terminal pairs is infinite. 

Other variations of the neutralizing 
circuit differ in form from Fig. 5-17, 
but the principle is the same. In each 
case the circuitry is forced into bridge form 
so that the null condition prevents the feedback of energy from the plate 
to the grid circuit. 

6-19. Adding Two Signals. It is frequently necessary in communica- 
tion work to have two separate generators deliver power to a common 
load impedance without having any interaction between the generators. 
"While this result may be accomplished by using the isolating properties 
of vacuum tubes, it may also be effected by a passive bridge network as 



a 



L/ 






L z 






(6) 



(c) 

Fig 5-17. Bridge circuit for neu- 
tralizing a tuned-triode vacuum- 
tube amplifier. 
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shown in Fig. 5-18. If Ri = i ?2 and JTs = X 4 , the bridge is balanced 
and Ea can produce no current through Eb and Eb can produce no cur- 
rent through Ea. Thus the two generators are isolated from each other; 
yet both simultaneously deliver power to Ri and R 2 . It should be noticed 
that if Xz and Xa comprise single, identical reactors the balance is inde- 
pendent of frequency. 

The circuit just described has an interesting application in television 

broadcasting. The transmission of 
a complete television program re- 
quires two transmitters, one amp- 
litude-modulated for the picture 
signal and a second frequency-modula- 
ted for the associated sound signal. 
Generally these two transmitters, 
operating at different frequencies, 
must feed a common radiating system 
which involves two antennas at right 
angles to each other. Thus in Fig. 
5-18 Ea could represent, say, the 
picture transmitter, and Eb the sound. 
Then both units could deliver power simultaneously to the two antennas, 
Ri and R 2 , without interacting upon each other. 

6-20. Twin-T Null Circuit. Another basic form of null circuit, other 
than the Wheatstone bridge, is the twin- or parallel-T circuit. First the 
equation of balance for the basic circuit shown in Fig. 5-19a will be deter- 
mined. Then the behavior of the twin-T network with a specific set of 
components will be considered. 

Consider the basic circuit at Fig. 5-19a. If the network is to give a 
null, the output voltage Ez must be zero. The equation of balance may 
be determined by setting up the circuit ec|uations in nodal form and find- 
ing the condition that makes Ez = 0. Applying Kirchhoff^s current law, 
one has 

+ +0 -Y^E^ -Y,E, =7 

0 +{Yl + Y 2 -\-Ya)E 2 -Y 4 EZ -Y 2 E 4 =0 (6-41) 

-F3F1 -Y4E2 -}-(r3+r4+r5)£» +0 =0 

-YiE, -Y2E2 +0 + + 

Then for a null to occur, one may write Ez = = 0. Then the 

null condition is satisfied if the cofactor CJj = 0. Thus, substituting 
from Eq. (5-41), 



Fig. 5-18. Circuit for adding signals 
from two generators without mutual 
interaction. 


Y,Yt(Y, + F, + F.) + F,F,(F, + F 4 + F.) = 0 (5-42) 
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Equation (5-42) is the equation of balance for the basic twin-T struc- 
ture. In common with the a-c Wheatstone bridge, its balance condition 
is independent of the generator and load admittances. If Fl represents 
a detector, the circuit may be used as an impedance or frequency bridge 
in a manner similar to that described earlier in the chapter. For meas- 
urements in the rf ranges a substitution method is usually employed j(see 
Prob. 5-12). 

The twin-T circuit exhibits a selectivity curve which may closely 
resemble that of the antiresonant circuit, and interestingly enough this 



0 

ih) 

Fig. 5-19 Twin-T null circuits 


curve may be obtained without the use of inductance. Furthermore, 
the effective Q can be made much greater than that obtainable in the 
usual antiresonant circuit. 

This selective property of the twin-T network is used so often in prac- 
tice that it is well worth investigating. It is usual in this application 
to use equal resistances for the Yi and elements, equal capacitances 
for Yz and F 4 , resistance for Fb, and capacitance for Fe. Thus, for the 
circuit of Fig. 5-195, 


r, = r, = G F3 = F4 = 

F 5 = G, F« = iwC. 

Then, substituting into the equation of null [(5-42)], 

-(«oC)H2G +i«oC,) + G^(j2o>oC H- G.) = 0 


(5-43) 


(5-44) 
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where wo is 2ir times the null frequency. Then, equating reals, 

2{mCyG = 


and imaginaries 


(5~45) 


(woC)2woC. = 2worG2 (5-46) 

Hence, from the last two equations, the null frequency may be deter- 
mined for 


^ ^GGs 

2C^ C.V 


(5-47) 


Thus, given the circuit components, it is possible to determine the fre- 
quency at which the null occurs. 

How would one go about designing the RC twin-T circuit to give a 
specified /o? One must choose the four component values to satisfy Eq 
(5-47). In order to simplify the procedure, it is convenient to define a 
design parameter n in the following manner* Rearranging the two right- 
hand members of Eq. (5-47), 


_ G, 2C 
^ “ 2(7 “ C. 


(5-48) 


Then wo* becomes 


2 _ GG t 
wo 2(^,2 


S;‘^- 



or 



(5-49) 


Thus if one is interested in designing for a specified Jo only, any two of 
the three unknowns, /?, (\ and n, may be chosen at will and the third 
calculated from Eq, (5-49). Efiuation (5-48) may then be used to deter- 
mine Cs and R,. 

6-21. Selectivity. Actually it may be shown that the value of the 
design parameter n controls the network selectivity in much the same 
manner as does Q in the antiresonant circuit. Investigation of the 
selectivity, then, allows one to choose n intelligently and removes one 
degree of arbitrariness in the design of the RC twin-T network. 

Some simplification of the work results from noting that the twin-T 
structure when used as a selective network is normally used between two 
vacuum pentodes. In this type of service, Yg, the source impedance, is 
l/vp of the driving tube. In general Vp will be very large compared with 
the network impedances, so that Yg may be assumed to be negligible in 
Eq. (5-41). Similarly, since Ti is the reciprocal of the input impedance 
of a vacuum tube, it, too, may be assumed negligible. Further simplifi- 
cation of the work results from expressing the unknowns in terms of G, 
ojo, and n; thus from Eq. (5-49) 

c = V^- 

0)0 


(6-50) 
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and from Eq. (5-48) 

2C _ 2g 

— — / 
n \/n o>o 

and Gt = 2nG 

Substitution of these values into Eqs. (5-41) yields the circuit determi- 
nant. 


G + j y/nG — 
0)0 

0 

—jy/nG — 

0)0 

-G 

0 

Cl >0 

-jVnG^ 

0)0 

-G 

-j y/n (1 — 

0)0 

-jVnG^ 

0>o 

j2 \/^ n G — -|- ‘2nG 
0)0 

0 

-G 

-G 

0 

2G u 


By definition the network transfer function is But in terms of 

the cofactors and network determinant 


M, = / and K, = I 


(5-51) 

(5-52) 


whence E<i/E\ = Evaluation of the two minors, ilfjj 

MJi, leads to the following result for the transfer function: 


1 - (///o)^ 

[1 - (///o)’“] -t-i2(v'« + l/V'«)(///o) 


(5-53) 


This, then, is the basic equation whose magnitude gives the selectivity 
and whose angle gives the phase shift of the twin-T-network transfer 
function. 

Equation (5-53) is by no means in optimum form for slide-rule calcu- 
lation. For the latter, the best form is 1/[1 -f- Ja/(/)]* To obtain this 
form, one divides the numerator and denominator of Eq. (5-53) by 1 ~ 
(///o)^ giving 


Et ^ 1 

, , ,2(V^-F1/V^)///, 

1 -(///«)* 


1 


1 -i2 


y/n -H Ify/n 

"//A-/T/7 


(5-54) 


By comparing these results with Eq. (4-39) it is observed that the 
transfer function displays geometric symmetry about /o in frequency and 
about 1 in n. In illustration of the latter statement the values of n = 2 
and n = 3^ will give the same selectivity curve. This may be proved 
quite readily by the student. 
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It is now possible to determine what value of n gives the most selec- 
tive curve. Figure 5-20 shows typical selectivity curves of the RC twin-T 
network for two values of n. The solid curve is sharper and hence more 
selective. The criterion for the most selective curve, then, is that it has 


h 


1 JL (Log scale) 

^0 

Fig 5-20 Selectivity curves for the twin-T null network 

the maximum value of \E 2 /Ei\, at any frequency different from /o. Then 
if the magnitude of Ei/E\y in Eq. (5-54), is differentiated with respect to n 
and the derivative set equal to zero, it is found that n = 1 gives the most 
selective curve. 

Selectivity curves for a typical RC twin-T network are shown in Fig. 
5-21. The network is designed for a null frequency at 5 kc and with 



Fig. 5-21 
network. 
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Measured and calculated curves of the transfer function of a twin-T 


n = 1; the results are plotted as \E 2 /Ei\ on a logarithmic scale. The 
small circles indicate measured results that were obtained in the labo- 
ratory. It will be observed that there is excellent agreement between 
the actual and measured results except in the vicinity of the null fre- 
quency. This discrepancy is caused by three primary factors. First, 
the oscillator used to measure the curves has some harmonic content. 
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Thus, when it is set for 5 kc, some small 10- and 15-kc components are 
present that give a finite, though small, output voltage. Second, a per- 
fect null cannot be obtained because the physical network has stray 
capacitances that are not taken into account in the theoretical analysis. 
These circuit strays become more important as the operating frequency 
is raised. For example, if a similar network were designed for a null at 
50 kc, the discrepancy between the measured and theoretical response 
curves would be even greater. Third, the actual bridge components 
were set to two significant figures only. 


E. 




(«) 




(C) 


Fig. 5-22 Feedback amplifier employing a twin-T network in the feedback loop. 


In general the RC twm-T network is most useful as a null network in 
the lower af because it provides an effective Q greater than that obtain- 
able with LC circuits at low frequencies. Furthermore, it has an eco- 
nomic advantage in that it is constructed of components which are less 
expensive than inductors of large inductances. 

At higher af, where smaller values of L may be used, the twin-T net- 
work is not in such a favorable position. At still higher frequencies its 
common ground lead presents a possible advantage again over the a-c 
Wheatstone bridge, although special care must be exercised to minimize 
the effects of stray capacitance. 

6-22. Typical Application. It is well known in the study of elec- 
tronics that, if the amplifier in Fig. 5-22a has a large amplification |A|, 
the over-all gain with feedback will be 




1 


where is the response of the feedback network. Then if a twin-T net- 
work having a transfer function as shown at h is used as the network, 
the amplitude response of the over-all amplifier will be proportional to 




216 


COMMUNICATION ENGINEBBINO 


\Ei/E 2 \ or the reciprocal of Eq. (5-54) as shown at c. It follows, there- 
fore, that a virtual tuned-amplifier characteristic may be obtained by 
using the twin-T structure as the feedback network. A feedback ampli- 
fier of this type may be used to good advantage with the detector on an 
impedance bridge. The sharp selectivity characteristic minimizes the 
effect of oscillator harmonics, and a more nearly perfect null may be 
obtained. The common ground lead of the twin T is of particular value 
in this application. Further, the resultant response gives a large value 
of effective Q = fo/ifi — fi). 






Fig 5-23. Bridged T null networks. 


6-23. Bridged T Network. A third type of commonly used null net- 
work is the bridged T network whose basic form is shown in Fig. 5-23. 
The method of handling the circuit to determine the equation of null 
and the selectivity is identical to that of the twin-T circuit and the 
bridged T network shares the feature of the common ground lead with 
that circuit. 


PROBLEMS 

6 - 1 . Prove that if, at balance, the generator and detector m a bridge are inter- 
changed the balance remains unaffected. 

6 - 2 . A modification of Fig. 5-3 would be to connect RiCt in series, in which case 
the bridge is called a “Hay bridge “ Derive the equation of balance for the Hay 
bridge. 
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6-8. A Wien bridge is to be designed to cover the frequency range 1 to 10 kc. A 
two-section variable capacitor is available, each section of which covers 40 to 400 /i/if. 
A value of 1,000 ohms is to be used for Rg. Determine the remaining resistances in 
the circuit. 

6-4. The circuit of Fig. 6-24 may be used to measure the complex propagation con- 
stant, 7, of the network AT, which is defined by e'y = EiJEz. Assuming L and R have 
been adjusted to give a null in the detector, derive an equation for determining 7 in 
complex form. 

6-6. A “simplex telegraph" system is obtained by operating a telegraph channel 
between ground and a balanced-to-ground telephone line. Draw a schematic of the 



Fig. 5-24. Bridge for determining 7 in Prob. 5-4. 


simplex system, and show that the telegraph and telephone channels operate without 
mutual interference It may be assumed that two repeating coils are available. 

5- 8. A two-wire telephone line is to be connected to a radio transmitt(‘r and a radio 
receiver. The telephone line must carry two-way conversations. The transmitter 
and receiver can each handle only one-way communication. Devise a suitable sys- 
tem, using a hybrid coil, to effect the required two-wire to four-=wire transition. 

6- 7. In the neutralizing circuit of Fig. 5-17 the plate-tank-circuit coil is tapped up 
30 per cent from the bottom of the coil. Under this condition the coefficient of 
coupling between the two parts of the coil is 0.48. The self-inductance of the upper 
part Lad is 20 /Ai; of the lower part Li,df 6 /ih. If Cgp is 8.6 /x/xf, what nominal value of 
On should be chosen for neutralization at w = 10* radians /sec? 

6-8. In the circuit of Fig. 5-18 derive an equation for the phase relationship between 
the two components of voltage produced across Ri by the generators Ea and Eb. 

6-9. (a) Calculate the components of the twin-T section that gives the selectivity 
curve of Fig. 5-21. Use R — 1.5 kilohms. (6) Repeat a for /o * 5 kc and with 
n « 0.25, 0.5, 2, and 4. Plot the selectivity curves for these four networks. 

6-10. (a) Following the general method used for the twin-T network, determine the 
selectivity curve for the Wien bridge of Fig. 5-4 in terms of ///o. Use d as the refer- 
ence node, a as node 1, c as node 2, and 6 as node 3. Assume zero admittance for the 
generator and load. (6) Does the selectivity depend upon the value of 72i or i2i? 
(c) Compare the merits of the twin-T circuit and the Wien bridge as a feedback net- 
work for a selective amplifier, (d) Which of the two circuits can be made more 
selective? 

6-11. Transform the twin-T circuit of Fig. 5-195 into an equivalent n section, and 
show that Zb of the equivalent n contains virtual inductance at / < /o. 

6-12. Figure 5-25 shows the circuit of the General Radio type 821-A impedance- 
measuring set. The circuit may be identified as a twin-T structure. Ch and Cg are 
variable, and the substitution method is used. Determine equations for Gg and Bg at 
the null frequency in terms of the bridge parameters. 
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Fiq. 5-25. Basic 
measuring set. 



circuit of the General Radio Company type 


821- A impedance 


6 - 18 . (a) Derive the equation qf null for the bridged T network of Fig. 5-23o. (b) 

Is it possible to get a null if the network contains only resistance and capacitance and 
if Yi = y,? 

6 - 14 . It IS desired to check L, Rlj and Ql of a number of production coils at a fre- 
quency of 1.59 kc with the bridged T circuit of Fig. 5-236. 

а. What are the equations for L, and Qx, at the null frequency? 

б. If the mean values of the coils are L — 100 mh and Ql - 25, what mean values 
of C and R are required in the network? 

c. Which dials, if any, may be calibrated directly in terms of the unknowns? 


CHAPTER 6 


ITERATIVE NETWORKS 


A group of networks frequently encountered in communication engi- 
neering consists of iterative circuits, i.e., a number of identical, passive 
stages all connected in cascade, or tandem, between a generator and a 
load as shown in Fig. 6-1. Typical examples of this network are the 
artificial line and the wave filter. For a general termination Zr the cal- 
culation of voltage and current at any one of the junctions in the cascade 
can be handled by direct application of the methods of Chap. 3, but this 
can be a tedious process. For example, if, in Fig. 6-1, there are 20 iden- 




Fio. 6-1. A cascade of identical lumped-constant networks. 


tical T sections in the cascade, 21 simultaneous mesh equations would 
have to be set up and solved to evaluate any one of the currents. If, 
however, and this is the often-encountered case, Zr is equal to the itera- 
tive impedance of each of the stages, the behavior of each stage may be 
calculated independently of the remaining stages. This results in great 
simplification of the problem. 

In Chap. 3 it was found that, if a network such as that of Fig. 6-16 is 
terminated in its iterative impedance, the input impedance of the network 
is also the iterative value. When this idea is applied to the cascade, it 
is apparent that, \i Zr Zu, every stage in the cascade is terminated in 
Zit and every stage behaves in exactly the same manner. 
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It is apparent that this is true no matter how many sections there may 
be. If there is any dissipation whatever in the network, as the number 
of sections becomes larger and larger the effect of the terminating imped- 
ance becomes less and less. Thus for a sequence involving an infinite 
number of sections the input impedance will always be the iterative 
impedance. It is also apparent that, no matter what the termination 
may be, as the number of sections of a finite sequence is increased, the 
input impedance will approach asymptotically (although perhaps in an 
oscillatory manner) the iterative impedance. 

If the component stages are symmetrical, as in Fig. 6-lc, the iterative 
impedance is usually given the special designation of characteristic imped- 
ance. Since, in a cascade of asymmetrical networks terminated in Z»t, 
the only difference from a cascade of symmetrical sections is in the two 
ends, a study of the symmetrical case gives also the key to the analysis 
of the asymmetrical one. Therefore the analysis of the symmetrical 
case will be developed. 

6-1. The Complex Propagation Constant. Consider a typical sym- 
metrical component T stage of the cascade as shown in Fig. 6-lc. Let a 
voltage Ek-\ be applied to the input terminals, and let the section he ter- 
minated in its characteristic impedance Zot. Then the currents /*_i and 
Ik will fiow, the latter producing the output voltage Ek across Z^t. In 
the general case, Zi and Z 2 will be complex; hence Ik-i will differ from 
Ik, and Ek-\ will differ from Eh in both magnitude and phase. Then, 
reading from the diagram, by the current division theorem, the complex 
current ratio will be 

_ Zi/2 -j - Z 2 + Zqt /p 

h “ Z 2 

By the definition of the characteristic impedance Zot the input imped- 
ance of the T section is also Zot; hence 

Ek-\ = Ik-iZoi 

and Ek = /aZot 

Dividing Eq. (6-2) by (6-3) and introducing Eq. (6-1), 

Ek-i _ Ik—i _ Z i/2 -f- Z 2 + Zqt 
Ek Ik Z2 

Since every component stage in the cascade behaves in the same 
manner when Zr = Zoi, Eq. (6-4) may be generalized to give the current 
and voltage ratios along the entire iterative structure; thus 

Eo El E2 En—l 

El E2 Ez En 

sar — — ~ — ... -- Z2 4 “ ZqT 

II II Iz In Z2 


( 6 - 2 ) 

(6-3) 

(6-4) 


( 6 - 5 ) 
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Equation (6-5) shows that the ratio of input to output current for each 
of the T sections is the same. This comes about because an equal 
proportion^ rather than an equal amount, of current is drained off by the 
shunt arm in each section; consequently it is convenient to express the 
current and voltage ratios of Eq. (6-5) logarithmically. This may be 
done by defining a complex propagation constant, y, such that 


^ _ Ik-1 _ Ek-1 _ ZiJ2 + Z 2 + ZoT 
^ ~ h ~ E, “ Z2 


(6-6) 


Inasmuch as the right-hand member of Eq. (6-6) is complex, 7 will also 
be complex; thus let 

7 = a: -4-7/? (6-7) 


It is now possible to determine the rectangular coordinates of 7. Let 
the complex ratio of Eq. (6-6) be expressed in polar form, say, | Ik^\/Ik\ /4> ; 
then 


or 


= j 



Taking natural logarithms, 


ot + = In 


Ik-1 

h~ 


+ J<t> 


Equating reals, 


(6-8) 

(6-91 


7*_i 1 Zi/2 4- Z2 + Zor 

Ik Z2 


nepers/ section (6-10) 


Equating imaginaries, 


0 


4> = arg 


Zi/2 Z 2 + ZoT 
Z2 


radians /section 


( 6 - 11 ) 


where “arg'^ stands for argument, which in turn means “angle of.^^ 
From Eq. (6-10) it is seen that a, the real part of the complex propaga- 
tion constant, is a measure of the change in magnitude of the current or 
voltage in each T section ; it is known as the attenuation constant. 

It is apparent that is a measure of the difference in phase between the 
input and output currents or voltages. is designated the network 
phase-shift constant, delay constant, or wavelength constant, will be posi- 
tive when the output current lags the input current. 

The value of the complex propagation constant as an aid in solving 
iterative-structure problems where Zr = Z,t may now be seen. Say 
that it is required to find the current output of the A'th stage in Fig. 
(6-la). Then 

Li — Li Li h * . • A-2 ik-\ 

Ik I\ I 2 It Ik-1 Ik 


(6-12) 
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But from Eqs. (6-5) and (6-6) 

^ = (eyy = (6-13) 

or the total attenuation loss of k sections in the cascade is ka nepers, and 
the corresponding phase shift will be kp radians. The corresponding 
voltage ratio Eo/Ek is also given by It must be stressed that these 
relationships are valid only if the cascade is terminated such that Zr = Zot 
( or Zr = Z^^ for asymmetrical component sections). If Zr differs from 
this value, reflections occur and the foregoing treatment no longer holds. 
The subject of reflection is discussed in Chap. 9. 

The following facts should be noted concerning the dimensions of a, 
pf and 7: Since all exponents must be dimensionless, ky as in Eq. (6-13) 
must be dimensionless. Since k is the number of sections, the dimensions 
of a, jS, and 7 are “per section.*^ The student will observe that a is 
given as nepers per section and P as radians per section in Eqs. (6-10) and 
(6-11). The terms “ neper and “radian,^^ even though they are dimen- 
sionless, serve primarily as reminders that the natural, or napierian, 
logarithm has been used. This designation is necessary as well as con- 
venient, for as will be seen, a may also be expressed in terms of another 
dimensionless unit, the decibel, which is derived from the common log- 
arithm to the base 10. Also, p may be expressed in degrees to simplify 
computations. 

6-2. Related Sections. While Eqs. (6-10) and (6-11) have been 
derived for a ladder structure made up of symmetrical T sections, it may 
be shown quite readily that they also apply to a ladder of symmetrical IT 
sections, provided that the T and n sections are assembled from the same 
basic L section. 

Consider the basic L section shown in Fig. 6-2a. If two such L sec- 
tions are connected in cascade with shunt arms adjoining, the two shunt 
arms each of value 2 Z 2 combine to give a value Z 2 and the symmetrical 
T section of Fig. 6-26 results. If, on the other hand, two of the basic L 
sections are cascaded with the series arms adjoining, the two series arms 
each of value Zi/2 combine to give a value Zi and the symmetrical n 
section of Fig. 6-2c results. 

It must be stressed that the symmetrical T and 11 networks of Fig. 6-2 
are not equivalent but are related networks in that they are assembled 
from the same basic L section ; they do not have the same open- and short- 
circuit impedances. 

If, now, a number of related T sections are connected in cascade, the series 
arms may be combined to give the iterative ladder structure of Fig. 6-2d. 
Similarly if a number of the related n sections are cascaded, adjacent 
shunt arms may be combined to give the same ladder structure (Fig. 6-2d). 
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Since a network of T*s, no tnatter how long, could differ from a network 
of the same number of related n sections by only the arrangement of the 
terminating L sections, and since the effect of these on the over-all cur- 
rent ratio could be made negligibly small by making the lines long enough, 
the propagation constant must be the same for related T and IT sections. 



Fio. 6-2. Related sections The L, T, and 11 sections are made up from identical 
values of Z\ and Zi. 


It may be concluded that the complex propagation constant for both a 
symmetrical T section and its related n section is given by Eq. (6-6) or 

T, = In + ^2 + Z.T 

Z2 


where Zot = Zo of the symmetrical T section 
= 

The student may wish to determine the dual form of Eq. (6-14) from 
the related 11 section, which is 


7 


In t ^ 


(6-14a) 


where Fon == y/YiY 2 + F 2 V 4 , and prove they give the same value of 7 . 

6-3. Impedance Relationships in Related Networks. Inasmuch as 
the open- and short-circuit impedances differ for the related T and n net- 
works, the two networks will have different values of characteristic 
impedance. Let Zot symbolize the characteristic impedance of the T 
section, Zon the characteristic impedance (and Fon the characteristic 
admittance) of the related n section. Then by Eq. (3-106) 


ZoT = .^ZiZ^ H — ^ 


(6-15) 
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By the principle of general duality the characteristic admittance of the IT 
section is 

You = Y (6-16) 

or, substituting for admittances in terms of corresponding impedances, 


or 


ZoU 




ZoTlZoT — ZiZ 2 


(6-17) 


This interrelationship between Zot, ZoUt and the basic Zi and Zj 
elements has special significance in that the basic L section can transform 



Z„T to ZoH, and vice versa. To illustrate this principle, let the shunt- 
arm side of the L section (Fig. 6-2a) be terminated in Zon. Then the 
input impedance at the series-arm end is 

^ _Zi 2Z2Zon 
“ 2 ^ 2Z2 + ZoTl 


Substituting for Z<,n from Eq. (6-17), 


Ztn ~ 


z, 

2 


+ 


2Z 2 Z iZ 2 / Z oT 


2Z2 "f- Z1Z2/Z0T 


Reducing to a common denominator and clearing, 

Z,n = ZoT (6-1 7(l) 

It may be proved in a similar manner that, if the series-arm end of the 
L section is terminated in Zot, the input impedance at the shunt-arm 
end is Zon. These impedance-transforming properties of the L section 
will be of particular use in the study of wave filters (Chap. 7). An 
immediate application of this property may be seen by considering the 
problem of terminating the iterative ladder structure. If the ladder 
structure is built up of symmetrical n sections, then the far end of the 
line will terminate in a shunt arm of value 2 Z 2 as shown in Fig. 6-3. 
Then if the structure is to be properly terminated so that Eq. (6-6) or 
(6-7) is valid, Zr must be Zon. 
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It may happen that the resistance and reactance elements requir^ 
to build up Zou do not have values as convenient as those necessary to 
build up ZoT- If, then, an additional half section, i.e., a basic L, is 
added to the end of the line, as illustrated in Fig. 6-3, the termination 
of Zft = ZoT becomes proper and Eqs. (6-6) and (6-7) may be used for 
the calculation of voltage and current. 

6-4. 7 in Terms of Hyperbolic Functions. Equation (6-14) expresses 
7 in terms of the natural logarithm of a complex impedance ratio. Other 
expressions for y may be derived in terms of hyperbolic functions. These 
alternative forms are often of considerable use in the study of wave 
filters and transmission lines. One of these alternative forms may be 
derived by setting up a “difference equation’^ for the A:th loop in Fig. 
6-3. Applying Kirchhoff^s voltage law to the A:th mesh, 

— Z2lk-~i -f- (Zi + 2Z^Ik — Z2/jb+i = 0 (6-18) 

Dividing through by — I k/2Z 2 , 

Ik-\ Z\ 2 Z 2 . /fc+i _ ^ 

2h 2 Z 2 2h “ 

But = h^i/Ik = Ik/Ik+i; therefore 

€^ + e-y_ Zi 

2 2 Z 2 

Introducing the definition of the hyperbolic cosine [Eq. (A-2)],^ 

cosh 7 = 1 + ^ (6-19) 


The student may be led to believe that Eq. (6-19) is easier to use than 
Eq. (6-14), but this is not necessarily true unless Zi and Z 2 are both 
real, or unless they are both imaginary as they may be considered to be in 
the study of wave filters. In either of these two cases cosh 7 will be 
real, and the determination of the real and imaginary parts of 7 is a 
relatively simple matter. If, on the other hand, Zi and Z 2 are com- 
plex, the determination of a and p is in general more difficult than if 
Eq. (6-14) is used. It may be shown after considerable manipulation 
(see Appendix) that a and ^ may be calculated from Eq. (6-19) by the 
following equations: 

Let 1 -f- Z 1 / 2 Z 2 = A + jB, A and B being known. Then 


cosh a 


+ Ay -I- -h VCi - Ay + 


Vci + Ay -f B* - \/(i - Ay + B* 


* Equations indicated by * A” are in the Appendix. 
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Since the right-hand members of these two equations are real numbers, 
a and l3 may be determined from tables of real hyperbolic and trigono- 
metric functions. 

Still another expression may be obtained for the complex propagation 
constant of a ladder network, this time in terms of the hyperbolic tangent 
rather than the hyperbolic cosine. From Eqs. (A-9) and (6-19) 


sinh 7 = cosh^ 7 -- I 

= VO - VI 


Zi 


+ 


\2Zj 


( 6 - 21 ) 


Dividing Eq. (6-21) by (6-19), 


tanh 7 = 


sinh y 
cosh y 


Z 


t»T 


Z 2 + Zi/2 


ButfortheTsection, Zor = -2^i/2+^2, and from Eq. (3-107), ZoT = \/ZorZ,c- 
Therefore 


tanh 7 = 



( 6 - 22 ) 


While Eq. (6-22) has a form that is easy to remember, it presents the 
same problem as does Eq. (6-19) when a and ^ are to be determined. In 
general Z,c and Zoc are complex impedances; so tanh 7 is complex, and 
equal, say, to C + jD. It may be shown (see Appendix) that a and ^ 
may be found independently by the equations 


tanh 2a = 
tan 2/3 = 


2C 

1 -1- + 'D2 

2D 


I - (C2 + D'^) 


(6-23) 


Equations (6-23) are desirable hut are by no means essential for the 
solution of a and ^ from Eq. (6-22) in a numerical example. Resort 
may be made to reducing the hyperbolic tangent to exponential form 
as illustrated in the following example: 


Find a and for a symmetrical four-terminal network whose open- and short- 
circuit impedances are 


Zoc = 552/-59.6° ohms Z„ = 501/-14.1° ohms 
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m 


Calculations are to be carried to slide-rule accuracy. By Eqs. (ft-23) and (A-3) 


tanh 7 


- 1 


e^i 


gy - e-t e*!' - 1 
gy + g-y - en + 1 - 

/Mr/- 14.1° , 

VM27^ “ V0:909/4M° 

0.953 /22.7° = 0.779 + iO.368 
(0.779 +j0.368)(e»'^ + 1) 

1.779 + 0.368 1.814 /11.7° 

0.221 - jO.368 ■" 0.429/7-59:0° 


4.24/70.7° 


Tlien a = 1^2 In 4.24 = 1.442/2 = 0.721 neper/section and /8 = 70.7/2 — 
35.4°/ section. 

These results may be checked by Eqs. (6-23). 


Substituting, 

tanh 2 q: 


a 

and tan 2/3 

0 


C = 0.779 D = 0.368 


2(0.779) 


1.558 


= 0.893 


1 + (0.779)2 + (0.368)2 
1 .558 
1.742 
1.44 
2 


1 -f 0.606 4- 0.136 


= 0.72 neper /section 


2(0.3^ _ 0.736 _ 

1 - (0.606 4- 0.136) "■ 0.258 “ 

^2^ = 35.4Vsection 


6-6. Design of the T Section. The need often arises in practice to 
design an iterative ladder structure to give specified values of character- 
istic impedance and complex propagation constant. It is convenient 
to derive equations giving the T elements directly in terms of the specified 
quantities, and, further, such a derivation shows one application for the 
equation for y in hyperbolic form. 

It has been shown in Chap. 3 that the elements of a T section can be 
expressed in terms of the open- and short-circuit impedances. It is 
therefore desirable to have y and Zo expressed in terms of Zoc and Z,c. 
Of the three equations that have been derived for 7, then, Eq. (6-22) is 
the most useful for the immediate problem. Squaring Eq. (6-22), 

^ = tanh'* 7 (6-24) 

Zoc 

and from Eq. (3-107) 

ZocZoc = Zo^ • (6-25) 

Multiplying Eqs. (6-24) and (6-25) and solving for Z,c, 

Zoe == Zo tanh 7 


(6-26) 
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Dividing Eq. (6-25) by (6-24) and solving for Zoo, 


rj 

~ tanh 7 

(6-27) 

The design of the symmetrical T section may be completed by applying 
Eqs. (3-108). 

z. = VZ.(Z. Z..) - (z. ; 

2 cosh* 7 — sinh* y 
“ sinh* 7 

sinhyN 
cosh y/ 

y Zo 

- sinh 7 

(6-28) 

Similarly, 

Z\ _ rj rj _ r, COSh 7 Zo 

2 ^ ^ sinh 7 sinh y 

_ Zo(cosh 7 — 1) 
sinh 7 


This may be simplified by the half-angle formulas. 


y 

cosh 7 — 1 = 2 sinh* ^ 

(6-29) 

sinh 7 = 2 sinh ' cosh ~ 

(6-30) 

Then, substituting and clearing, 


^ = Z. tanh ^ 

(6-31) 


The required T section may then be designed to give the specified 
values of Zo and y by means of Eqs. (6-28) and (6-31). 





Fig. 6-4. Lattice network. The arrangement at h simphhes the calculation of the 
open- and short-circuit impedances. 

6-6. The Lattice Network. Thus far in the chapter it has been 
assumed that the iterative structure is composed of T or n sections. 
This is by no means necessary; for example, iterative structures may be 
encountered in practice that are made up of symmetrical-lattice sections. 
A typical symmetrical lattice is illustrated in Fig. 6-4. Since the net- 
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^ i 

work is symmetrical, its iterative and ima ge im pedances are identical to 
Zo, and by virtue of Eq. (3-107) Zo * \/ZocZ,c. From Fig. 6-4 



^ Zi + Z 2 

~ 2 

(6-32) 


^ Z, + Z 2 

(6-33) 

whence 


(6-34) 


The complex propagation constant may be determined in terms of Zi 
and Z 2 by Eq. (6-22). 


tanh 7 = 



2 Z 1Z2 

zrFz. 


(6-35) 


Introducing Eq. 
[Eq. (A-3)], 


Solving for 


whence 


(6-»34) and the definition of the hyperbolic tangent 


- 1 ^ ^ 2Z^i_ 

g27 _|_ J Zi -f- Z„“/Zi Zi^ + Zo^ 



^ Zj + Zo _ 1 + Z^jZo 
^ ^ Zx- Zo 1 - Zi/Zo 


(6-36) 


In the last step the negative sign is chosen from physical considerations. 

Since 7 and Zo are known for the lattice section, current and voltage 
along an iterative structure composed of such sections may be determined 

by 


^0 

E, 



provided that the structure is terminated properly in Zo. 

6-7. Wave Motion. In a cascade of networks, if a driving voltage or 
current is impressed suddenly on the input, the effect is not immediately 
observable at the output but occurs at a later time. This gives rise to 
the notion of waves. 

The word wave has a dual meaning in the technical press. In its most 
general sense a wave is a function of both time and space, such that a 
disturbance at a point p, at a time ty is related in a definite manner to 
what occurs at distant points at later times. (A wave is not necessarily 
repetitive, as, for example, a tidal wave.) In a distortionless wave the 
disturbances at distant points are exact replicas (except for changes in 
magnitude and delay in time) of the disturbance at the original point. 

In a special sense the word wave is also used to represent a disturbance 
as a function of time at a particular point, as, for example, a voltage wave 
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or a currmt wave. These can be shown on an oscillograph. The reader 
can generally tell from the context which type of wave a writer or speaker 
is referring to. 

This chapter will be interested in the wave which is a function of both 
time and space. An illustration of such a wave is provided by the 
dachshund. 

There was a dachshund once so long 
He hadn’t any notion 
How long it took to notify 
His tail of an emotion. 

And so it was that though his eyes 
Were filled with woe and sadness 
Hife little tail went wagging on 
Because of previous gladness. 

Mathematically a wave may be recognized if a relation such as 

y = fi{x)Mx - vt) (6-37) 

is observed, where x is any space variable, not necessarily a rectangular 
coordinate. Such a function indicates that, except for a change in mag- 
nitude with X which is independent of time, what happens at a point 
x^ at time fo ife repeated at all values .To + Ax at a time + Ax/v, no 
matter what the value of Ax, he it large or small. The velocity with 
which the disturbance would propagate would be v. An example of 
such a wave would be 

y = cos ~ ^ (6-38) 

A more complex wave might be represented by the summation 

^ ^ cos cofc (6-38a) 

If n is allowed to go to « , and successive values of co* are taken sufficiently 
close, equation (6-38a) can describe a wave of any shape. Such a wave 
would preserve its form or shape if ak and Vk were the same for all values 
of k. 

Since measurements are usually most conveniently made with sinus- 
oidal signals, it is useful to analyze the behavior of a network first at a 
single frequency and then as a function of frequency. 

It may now be shown that a signal applied to the input terminals of 
a cascade of lumped networks terminated in Zo is propagated along the 
cascade as a wave. Say the input voltage is eo = J^o cos which may, 



Il^fiBATlVE NSTWOBKS 231 

of course, be written as eo = Re Then, by the methods devel- 

oped earlier in the chapter, the voltage appearing across the output ter- 
minals of the xth section will be 

e* = Re = Re 

= J©o€~“* cos (ojt — fix) 6-39) 

where x, being the number of sections, can take on only integral values: 
1, 2, 3, . . . . (In Chap. 8 it will be shown that the same equation 
applies to a transmission line where x can have any value up to the total 
length of the line.) Equation (6-39) may also be written as 


Cx = COS U) 



(6-39a) 


Since this has the exact form of Eq. (6-38) (remember cos —<l>~ cos 0), 
it has been shown that a sinusoidal input signal is propagated as a wave 
along a properly terminated cascade. 

6-8. Phase Velocity, Phase Delay. By comparison of Eqs. (6-39a) 
and (6-38) it is apparent that the velocity with which a signal of single 
frequency propagates through the structure is 


Vp 


= - sections/sec 

p 


(6-40) 


This is called the phase velocity of the network at the particular frequency 
co/27r. 

Since, at any finite frecjnency, Vp will be finite if fi differs from zero, it 
might be expected that the signal, after traveling x sections, lags the input 
signal by some interval of time, say, Tp. From Eq. (6-39a) it may be 
seen that the term fix/(j) = x/vp has the dimensions of time and repre- 
sents the delay introduced on a point of constant phase as the signal 
passes through x sections of the cascade; it may be designated the phase 
delay introduced by x sections. Thus, 


Tp 


X _ fix 
Vp W 


(6-40a) 


and Eq. (6-39a) may be written as 


Bx = cos — Tp) (6-396) 

6-9. Wave Motion on Cascade of Dissipationless Sections. As an 

example, consider the network shown in Fig. 6-5, a T section of pure 
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reactances, 


Z\ = jtoL 



Zo = 



4 


If L/C > u}Hj‘^/4ty Zo will be a pure resistance. When the T section is 
terminated in such a resistance, the ratio of current will be, from Eq. 
( 6 - 1 ), 

7t_. y/L/C - o)^LV4 -|- i(u,L/2 - l/<oC) ,, , , , 

TT = W 


The absolute value of {Ik-i/hy will be obtained by adding the squares 
of the real and imaginary components in Eq. (6-41), 


7*_i ^ _C 4 4 C 6,2(72 

h 


(6-42) 


It will be seen, then, that the magnitude of the current ratio is unity. 
This would be expected if the characteristic impedance is a pure resist- 
ance, for a change in current would mean a loss of power and the pure 
reactance elements cannot dissipate any energy. 

There is, however, a shift in phase, the output current and voltage 

lagging the input current and voltage 
by p. Then if the iterative structure 
consists of a large number of lossless 
Zq T sections in cascade and is termin- 
ated in Zo, the phasor diagram for the 
currents has the form shown in Fig. 
Fio. 6-5. Lossless T section. observed that the locus 

of the several phasors representing the currents between sections is a 
circle and the value of the current at any junction k is 





Ik = Iq / — fejg 


(6-43) 


where /o is the current at the input of the entire iterative structure. The 
phase of h is arbitrarily taken to be zero. 

In order to show graphically the character of the wave motion, the 
voltage and/or current should be plotted as a function of x and t. Of 
course, a network with a large number of sections per wavelength would 
be desirable in order to have enough points to show the wave motion well. 
In order to show a function of both time and space on two-dimensional 
plots, it is convenient to make a series of plots of \E\ vs. x at uniform 
intervals of time. This is done in Fig. 6-7 for intervals of cycle. 
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Fig. 6-6. Phasor diagrams for a cascade of lossless T sections terminated in Zo. (a) 
One section. (6) Locus of currents along the cascade. 

The distance between two adjacent positive maxima would be termed 
a wavelength and would be equal to the number of sections which produce 
a lag of 2t radians. If is the number of sections for 1 wavelength, 


nx/S = 2w 
2w 


(6-44) 


The wave should proceed at a phase velocity of 1 wavelength/cycle, 
and therefore 

which checks Eq. (6-40). 

6-10. Wave Motion on Cascade with Dissipative Sections. If the 

sections had resistance in either branch, there would be a loss in power 
and the output voltage and current of each section would necessarily 
be less than the input voltage and current. This is shown in the phasor 
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Distance along the line 



Fig. 6-7. Inatanttiuoous distribution of current and voltage along a resistaiiceless 
cascade terminated in its characteristic impedance. 



Fig. 0-8. Phaser diagrams for a cascade of T sections having dissipation and termi- 
nated in Zo. (a) One section. (6) Locus of voltages along the cascade. 
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diagram of Fig. 6-8a. There would also be a difference in phase, and so 
the voltage and current at the dif- ^ 
ferent instants would be similar to \ 

the curves of Fig. 6-9. A phasor \y Vx ^ 

diagram for voltages along the line ^ 

would be similar to that of Fig. ^“®+87 

6-86. B / \ 

If an ammeter or voltmeter (which / v./ ^ 

reads effective rather than instanta- 2 

neous values) were connected at 
various points along the line, they C -—r — \ y 
would all have the same reading in / ^ 

the dissipationless case. For the tsa-f— 

case with dissipation the reading ^ ^ 

of an ammeter would be 7* = 7o€““*. ^ j x,/ 

These two cases are shown in Fig. ^ 

6 - 10 . 

B-11. Wave Motion with Signal ^ fy. XX ^ 

Involving More than One Frequency : \l \_7 

Distortion. Results thus far have instantaneous distribution of 

been concerned with single-frequency current or voltage along a line with 
signals. Consider what happens dissipation, terminated in its charac> 
, 1 - 1 j • teristic impedance, 

when a more complicated wave is 

involved, i.e., one including two or more frequencies, which, as men- 
tioned earlier, may be expressed as 


Fig. 6-9. Instantaneous distribution of 
current or voltage along a line with 
dissipation, terminated in its charac- 
teristic impedance. 


e* = ^ (J?o)*e-*** cos «*(f — T^) 


(6-45) 


If this signal is to be propagated without distortion, its shape, or form, 
must remain unchanged as it moves along the cascade, i.e., the relative 


JorV 7orV 

Distance 

Line without dissipation Line with dissipation 

Fig. 6-10. Envelope of readings obtained with an ammeter or voltmeter at junctions 
along a cascade for the cases illustrated in Figs. 6-7 and 6-9. 

amplitudes of all its frequency components must remain the same, and 
all its frequency components must undergo the same delay in time. It 
follows, then, that this complicated signal will be propagated without 
distortion if the cascade is such that a* and Tpk have the same values 
for all the frequencies comprising the signal. 

If ak, is not constant over this band of frequencies, the cascade is said to 
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introduce frequency distortion^ i.e., the amplitudes of the several frequency 
components in the signal undergo different amounts of attenuation. 

If Tpk is not constant over this frequency band, the cascade is said to 
introduce delaj/ dzstortion, i.e., the several frequency components undergo 
different amounts of delay in passing through the cascade. 

By the definition of Tp [Eq. (6-40a)] Tp = jSx/w. Thus if ^ is directly 
proportional to frequency over the band of frequencies comprising the 
signal, Tp will be constant and no delay distortion will occur. By the 
same token, Vp = will also be constant over the required frequency 
band. 




Fig. 6-11. Transmission of a repetitive pulse through a network (a) Transmission 
characteristics of a typical disbipative LP structure. (6) Tiansmission character- 
istics of a quasi-LP structure. Note, Characteristics are plotted against a linear 
frequency scale. 

As an example of these ideas, consider that a repetitive pulse of dura- 
tion Ti and fundamental repetition freiiuency fi — \/T as shown in Fig. 
2-6 is applied to a cascaded structure. The frccpiency spectrum of this 
wave was calculated in Sec. 2-8 and plotted in Fig. 2-6. 

It is apparent from that plot that a and would have to be constant 
over an infinite band of frequencies for the pulse to be transmitted free 
of all distortion. As a practical matter, however, the frecjuency spec- 
trum of Fig. 2-6 shows that the frequency components higher than 2/Ti 
have relatively small amplitudes. Thus if a is independent of frequency 
and /S is directly proportional to frequency from direct current to 2/Ti 
as in Fig. 6-1 la, the wave would be transmitted with negligible frequency 
and phase-delay distortion, for then a, Tp, and Vp would all be constant 
over the significant frequency band. The response curves shown in Fig. 
6-1 la are typical of so-called ‘'dissipative low-pass (LP) structures.'' 

6-12. Group Velocity and Delay. Another basic type of structure, 
the “quasi-LP" type, has a and fi characteristics of the general form 
indicated in Fig. 6-116. [The student should compare these curves with 
those of the RC amplifier (Fig. 2-17)]. If the repetitive pulse of Fig. 2-6 
is applied to such a quasi-LP structure (either singly or in cascade), will 
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the waveform of the signal be maintained at the output? Consider first 
the question of frequency distortion. It will be observed from Fig. 6-116 
that a is constant for all the significant a-c components of the signal. 
The d-c component will not be passed by the network but may be restored 
by a process known as ‘'clamping’^; thus no frequency distortion will be 
introduced. 

As to phase-delay distortion, however, it will be observed that, while 
^ is linear with /, it is not directly proportional to f; therefore Vp and Vp 
are not constant over the required band. In fact the characteristics 
shown in Fig. 6-116 indicate that frequencies between /i and /* have 
negative phase velocities, those between /* and 2/Ti have positive phase 
velocities, and /* has infinite phase velocity. 

These facts notwithstanding, it may be showm that the characteristics 
of Fig. 6-116 will allow the repetitive pulse to be transmitted without a 
change in waveform. To do this, it is necessary to introduce the con- 
cepts of group velocity and group delay. These concepts can best be 
understood by considering ^ simple case, that of the propagation of two 
frequencies in a cascade of networks where the phase velocity varies with 
frequency. 

If one plots at a given instant the sum of two waves of slightly differ- 
ent frequency as a function of space, the envelope of the sum would show 
a beating effect, as illustrated in Fig. 6-12. The maxima of the envelope 
occur at the positions where the two waves are in phase. If, now, as 
time passes, the two waves move in space at the same phase velocity, 
the envelope of their sum will also move in space at exactly the same 
velocity. If, on the other hand, the two waves move at different phase 
velocities, it will be found that the envelope will move in space at a 
velocity which is in general different from the phase velocity of either 
component wave. A plot showing two such waves of different frequency 
and phase velocity and their sum is shown in Fig. 6-12 for two different 
times, h and t 2 (in this case without attenuation). 

Consider the case of two waves of frequencies w/27r and (w -h Aco)/27r 
with respective phase shifts per section of and jS + AjS. They can be 
represented by equations 

2/1 == Aifi{x) cos (wf - fix) (6-46a) 

2/2 = cos [(o) + — {fi + A/3)a:] (6-466) 

These two waves are in phase for a combination of ti and Xi defined by 
the relation 

(t)ti — fixi = (oj -b A(a)ti — (jS ”t" Afi)xi 
or Aco ti = Afi xi (6-47a) 

At some later time (2 the position of in-phaseness will have moved to 
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Units of distance 0 10 19 20 


Fig. 6-12 Two waves of different frequency and different phase velocity and their 
sum as a function of space at two instants of time, h and < 2 . The solid line is wave 1, 
the dotted line is wave 2, and the dashed line is then sum 

a position X 2 corresponding to the relation 

01^2 — ^X2 = (oi -|- Aco)^ 2 — (i® "f" Aj3)X2 

or Ao) t 2 = AjS X 2 (6-47b) 

Since the maximum of the envelope is determined by the positions at 
which the two waves are in phase, the envelope will travel a distance 
— Xi in time tz — h. Hence the velocity of the envelo'pe^ called the 
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group velocity and designated by Vg will be 


Vg 

From Eqs. (6-47a) and (6-476) 


X2 - Xi 

<2 ““ t\ 


or 


Ao) {U — ^i) = AjS (x2 — Xi) 


A<jt) 



( 6 - 48 ) 


Figure 6-12 has been drawn for a case where the ratio of the two 
frequencies is /2//1 = a^iid the ratio of the two phase velocities is 
Vpi/Vp2 = 

Hence, since Vp = aj//3, a)2/3i/«ij(32 = Also, 


and 


Then 


W2 ““ wi _ 19 ■— 18 _ 1 

W~ " 18 

jSi 03iVp2 18 19 9 

W 2 "" W2Vpl “ 19 ^ “ io 
i 82 - iSi _ 10 - 9 _ 1 
/3i 9 9 

ilL = ^2 — Ctfl ^ 1_ y Q 
02 a>i 18 


1 

2 


Hence the group velocity for this case should be one-half the phase 
velocity of the lower frequency. The diagram shows that, while the 
lower frequency wave has traveled two of its wavelengths, the envelope 
has traveled only half as far. 

More specifically the group velocity is usually defined in terms of the 
limit as Aw approaches zero and is therefore given a meaning at a par- 
ticular frequency, say, wi. For this case 

.. = 

and a group, or envelope, delay Tg may be defined by 


X d0 

Tg = — ^ X 
Vg do) 


(6-49) 


The group velocity and group delay, as well as the phase velocity and 
phase delay, are functions of frequency, and these functions are in general 
all different, except for the special case where Vp is independent of fre- 
quency, and then Vg == Vp and Tg = Tp, 

These results may now be applied to the example of Fig. 6-116. Since, 
as shown by the 0 characteristic, d0/d(ji) is constant over the band of 
important frequencies comprising the repetitive pulse (the pulse being 
the envelope of all the components), that train of pulses will be trans- 
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mitted along the cascade without a change in the waveform of the enve- 
lope even though and Vp are not constant. 

This apparent discrepancy in the criterion for no delay or phase dis- 
tortion may be resolved quite readily. If is constant in the frequency 
band of interest, jSx, by integration of Eq. (6-49), is 

= TgU) -h jSo 

where jSo is a constant of integration. There are an infinity of possible 

I3x curves that satisfy this relationship, 
a few of which are shown in Fig. 6-13. 
For any of these curves, Eq. (6-45) 
reduces to 


e, = ^ (.So)fre“"*^ cos {o3t - ^x) 

ifc»i 
n 

~ X ~ ‘^o) “I" /So] 

and the signal will be transmitted 
without a change in waveform (pro- 
vided that a is constant) even though 
Vp and Tp are not constant. It may 
be concluded, therefore, that, in so far 
as the absence of delay distortion of 
the signal is concerned, d^/doj rather 
than /3/aj should be constant. For 
true LP structures, |3o = 0 and d^/du) = 
constant corresponds to (5 proportional to w. 

Similar analyses would apply to bandpass (BP) and high-pass (HP) 
structures; in fact, the quasi-LP structure is actually a BP network. 

It may be shown that the group velocity of any physical network and 
the group time delay are always positive and finite. This checks with 
the intuitive feeling that any response at the output of a physical net- 
work must occur after the driving force has been applied. If any assump- 
tions are made in a network which violate this, such as those in Chap. 2 
regarding so-called ideal filters, it is apparent that the network cannot be 
realized physically. 

It is therefore frecpiently stated that the energy is propagated through 
a network at the group velocity, although this is only even approximately 
true when the important components contributing to the energy lie within 
the range where the group velocity is substantially independent of fre- 
quency and hence can be given a definite value for the energy pulse. 

6-13. Transmission Units. Thus far in the chapter the unit used for 
attenuation constant, which is a measure of the change in magnitude of 
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current and voltage on an iterative structure terminated in its charac- 
teristic impedance, has been the neper. It has also been stated that an 
alternative, dimensionless attenuation unit is the decibel . The origin and 
interrelationship between these units will now be considered. 

The attenuating character of any network could be represented in 
terms of the number of standard T sections of arbitrarily chosen char- 
acteristics which would give the same attenuation. It may be conven- 
ient in specifying this standard section to give definite physical configura- 
tions to Zi and Z 2 or to specify the base and exponent that give the ratio 
\Ik-\/Ik\. Both these methods have been used. 

The so-called ‘^mile of standard cable’’ was the first standard exten- 
sively used for telephonic transmission. It consisted of physical values 
of 88 ohms resistance for Z\ and 0.054 ^f capacitance for Z 2 . It originally 
corresponded to a commonly used cable of 1 9-gauge copper, but modern 
19-gauge cable has a different capacitance. 

Such a standard cable varies, with frequency, in its attenuating chai- 
acteristics. It served the purpose when talking tests were used for meas- 
urement, and the majority of actual circuits produced distortion similar 
to the standard, but its use has now been discarded for units which 
represent the same attenuation at all frequencies. 

During the years when the standard cable was the unit of transmission, 
the attenuation of a large number of pieces of apparatus and network 
combinations was expressed in this unit. In looking for a new unit it 
was desirable that it should, in most practical instances, have nearly the 
same value as the old unit. If a single frequency standard must be used, 
the attenuation of speech transmission is most nearly like the attenuation 
of a frequency of 800 to 1,000 cycles. Formerly the unit most widely 
used was the “ 800-cycle mile ” ; i.e., current or power ratios were expressed 
in terms of the number of miles of standard cable which would cause the 
same ratio at 800 cycles. The attenuation of 886 cycles on a mile of 
standard cable is such that 


P 2 


Pj/i 

E2I2 


= 10 *’' 


(6-50) 


This ratio gave a convenient value which could be expressed in terms 
of common logarithms and was adopted as a standard for all frequencies. 
This unit was first labeled the '‘transmission unit.” Later its name was 
changed to "decibel” and abbreviated "db.” The number of such 
units of attenuation produced by any network is expressed by the relation 


J-‘ = 10» (6-51) 

/ 2 

AT.. = 10 log 


(6-52) 
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This unit is approximately the same as the 800-cycle mile, the mile 
being about 5 per cent higher. 

The unit ‘^bel” is seldom used as such but is equal to 10 db, and the 
number of bels is the common logarithm of the power ratio. The name 
was selected in honor of the inventor of the telephone, Alexander Graham 
Bell. 

The most common use ot the decibel as a unit is to express quantita- 
tively the increase or decrease in power due to the insertion or substitu- 
tion of a new element in a network. As an example, suppose that the 
current in the terminal impedance at the end of a line is initially 1 ma. 
Let any piece of apparatus be inserted at some point in the network such 
that the current is reduced to 0.3 ma as a result of the change. Since 
the terminal impedance has not been changed, 



The number of decibels loss caused by the introduction of the new unit 
will be 


Aai. = 10 log 11.11 
= 10 X 1.046 
= 10.46 loss 


On the other hand, suppose an amplifier is inserted which causes the 
current in the terminal load to increase from 1 to 5 ma. Then th(' 
so-called ^Moss’^ would be computed from Eq. (6-52) as before. 

Adb = 10 log ^ = 10 log 

= 10(- 1.400) 

= -14.00 


A ^Moss’’ of — 14.00 db represents an increase in power since the answer 
is negative and so is interpreted as a ^^gain^^ of 14.00 db. 

Since the logarithm of any number is equal to the negative of the log- 
arithm of the reciprocal of that number, in using Eq. (6-52) it is possible 
to use the higher power always in the numerator as Pi, and if this higher 
power occurs after the change, the result is interpreted as a gain. In 
the example just given 

log >25 = -logic 25 = -1.400 

It is also simple to find the power ratio if the decibels are given. For 
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example, if the loss due to any change is 18.06 db, then 



= 1.806 

= antilog 1.806 = 64 
= = 8 
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While the decibel is primarily a unit of power ratio, it Ls apparent that 
if the receiving-end impedance is constant during the power change Eq. 
(6-52) may also be written 


iV’db = 10 log 



= 20 log 


Ii 

h 


= 20 log 


E, 


(6-53a) 


On the other hand, if the power change is wholly or partially due to a 
change in the receiving impedance, Ecj. (6-53a) cannot be used. 

It is apparent that there is a direct relation between a loss expressed in 
nepers and one expressed in decibels. Since In x = 2.30 log x, 


nepers = 2.30 log 


Ii 

U 


20 


iVdb = 0.115 iVdb 


Therefore 1 db equals 0.115 neper, or 1 neper represents 8.686 db. 

Equation (6-52) may be used apart from its original derivation to 
represent the ratio of any two powers, whether they are in the same net- 
works or not. It should be noticed that the decibel is fundamentally a 
unit of power ratio and not of power. When referred to some arbitrary 
level, the decibel is often used as a unit of absolute value of power; e.g., 
in telephone testing the zero level is 1 milliwatt (mw), and other powers 
are referrred to it. Positive values represent higher powers and negative 
values lower powers. Thus -|-30 db would be a power 1,000 times the 
standard, or 1 watt, and “30 db would be a power 1/1,000 times the 
zero level, or 1 microwatt (/xw). 

For testing in radio systems, including telephone lines feeding them, 
a zero level of 6 mw has been adopted as standard. In sound measure- 
ments the zero level is taken as 10~‘® watt/sq cm, which is approximately 
the threshold of audibility at 1,000 cycles. 

6-14. Weber-Fechner Law. Another reason for the use of loga- 
rithmic transmission units is that the human senses perceive such units 
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as approximately equal intervals. An important law in psychology 
is the Weber-Fechner law, which states that ‘‘the minimum change in 
stimulus necessary to produce a perceptible change in response is propor- 
tional to the stimulus already existing. This means that the senses 
perceive proportional rather than absolute changes in the intensity or 
character of stimuli, such as sound or light waves. As discussed in Chap. 
2, one of the most easily recognized intervals in music is the octave. 
Each octave on the musical scale represents a frequency ratio of 1 2; i.e., 
the interval is a proportional rather than an absolute change. Similarly, 
a change in loudness is interpreted in terms of the sound already present; 
a cricket in the country may increase the surrounding noise by many times 
and therefore represent a change of a numbei of decibels, while in a city 
street it would be inaudible and would represent a negligible percentage 
increase in acoustic power. The absolute diffeience of intensity of the 
lights and shadows of the image projected on a screen by a motion- 
picture projector is the same, whether the screen is in bright daylight or 
a darkened room, but the eye, perceiving relative intensity, sees th(‘ 
contrasts much better when the surroundings are dark. For a similai 
reason time passes more s\\iftly for adults than for children: A year to a 
child of ten is one-tenth ol the total time that he has observed; from 
birthday to birthday seems a long interval, while to the adult of fortv the 
period between leap years seems no longer. 

A change in acoustic power of I db is approximately the minimum 
recognizable by the average human ear and therefore becomes a very 
useful unit of acoustic, as well as electric, power ratio. Absolute acoustic 
power is also often specified in decibels, and a reference level sometimes 
used is the threshold of audibility; i.e., a sound which can be just heard 
when other sounds are absent. This reference level varies with frecjuency 
(see Fig. 1-13). An acoustic level of 20 db would be a pressure ten times 
that at the threshold of audibility. This would be greater absolute power 
at 200 cycles than it would be at 1,000 cycles, because the threshold is 
higher in the former case. The zero level now preferred is a power density 
of 10“^® watt/sci cm at all frequencies. 

6-16. Losses in a Transmission Network. The results of the preceding 
sections show that if an iterative structure is terminated in its iterative 
or characteristic impedance, then the attenuation loss of the first k sec- 
tions will be 


Attenuation loss = 20 log | 


= 20 log 


= 8.686A:a db 


Eo 

Eu 


(6-54) 


where a is still in nepers per section. It is of interest to note that this 
loss may also be expressed in terms of the input power to the first section 
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and the output power of the A;th section. From Eq. (6-4) 


or 


h 

h ^ Eoh 

Ik Ekik I 


From the definition of power 


Po = |Eo/ol cos 00 

Pk = \EkIk\ cos Bk 


(6-55) 


(6-56) 


Now since a termination Zr — Zo causes the input impedance of each 
section to be Zo, 0o = 6k, whence 


EqIo 


h 

EkIk 


Ik 


(6-57) 


Then combining Eqs. (6-54) and (6-57), an alternative expression for the 
attenuation loss is, 

p 

If Zr == Zo, attenuation loss == 10 log ^ db (6-58) 

Jr k 

The equations given above presume an idealized situation, viz., that 
the iterative structure is properly terminated. This ideal situation is the 
exception rather than the rule, however; in the general case where Zr 9 ^ Zo 
current and voltage at the A:th section can no longer be determined by 
Eq. (6-6) because reflections occur, a subject covered in Chap. 9. Where 
reflejctions do occur, 10 log (Pq/Pr) does not give the ^‘attenuation loss,^^ 
and two other losses have been defined to give a measure of circuit per- 
formance, the transmission loss and the insertion loss. 

The transmission loss is defined as follows: “In communication, trans- 
mission loss (frequently abbreviated ‘loss’) is a general term used to 
denote a decrease in power in transmission from one point to another. 
Transmission loss is usually expressed in decibels.” (ASA C42 65.08.060.) 

Then, applying this definition to the iterative structure not terminated 
in Zo, 

p 

If Zr ^ Zo, transmission loss = 10 log ^ db (6-59) 

r 2 


The student will probably object that Eqs. (6-58) and (6-59) are identi- 
cal. This is true, but he should observe that, with an improper termi- 
nation, Zo is no longer the input impedance of each section in the cascade ; 
thus 


and 


If Zr 9^ Z,t, ^ 


Eo 

E'k 


h 

h 


Transmission loss 9 ^ 20 log 


^ 1 5^ 20 log 


I 


7 ^ S.GSQka db 
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Still another quantity is defined which, while itie^not a loss in the 
usual sense, has been called the insertion loss of a network. 

Frequently it is necessary to determine how the power delivered to a 
fixed load is changed by the insertion of some network in cascade, con- 
necting a source to a load. The corresponding loss in power is called the 
insertion loss of the network and may be defined as follows: **The inser- 
tion loss resulting from the insertion of a transdiicci in a transmission 
system is the ratio of power delivered before the insertion to that part of 
the system following the transducer to the power delivered to that same 
part after the insertion.” (ASA 042 05.08.087.) 



(a) 



ib) 

Fio. 6-14. Circuits for calculating the insertion loss of network C. 


For example, in Fig. 6-14a, let 7^ be the load current when the load is 
fed through the cascade AB. Then the power delivered to the load is 


Pr = \Pr\^Pr ( 6 " 60 ) 

Upon introduction of the network C between networks A and 5, as in Fig 
6-146, a new value of load current, Ir, flows and produces a load power 


Then by definition 


Pr = |/«|=/e« 


(fi-Ol } 

pf 

Insertion loss = 10 log 75 ^ 

/ R 


(6-62) 

- 20 loEi',*| 

(lb 



nepers 

(6-62a) 


The student should take care to notice the difference between Eqs. (6-59) 
and (6-62) despite their similarity in form. He should also prove as an 
exercise that, for a given network with Zr = Zo, all three losses — attenu- 
ation, transmission, and insertion — become one and the same. 

It should also be observed that the insertion loss of a two-terminal-pair 
network depends upon where it is inserted and so is not a definite value 
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which can be assigned to the network. The transmission loss similarly 
depends upon the termination. The attenuation loss, on the other hand, 
is a specific value for any particular two-terminal pair or any group of 
identical pairs in cascade. Further work in Chap. 9 will show the inter- 
relationship between insertion and attenuation loss. 

6-16. Cascade of Dissimilar Sections with Identical Characteristic 
Impedances. Thus far in the chapter the equations such as (6-54) for 
the total attenuation loss of k sections in a cascade structure presume 
all the sections to be identical. The case often arises, particularly in the 
analysis of wave filters, where the several sections in the cascade have 
the same value of Zo, but different values of y, say, 71 , 72 , ... . The 
student may show (juite easily that when such a system of dissimilar 
sections is terminated in Zo 

— h h • . . 

In I\ I 2 In 

= • • • e7« 

and Attenuation loss = -j- 0^2 + • ' * + 

Total phase shift — Pi + ^2 + • • * + Pn 

PROBLEMS 

6-1. A line is composed of T sections of pure resistance. The series resistances of 
tlie T sections are 50 ohms each, and the shunt resistances are 5,000 ohms each. Com- 
pute the characteristic impedance and the attenuation constant- 

6-2. A line composed of 100 sections, similar to those of Prob 6-1, is terminated in 
its characteristic resistance. A generator whose emf is 1 volt and whose internal 
resistance is 200 ohms is connected at the sending end. What will be the current at 
the sending and receiving ends of the line? 

6-3. Plot a curve of current vs. distance along the line of Prob. 6-2, taking points 
at intervals of 20 sections. Plot also a curve of the logarithm of current vs. distance. 
Compute and plot similar curves of voltage distribution. 

6-4. A symmetrical T section is made up of the following components: Ri •* 20 
ohms, Li = 3 mh, C2 — 0.1 /if. Evaluate a, /3, and Sit u ^ 5,000 radians /sec. 

6-5. Repeat Prob. 6-4, but evaluate Zo from Z„e and Z,c and 7 by means of Eq. 
( 6 - 22 ). 

6-6. A cascade of six identical n sections is terminated in its characteristic imped- 
ance. 7 = 0.1 4-jV/6. Eo *■ 5 volts. Plot a polar diagram of the voltages along 
the cascade. 

6-7. Design a symmetrical T section to have Zo * 600 ohms and 7*0+ jir/4. 

6 -8. Repeat Prob. 6-7 for a symmetrical n section. 

6-9, A T section has a total series resistance of 200 ohms and a shunt branch con- 
sisting of a 0.1-/tf capacitor. It is terminated in its characteristic impedance. 

o. Plot a, Vpf and Vg at intervals of one octave from 200 to 3,200 cycles. 

h. State your conclusions regarding the distortion introduced by the network. 

6-10. What will be the current in the load if the generator and load of Prob. 6-2 
are connected directly? What is the loss in decibels introduced by the line of Prob. 
6-2 when it is connected between the load and generator? 


(6-63) 

(6-64) 

(6-65) 
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6-11. A T section has a total series resistance of 200 ohms and a shunt branch of 
100 ohms. Calculate the attenuation, transmission, and insertion losses for the 
following conditions: 

a. Eg = 10 volts, Rg Rr ^ 173.2 ohms. 

b. Eg « 10 volts, Rg * 500 ohms, Rr * 173.2 ohms. 

c. Eg * 10 volts, Rg = Rr ^ 500 ohms. 

Compare the losses for the three cases. 



CHAPTER 7 


WAVE FILTERS 


In communication systems it frequently becomes desirable to discrimi- 
nate between frequency bands, accepting one group and rejecting others 
in a particular branch of the network. Combinations which accomplish 
this purpose are called ‘‘wave filters.” They differ from simple resonant 
circuits in providing a substantially constant transmission over the band 
which they accept, this band lying between any limits which the designer 
may select. 

Ideally, filters should produce no attenuation in the band desired and 
should provide an infinite attenuation at all other frequencies. These 
bands are referred to as the “transmission,” or “pass- ,” and “attenu- 
ation,” or “stop,” bands, respectively. Actual filters fall short of this 
ideal, the undesired frequencies being attenuated by a finite amount. 
This attenuation may be made as large as necessary if a sufficient num- 
ber of meshes of proper design are used. Commercial filters are designed 
to meet the technical requirements with a minimum cost and therefore a 
minimum number of meshes which will give the required attenuation in 
any particular application. 

The student should be aware that two different philosophies of design 
are used in the synthesis of filter circuits. For lack of standard terms 
these may be called the “classical” and “modern” points of view. In 
the classical system, which is based largely on the work of O. J. Zobel and 
G. A. Campbell, a given class of networks is analyzed so that their atten- 
uation and phase characteristics as a function of frequency are known 
and tabulated. Then, given a desired attenuation characteristic, the 
designer can choose that particular network whose attenuation character- 
istic most closely approximates the desired form. No attempt is made 
in the classical approach to design for both attenuation and phase (or 
delay) characteristics simultaneously, a is the design criterion, and the 
designer must accept the characteristic associated with it. In systems 
used for the transmission of speech such a procedure is generally satis- 
factory since phase or delay distortion is not readily discernible by the 
human ear. 

More recent interest in picture transmission as in facsimile or television 

249 



250 


COMMUNICATION ENGINEERING 


systems has shown that delay distortion is fully as important as frequency 
distortion. In these systems delay must be considered. 

In contrast to the older theory of filter synthesis, in the modern 
approach the designer starts with the desired responses of both a and 
and then sets about designing the necessary network, whose configuration 
is unknown at the beginning of the design process. As a practical matter 
it is usually impossible exactly to satisfy both responses, and the designer 
is content to approximate them. This latter method, while more power- 
ful than the classical, recjuires mathematical tools that are beyond the 
scope of this book. The work in this chapter, then, will follow the clas- 
sical method and so will be concerned primarily with anal 3 ^zing the 
behavior of two basic filter structures, the ladder and lattice networks. 
As a matter of convenience certain properties of any symmetrical loss- 
less network will be investigated first. 

7-1. Characteristic Impedance of Networks of Pure Reactances. As 
stated above, a filter ideally should have zero attenuation in the pass- 
band, a condition which may be satisfied only if the elements of the filter 
are dissipationless and which cannot be realized in pra(5tice. If, however, 
the components are inductors and capacitors of high quality factor, their 
effective resistance will be low and the losses in the passband will be 
small. For this reason, wave filters are designed on the assumption of 
lossless circuit elements, i.e., the design is based on purely reactive ele- 
ments. The following discussion will proceed on this basis. 

It was shown in Chap. 3 that the characteristic impedance of a sym- 
metrical four-terminal network is 

Zo = y/ZocZgc ( 7 - 1 ) 

If the elements of a network are pure reactances, there are four pos- 
sible combinations of signs for Zoc and Zsc’, 

Condition 1 . Zoc = +iA'o, Z^c — —jXh. 

Condition 2 . Zoc — —jXa, Zac = +jXb. 

Condition 3. Zoc ~ Zac — -hjXb^ 

Condition 4. Zoc = —jXaj Zac = —jXb. 

Here Xa and Xb are positive real numbers. 

If either condition 1 or condition 2 exists, 

Z, = V-fXaXt = ± VXaX, (7-2) 

and the characteristic impedance is a pure resistance. Only the positive 
root corresponds to a physically realizable passive termination. If, on the 
other hand, either condition 3 or condition 4 holds, 

z. = ^+px:x, = ± j vx:xi ( 7 - 3 ) 

and the characteristic impedance is a pure reactance. In other words if 
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the impedances are reactances of opposite sign, the characteristic imped- 
ance is a pure resistance, while if they are of the same sign, the character- 
istic impedance is a pure reactance. 

As the frequency changes, the value, or even the character, of Zoc 
and Z,c may change. Over one range of frequencies Zo may be a pure 
resistance, while over another it may be a pure reactance. 

7-2. Absorption of Power by Terminated Network of Pure Reactances. 
If the characteristic impedance of a cascade of sections is a pure resistance 
and each section is made up of pure reactances, then power can readily be 
absorbed from a generator by this cascade if it is terminated in its char- 
acteristic impedance Zo- Since the elements of the filter cannot absorb 
any power, all the power must be delivered to the termination. If no 
power is lost and the characteristic impedance is a pure resistance, \EiIi\ 
must equal 1 ^ 2 / 2 .! Also, in aline terminated inZ*,, E 1 /E 2 = I 1 /I 2 . As 
a result of these two equalities \Ei\ = |J^ 2 | and |/i| = I/ 2 I and there will 
be zero attenuation. 

If the characteristic impedance of the cascade of sections is a pure 
reactance, then a line terminated in Zo will absorb no power from the 
generator and the current and voltage will be 90° out of phase at all points. 
It would be physically possible for such a line to have attenuation, since 
a decrease in voltage and current does not involve a dissipation of power 
when E and I are 90° out of phase with each other. 

7-3. Propagation Constant of Network of Pure Reactances. It was 
shown in Eq. (6-22) that the propagation constant of a symmetrical net- 
work is given by the equation 

tanh y = (7-4) 

If either condition 1 or condition 2 holds, 

(7-5) 

while .if either condition 3 or condition 4 holds, 

tanh r = ^ (7-6) 


This shows that, if the characteristic impedance is a pure resistance, 
the hyperbolic tangent of the propagation constant is a pure imaginary, 
while if Zo is a pure reactance, tanh 7 is a real number. Now 


tanh 7 = tanh (a + jfi) 


sinh 7 _ sinh a cos 0 + j cosh a sin 0 
cosh 7 ~ cosh a cos 0 + j sinh a sin p 
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Rationalize the denominator by multiplying the numerator and denom- 
inator by the conjugate of the latter, and simplify. 


, , sinh a cosh a + ? sin cos /3 

sinh^ a + cos^ jS 

If tanh 7 IS a pure imaginary, then Eq. (7-7) shows that 
sinh a cosh a = 0 


(7-7) 


(7-8) 


Since this is possible only for a = 0, there will be zero attenuation when 
Zo is a pure resistance, a conclusion which was also reached in a previous 
paragraph. 

If tanh 7 is a real number, then, from Eq. (7-7), 


sin /3 cos j3 = 0 


(7-9) 


Hence, if tanh y has a value, sinh a cosh a must have a value greater 
than zero and there must be attenuation. This is the case when Zo is 
a pure reactance. These principles may be summarized in the following 
theorem : 

In a symmetrical network of pure reactances, if the characteristic imped- 
ance is a pure resistance, the attenuation constant is zero, while if the char- 
acteristic impedance is a pure reactance, there must be a value for the atten- 
uation constant. 

If a cascade of pure reactance networks is terminated in some value 
other than the characteristic impedance, the input impedance will differ 
from Zo only to the extent that the reflected wave can interfere with the 
initial wave at the input terminals, as discussed in Chap. 9. If the atten- 
uation is large, the load impedance has little effect on the input impedance 
and the latter will be practically Zo. Therefore, if the series of sections 
made of pure reactances has a characteristic impedance which is a pure 
reactance, then, even if it is terminated in a pure resistance, the input 
impedance will still be almost entirely reactive since attenuation is pres- 
ent. Hence, in this case very little power will be absorbed by the cascade 
from the generator, and so very little can be delivered to the load, even 
though the cascade cannot dissipate power. This is the primary principle 
of filter action, viz., in the attenuation band of freciuencies relatively 
little power can be absorbed from the supply network at the input ter- 
minals of the filter. Since the filter structure is assumed to be con- 
structed of pure reactive elements, all the power absorbed at the input 
end at any frequency is delivered to the load. yP 

7-4. Determination of Transmission and Attenuation Bands of Filter 
Networks. If a reactance sketch of the open- and short-circuited react- 
ances of a filter section is made, the type of the filter and the location of 
all transmission and attenuation bands may be readily determined. In 
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any range of frequencies where the reactances are of opposite sign, the 
attenuation will be zero. This is illustrated by the reactance sketches 
of Fig. 7-1 for some hypothetical network. The critical frequencies 
which correspond to zeros and poles of either Zoc or Z,e are labeled /i, 
/ 2 , etc. It is apparent that there will be zero attenuation between fre- 
quencies fi and /4 and for any frequencies above fa because in these 
ranges Zoc and Z^c are opposite types of reactance. The frequencies 
which mark the boundary between transmission and attenuation bands 
are called cutoff frequencies In the illustrations, /i, fi, and /b are cutoff 



Fig 7-1 Determination of transmission and attenuation bands of a filter network 
from its open- and short-eireuited reactance curves 

freciuericies It is apparent from Fig. 7-1 that cutoff fretjuencies occur 
when there is a critical frequency for either curve which does not coincide 
with a critical frequency of the other curve. When two critical frequen- 
cies coincide, they do not mark cutoff points. These critical points arc 
useful in controlling the magnitude of the characteristic impedance or 
the attenuation constant in the various bands. 

Usually it is not very convenient to work with the open- and short- 
circuited impedances. Any two factors into which the characteristic 
impedance may be factored may be used in the same way as the open- 
and short-circuited impedances. 

7-6. Ladder Networks as Filters. The ladder structure is one of the 
commonest forms of filter network that is considered under the classical 
theory of wave filters. Both the T section and its related II section are 
grouped under this common heading owing to the conhguration of a 
long cascade of such sections. The characteristic impedances of these 
related T and n sections are derived in Chap. 6 and are repeated here 
for reference. 

Z.T = ^ (6-15) 

n ZiZi _ Z\Zi 

“ y/ZiZi + ZiV4 “ Z^ 


(6-16) 
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The characteristic impedance of the T section is sometimes called the 
mid-aeries iterative impedancey while that of the 11 section has a corre- 
sponding term: mid-shunt iterative impedance. These terms are applied 
because in a long line of T sections the input point is in the middle of the 
series impedance Zi, while in a long line of n sections the input would be 
at a point where the initial shunt admittance was one-half the value of 
other shunt admittances. 

In Eq. (6-15) the part under the radical could be divided into two 
factors, as follows: 

= -Jzi (zi + (7-10) 

The characteristic impedance would be a pure resistance if the reactance 
of Zi is opposite in sign to the reactance of Z 2 + Zi/4, while it would be 
reactive if Zi and Z 2 + Zi/4 were of the same sign. Hence, if reactance 
curves of these two factors are drawn, they can be used to determine the 
location of transmission and attenuation bands in the same way as the 
open- and short-circuited impedance curves shown in Fig. 7-1. The 
cutoff frequencies would occur when critical frequencies of Zi and 
Z 2 + Zi/4 do not occur at the same frequency. This would be the case 
if 

Zi = 0 Z 2 0 or 00 (7-11) 

or Z 2 + ^ == 0 Zi^OoT oc (7-12) 

or Z 2 = oc Zi 0 or 00 (7-13) 

The case of Zi = 00 would make Z 2 + Zif4 00 and so would make 

two critical frequencies coincide and would not give a cutoff frequency. 

Equations (7-11) to (7-13) can be combined into the relations 


Zi 

4Z2 


= 0 


or 


Zi 

4Z 


Another way to state this is that the ratio Z 1 / 4 Z 2 must lie between the 
value 0 and —1 in the transmission band. Therefore, to make Zo real. 


-1 



(7-14) 


Since Z 1 Z 2 is a real number when Zi and Z 2 are pure reactances, it is 
apparent from Eq. (6-16) that Zoii will be resistive when Zot is resistive, 
and reactive when Zot is reactive. Therefore, the transmission and 
attenuation bands are identical whether Zi and Z 2 are arranged in T or 
n sections. 

7-6. Attenuation of Ladder Network. To emphasize the fact that 
attenuation occurs when Z 1 / 4 Z 2 does not lie within the limits specified 
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by the inequality (7-14), the ratio of input to output currents for a sec- 
tion terminated in Zo will be computed. Equation (6-4) gives the ratio 
of input to output currents for a T section. It is repeated here for 
convenience. 


/i _ Zi/2 + Z 2 + Zo _ . , Zi Zo 
1 2 Z2 2Z2 Z2 


The possible values of Z 1 / 4 Z 2 may be divided into the three cases listed 
below under cases A, 5, and C. 

Case A . Equation (7-14) is satisfied. — 1 < Z 1 / 4 Z 2 < 0. 

In this case Zo is real, and the numerator of Eg. (7-15) will be a com- 
plex number. In order to make Zo a pure resistance, Zi must be an 
inductive reactance and Zi/4 -h Z 2 must be a capacitive reactance, or 
vice versa. It follows that Z 2 must be the same type of reactance as 
Zi/4 + Z 2 . 


Let 





Zi = +jXa 

and 

1 

II 

or let 





1 

li 

and 

^2 = A-jXh 


Then from Eq. (7-15), 

7i _ - X/TA ± j(XJ2 - Xy) 

h ±3Xy 


The absolute value of the numerator of Eq. (7-16) will be the square 
root of the sum of the squares of the real and imaginary portions. 


h 

I 2 

h 

I 2 


VXaX, - Xa V4 + X.V4 - XaXt -f- X,^ 

X, 


= 1 


(7-17) 

(7-18) 


This proves the conclusion previously obtained that if Zo is a pure 
resistance there will be zero attenuation. Because of the difference in 
the angles of the numerator and denominator of Eq. (7-16), there will 
be a shift in phase of the current, and hence of the voltage, in passing 
through the section. The magnitude of this shift will depend on the 
numerical values of Zi and Z 2 . 

Case B. Z 1 / 4 Z 2 > 0, that is, Z 1 / 4 Z 2 is any positive number. 

In this case Zi and Z 2 are reactances of the same type, and Zo is also a 
pure reactance. Because of the fact that actual values of Zi and Z 2 have 
some slight resistance, the only physically realizable value of Zo is a react- 
ance of the same type as Zi and Z 2 . Then, either 


Zi = A"jXa and Z 2 = A“jXb 
Zi = —jXa and Z 2 - -jXh 


or 
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and Eq. (7-16) becomes 





(7-19) 


This ratio is always greater than 1 and is a pure number, because the fs 
cancel out, and hence there must be attenuation but no phase shift. 

CcLSB C. < — 1. 

In this case Zi and are opposite types of reactance, but \Zi\ > 14 Z 2 |. 
Then, either 


Zl — -\-jXa 

Z 2 = -jx^ 

and 

4 

“h Z2 = -\-jXi 

Zt = -jX. 

Z 2 = -\-jXh 

and 

Zr 

4 

+ Z 2 = —jXi 


where Xh, and Xc may have any value between zero and infinity. 
In the first case Zo = \/ XaXey and in the second case 


Z. = -j y/XXc 


Then Eq. (7-15) becomes 


(l = 1 - ^ 

It 2Xi 


VXaXe 

X, 


(7-20) 


If \Zi\ > I 4 Z 2 I then X„/2Xb > 2, and the right side of Eq. (7-20) will 
be a negative real number whose absolute value is greater than 1 . There- 
fore, I/ 1 // 2 I will be greater than 1, and there must be attenuation. The 
significance of the negative value of the ratio is that such a section will 
shift the current through an angle of exactly 180®. 

Equations (7-19) and (7-20) again substantiate the argument previ- 
ously advanced that, if the characteristic impedance is a pure reactance, 
there must be attenuation. 

On a long cascade, the only difference between a series of related 11 
sections and a series of related T sections is in the terminating half sec- 
tions, as explained in Chap. 6. Since the half sections could not greatly 
affect the total attenuation of a long cascade, and since the attenuation 
per section is the total attenuation divided by the number of sections, 
it is apparent that the attenuation of a n section is the same as for a 
T section with the same values of Zi and Z 2 , and the arguments just 
upheld may be applied to either type. This is further verified by y being 
the same for related T and 11 sections, as proved in Chap. 6. 

7-7. Classification of Filter Operation by Hyperbolic Functions. It is 
possible to verify the characteristics of the three cases by considering an 
expression for 7 in terms of hyberbolic functions. From Eq. (6-19) 
cosh 7 = 1 -h Z 1 / 2 Z 2 . This may be changed to a more useful form by 
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applying Eq. (A-11), yielding 



If Zi and Z 2 are both pure imaginary values, their ratio and hence 
Z1/4Z2 will be a pure real number. Since Zi and Z 2 may be anywhere 
in the range of from —j x to +j 00 , Z1/4Z2 may als o have any real value 
between the infinite limits. Then sinh (y/2) = \/Zil4Z2 will also have 
infinite limits but may be either real or imaginary depending upon 
whether Z1/4Z2 is positive or negative. One must now determine how 
these facts affect the components of 7, namely a and jS, for in general 
one would expect y to be complex. It mil be shown that a and /3 take 
on different values depending upon the range of Z1/4Z2. 

By Eq. (A-15) 

sinh I = sinh i f ^ f f 

- 

Consider, first, the case where Z1/4Z2 is negative, making y/Zxj^Zt 
imaginary and equal, say, to ±ja:. Then substituting into Eq. (7-21a) 
and equating reals, 

sinh ^ cos I = 0 (7-22a) 

and, equating imaginaries, 

cosh ^ sin ±x (7-225) 

Both these equations must be satisfied by a and Equation (7-22a) 
may be satisfied either if a = 0 or if = ±7r. These two possible solu- 
tions will be considered separately. 

If a = 0, Eq. (7-22a) is satisfied and cosh (a/2) = 1. Then from Eq. 
(7-225) 

sin| = ±x (7-23) 


But the sine can have a maximum value of 1 ; therefore this solution is 
valid only for Z1/4Z2 negative and having maximum magnitude of unity. 
This may be identified as case A and may be summarized as follows: 
Case A. — 1 < Z1/4Z2 < 0, a = 0, 

jS = 2 arcsin x = 2 arcsin 

The second possible solution of Eqs. (7-22) is for jS = ±t. Then 
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sin (fi/2) = ±1, and Eq. (7-226) gives 


± cosh 2 = 

or cosh^ = a: (7-24) 

Since cosh (a/2) > 1, this solution is valid for Z\/\.Zi negative and 
having magnitude greater than or equal to unity and may be identified 
as case C. 

Case C. — 00 < Z1/4Z2 < — 1, /S = ±x, 


a — 2 arccosh re = 2 arccosh 




(Note that there is no physical difference between = +t and = — tt.) 

On the other hand, it is conceivable that Z1/4Z2 may be positive, so 
that \/Zi/ 4Z2 is real and equal, say, to ±rr. Then substituting into 
Eq. (7-2 la) and equating reals. 


sinh 2 cos 2 == 


and, equating imaginaries, 

cosh I sin ^ = 0 (7-26) 

Once again, a and jS must satisfy both these equations. Inasmuch as 
cosh (a/2) > 1 for any real a, Eq. (7-26) can be satisfied only b^/2 = 0, 
±Tf or 0 = 0. (Note that there is no physical difference between 0 = 0 
and 0 = 27r.) Then cos (0/2) = ±1, and Eq. (7-25) reduces to 


sinh 2 ~ ^ 

Physical considerations require a to be positive always. 
This solution may be identified as case B. 

Case B. 0 < Z1/4Z2 < 00, ^ = 0, 

a = 2 arcsinh x = 2 arcsinh ^1^- 


It will be seen that the three limits of cases B, and C are mutually 
exclusive, and therefore, as soon as the value of Z1/Z2 is known, it is 
possible to determine immediately which case applies to the filter. Zi 
and Z2 are made of different types of reactances or combinations of react- 
ances so that, as the frequency changes, a filter may pass from one case 
to another. Case A is the transmission band, while both cases B and C 
are attenuating bands. 
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The following tabular form shows the various cases: 


Case 

Zi 

4 Z 2 

a 


! 

Character of Zo 

Band 

A 

-1 toO 

0 

2arc8in'y/^| 

Pure resistance 

Pass- 

B 

0 to + 00 

2 arcsinh 

0 

Pure reactance 

Stop 

C 

— 00 to —1 

2 arccosh ^ j 

±ir 

Pure reactance 

Stop 


The foregoing results will now be applied to one general type of ladder 
filters, the constant-fc structures. 

7-8. Constant-A; Ladder Filters.^ A ladder network is said to be of the 
constant-A; type if Z\ and Z 2 of the network are inverse^ i.e., if 

Z 1 Z 2 = k (7-28) 


Equation (7-28) states that Zi and Z2 are inverse if their product is a 
constant, independent of frequency. The construction of inverse imped- 
ances is covered in more detail in Chap. 14. For the purpose of this chap- 
ter it suffices to note two particular combinations of inverse structures. 
If Zi = ju)Li and Z 2 = lljooC 2 j then 

ZiZt = ^ = ft* (7-29) 

which is independent of frequency; therefore an inductive reactance 
and a capacitive reactance can be inverse impedances. Further if 
Zi = j{(joLi — l/wCi), a lossless series resonant circuit, and 


j(coC2 - l/a,L2) 

a lossless antiresonant circuit, then 


^ y coLi — Z/2 co*Z/i(7i — 1 

~ Yl~i^2 ~ Cl ^2^-\ 


(7-30; 


Equation (7-30) may be made independent of frequency if L\C\ = L 2 C 2 . 
Therefore a lossless series resonant circuit and a lossless antiresonant cir- 
cuit are inverse, provided that the resonant frequency of the one coincides 
with the antiresonant frequency of the other and if L 2 /C 1 = L 1 /C 2 = -R®. 

1 The analysis used here in terms of a normalized frequency variable follows the 
method of E. A. Guillemin, ‘^Communication Networks,’’ vol. II, John Wiley & Sons, 
Inc., New York, 1935. 
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The deBning relationship of constant^A ladder Slters, viz., Eq. (7-28) 
may be combined with the results of the last section to give universal 
curves of a and ^ for all such filters. By virtue of Eq. (7-28) 

= 111 
4 Z 2 4/?2 

" yim = * ^ 

where x may be identified with the same parameter of cases A and C of 
the last section. Then one can use the results of the foregoing table to 
draw the universal curves of Fig. 7-2. 



Fig. 7-2. Universal curves of a and /3 for constant-A: filters 


The quantity B of Eqs. (7-28) and (7-31) has a special significance 
which may be seen by considering the characteristic impedance of the 
ladder network. 

^oT = ^ZiZ2 H — ^ = y/ZiZ2 4^^ 

Substituting the constant -k condition from Eq. (7-28) , 

Z„ = (7-32) 

Thus jR is seen to be the value of Zot at that frequency at which Zi = 0 
and is known as the nominal impedance of the network. 
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The universal curves of Fig. 7-2 and the concept of nominal impedance 
may be used to design the four types of constant-A; ladder filters. 

7-9. Low-pass Constant-A; Ladder Filter. By definition, an LP filter 
is one which passes without attenuation all frequencies up to a cutoff 
frequency fe and attenuates all frequencies greater than /c. The a vs. 
frequency curve of an ideal, or perfect, LP filter, then, would have the 
form shown in Fig. 7-3a. This ideal curve cannot be realized and is 
approached only approximately by the constant-A; LP section. 


f, f 


fc f fc f f, 4 f 4 

(a) (6) (c) (d) 

Fig 7-3 Attenuation characteristics of four basic typos of ideal filters (a) I^iw-pass 
(b) High-pass, (c) Bandpass (d) Band elimination. 


To design this section, one notes that in Fig. 7-2 a LP section can be 
obtained if x is allowed to range only from 0 to « with a cutoff occurring 
at a; = 1. a; is a normalized frequency variable; hence the problem is to 
choose Xi so that, as frequency goes from 0 to » , a; goes from 0 to « . 

If the student considers the problem, he will realize that if Xi is chosen 
to be coLi, then x varies from 0 to « as/ covers the same range; the desired 
condition is satisfied. Then given /« and the nominal impedance /?, one 
may design the required LP constant-A; network provided that at fe, 
X = +1. Then, substituting into Eq. (7-31), 

2ir/cLi _ - 

2R ^ 

whence Li = -^ (7-33) 

‘ff’Jc 

Z 2 may be obtained because in the constant-A; structure Zi and Z 2 
are inverse; thus from Eq. (7-29) 


Z 1 Z 2 



whence C% = (7-34) 

TlCje 

Equations (7-33) and (7-34) complete the design of the LP section, which 
is shown in Fig. 7-4. 
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(a) 



( 6 ) 



Fig. 7-4. Low-pass constant-/? ladder filters. 


The curves of a and /S may be determined as a function of normalized 


frequency by reducing x in terms 

of f/fr. Thus from Eq. (7-31) 



<i)Li 

^ ~ 2R 

27r/ R 
2Rirfc 

_ / 


(7-35a) 

Thus from Fig. 7-2 


. / 
arcsin j 




a — 

II 

O 

for/ 

<fr 

(7-356) 

a — 

2 arccosh ^ 
Je 

P = T 

for/ 

>/c 

(7-35c) 

and 

fc = 

1 



(7-35d) 


These results are shown in Fig. 7-4c. 

It is suggested that the student verify the transmission and attenuation 
bands by sketching reactance curves of the filter. 

.7-10. High-pass Constant-A; Ladder Filter. By definition, an HP 
filter is one which attenuates all frequencies up to a cutoff frequency 
and passes without attenuation all frequencies greater than /c. The 
attenuation characteristic of an ideal HP structure is shown at h in Fig. 
7-3. Again the coiistant-fc ladder structure only approximates the ideal 
behavior and is designed in a manner analogous to that used in the last 
section. 

Reference to Fig. 7-2 shows that the range of x corresponding to HP 
action is from — to 0. The problem, then, is to choose the components 
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of Xi so that, as / varies from 0 to +<^,x varies from — oo to 0, that is, 
Xi must provide an inverse relationship between x and/. This condition 
is satisfied if Xi is the reactance of a capacitor. From Fig. 7-2 cutoff 
occurs at a; == —1. Then, substituting into Eq. (7-31) for the cutoff 
condition, 

\ = ^1 

2R(2Tf,)Ci 

whence Ci = . (7-36) 

^Rfc 

The corresponding design equation for Z 2 of the ladder section is deter- 
mined by E(|s. (7-28) and (7-29). Thus for Zi and Z 2 to be inverse, 

Z, = JC 0 L 2 = L 2 = R^Ci 

or r .2 = (7-37) 

‘tTT / c 


Again x may be shown to be a normalized frequency variable, for, sub- 
stituting for Xi in Eq. (7-31), 

1 

* 2Ro,Ci 

and, eliminating Ci by Eq. (7-36), 

^ ^ ~2R{2irf) ^ ~ f 

jind from cases A and C 


and 


fc 

a = 2 arccobh*^ ^ = — tt 


a = 0 
Jr = 


-2 arcsin y 


^ VUCi 


for f <fc 
for / > fc 


(7-39) 


The constant-A: IIP structure and its response curves are shown in 
Fig, 7-5. 

7-11. Bandpass Constant-A; Ladder Filter. A BP filter is one which 
attenuates all frequencies below a lower cutoff frequency fi and above 
an upper cutoff frequency / 2 . Frequencies lying between /i and /2 com- 
prise the passband and are transmitted with zero attenuation. The 
attenuation characteristic of an ideal BP is shown in Fig. 7-3c. 

To design a BP constant-A: ladder filter, one chooses Zi to be a lossless 
series resonant circuit, or Xi = wLi — 1/wCi. Then as frequency varies 
from 0 to + 00 , a; varies from —00 to -f 00 as may be seen from Eq. 
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(7-31). Thus the BP filter includes the entire x range in Pig. 7-2, the 
lower cutoff frequency /i corresponds to a: = —1, and the upper cutoff 
frequency /2 corresponds to a; = +1. These facts are used to design the 
BP filter. 



(a) 



Fig. 7-5. High-pass constant-fc ladder filters 


Substituting the upper cutoff condition into Eq. (7-31) at a> 2 , 

(7-40) 
(7-41) 

The last two simultaneous equations may be solved for Li to give 

(7-42) 

(7-43) 

From previous work it is known that the inverse shunt element Z 2 will 
be a lossless antiresonant circuit consisting of L 2 and C 2 in shunt. 
Furthermore, for Zi and Z 2 to be inverse structures 

- Bi - *■ <'■«) 

and LiCt = L ^2 (7-46) 


Li = 


R 


t (/2 — / l ) 


and for Ci to give 


r - ~ 

4^Rfif2 


Similarly at wi, 


lazLi — I/W2C1 - 

25 = ^ 


_ _ COlLl — 1/wiCl _ , 

® 25 
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Then solving for Li and Ct, 


U = 
C, = 


R(h-fi) 

4t/,/2 

1 

rRih-fi) 


m 

(7-46) 

(7-47) 


Equation (7-45) states that the resonant frequency of Zi must be the 
same as the antiresonant frequency of Zi in order for the two imped- 
ances to be inverse, i.e., 


LiCi LiCt 


(7-48) 


If one substitutes for the four circuit elements, he finds that 


fr^ = /./* 


(7-49) 


indicating that the response of the BP filter probably displays geometric 
symmetry about the resonant frequency fr. This is verified by reducing 
X to normalized frequency form. From Eq. (7-31) 

Xi _ «Li — l/coCi _ oi^LiCi — 1 

2R~ 2R ~ 2RwCi ^ ’ 


Introducing Eq. (7-49) and eliminating Li and Ci, 


X = 



(7-51) 


From cases A and C, then, the response of the BP filter will be given by 
a«0 g 2 arcsin ^^ {z f^ (j for/i</</2 


a a 2 axccosh 
a a 2 arccosh 


-/:Vr //I 


fr ( L ^ 

~/lV/r // 


P a -irfor/ </i 
P = +ir for f > f% 


(7-52) 


The student may verify that the cutoff frequencies may be determined 
from the circuit elements by 




Figure 7-6 shows the constant-A; BP filter and its response curves. 
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7-12. Low-pass-Bandpass Analogy. The design of the three basic; 
filter sections in the preceding paragraphs has been based on the general 
curves of Fig, 7-2. For example, for the LP network Zi was chosen 
such that the range of real frequencies corresponds to 0 < x < + oo , while 
for the BP network Zi was chosen so that the real frequency range corre- 
sponds to — 00 < X < + 00 . This suggests a close analogy between the 
LP and BP cases. In fact, given the LP design equations, it is possible 
to derive those of the BP filter by making a suitable change in variables. 
One notes the following corresponding quantities in the two filters: 

Li in the LP section is replaced in the BP section by Li and Ci in series, 
where o)r^ = ( 010)2 — 1/LiCi. 

C 2 in the LP section is replaced in the BP section by L 2 and C 2 in parallel, 
where cor^ = o)ico 2 = I/Z/ 2 C 2 . 

The bandwidth, which is equal to fc in the LP case, is made equal to the 
bandwidth /2 — fi in the BP case, and fr='\/ / 1 / 2 . 

Figure 7-7 shows an example of such an analog. Figure 7-7a is a LP 
filter designed for R = 600 ohms and fe = 3,000 cycles. Figure 7-76 is 
the analogous BP filter with R = 600 ohms, fi = 1,000 cycles, and 
/2 - 4,000 cycles, showing that Li and C 2 are identical for the two 
designs, 
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7-13. Band-elimination Constant-A; Ladder Filter. A band-elimina- 
tion filter is one which passes without attenuation all frequencies less 
than the lower cutoff frequency fi and greater than the upper cutoff fre- 
quency /a. Frequencies lying between fi and /a comprise the stop band 
and are attenuated. The ideal case is shown in Fig. 7-3d. 


31.8 mh 31.8 mh 


0.177 Mf 


0.199 0.199 

31.8 mh Mf Mf 31.8 mh 
If-t- 


35.7 mh 



0.177 /if 


(a) (b) 

Fig. 7-7. The LP-BP analog 


The band-elimination filter is designed in much the same manner as is 
the BP filter. The derivation of the necessary equations is left as an 
exercise for the student. The student may also set up an analogue 
between the HP and band-elimination sections. 

7-14. Variation of Characteristic Impedance with Frequency. At the 

cutoff frequency defined by Eq. (7-12), 

Zi + 4^2 = 0 

ZoT = 0 

ZoXl = 

In passing from the transmission to the attenuating band at this fre- 
quency the characteristic impedance of the T section must drop to zero 
while that of the 11 section must rise to infinity. These are the only 
values through which Zo could pass continuously from a real to an imag- 
inary value. 

The variation of the characteristic impedance within the passband of 
a constant-A; ladder filter may be derived. From Eq. (7-31) 


4Z. 


= 


and, substituting into Eq. (7-32), 

ZoT = R Vl — 
For the mid-shunt impedance 

Z 1 Z 2 


ZoTl = 


but Z 1 Z 2 = R^; therefore 


ZoT 

R 


\/l — ar* 


(7-54) 


ZoU = 


(7-55) 
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Equations (7-54) and (7-55) are plotted in Fig. 7-8 for 0 < |x| < 1, that 
is, for the passband. In the stop band where \x\ > 1, both Zot and Zow 
become imaginary. It is apparent that such a section cannot be termi- 
nated properly throughout the passband by a single resistance. If the 
load is adjusted for the lower frequencies, bad reflection will occur at 
the upper range, and vice versa, if the load is 
matched at the higher frequencies. Under these 
conditions the transmission loss is not equal to 
the attenuation loss. Therefore it is desirable 
to seek a filter section which will have a smaller 
variation in Zo over a considerable portion of 
the passband, and this will be done later in the 
chapter. 

7 -16. Variation of Attenuation with Frequency . 

It has been mentioned that the attenuation 
throughout the attenuating band is finite and 
therefore does not present a perfect barrier to the transmission of power 
at frequencies within this band. The attenuating characteristics of the 
simple LP section are shown in Fig. 7-9a. 

It is usually desirable to have high attenuation near the cutoff fre- 
quency, as well as at other points. In Fig. 7-96 is shown another type 



Fig. 7-8. Variation of the 
characteristic impedance 
with frequency in the LP 
constant-/: filter. 


L/2 L/2 


a 



£,/2 L ,/2 



(o) (6) 

Fig. 7-9. Variation of attenuation with frequency in two types of LP filters. 


of LP filter. This filter has very high attenuation at the fre(|uoncy where 
Zi becomes resonant and shunts a zero reactance across the line. By 
properly selecting L 2 and C 2 , this frequency of infinite attenuation, which 
will be designated as/oe, can be placed anywhere in the attenuating band. 

7-16. m-Derived T Sections. It would be highly desirable if different 
filter sections of the general type of Fig. 7-96 could be joined together, 
each section to have an /«, at a different point in the attenuating band, 
so that a high value of a might be maintained throughout the entire 
region. 

In order to join together filter sections without reflection, it would be 
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mZi/2 mZ^/2 



Prototype 


Derived type 


necessary that their characteristic impedances be equal to each other at 
all frequencies. If their characteristic impedances matched at all fre- 
quencies, they would also have the 
same transmission band, since in this 
band, and this band only, Zo is a pure 
resistance. In Fig. 7-10 are shown 
two T sections related in a definite 
manner. 

The characteristic impedance of 
the one called the prototype is 
ZoT = y/ZiZ 2 + ;^iV4. In the de- 
rived type let the new branches be called Z\ and and its characteris- 
tic impedance 

Imagine that Z\ and Z\ are related by the equation 

Z[ — mZ\ 

The problem is then to find a configuration of ZJ such that 

Zo r ^oT 

If Eqs. (7-50) and (7-57) hold, 

z^z^ + = z\z\ + 


Fi« 7-10. T se^'tions which have iden- 
tical characteristic impedances 


(7-56) 

(7-67) 


^ + 


^ (1 

m 4m 


(7-58) 


Hence, if Z 2 is given the configuration specified by Ecj. (7-58) and illus- 
trated in Fig. 7-106, the characteristic impedances and the cutoff frequen- 
cies of both structures in Fig. 7-10 will be identical. Such sections can 
be joined together without reflection. 

It is interesting to note what would be the effect il, instead of making 
the assumption of Eq. (7-56), the following assumption were made in an 
effort to find two filter sections with the same characteristic impedance: 


Z 2 = mZ2 


(7-56a) 


The problem is then to endeavor to find a proper configuration for 
Z\ such that Zot = Z't. If Eqs. (7-57) and (7-56fl) hold. 


f = ZJZ'. + = .z;z. -K “ 


Solve for Z(. 


Z'l = — 2mZ2 i -|- 4 Z 1 Z 2 "h Z^ {7“5S(i] 


Equation (7-58a) does not give a physical configuration for Z[ which 
can hold for all frequencies. Therefore the mathematical experiment 
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which was attempted in Eq. (7-56a) resulted in failure, while the one 
attempted in Eq. (7-50) gave success. This is usually the case in engi- 
neering developments: many experiments both physical and mathemati- 
cal are attempted, and some result in failure, while others are successful. 
In the literature only the successful experiments are reported, and the 
student often obtains an erroneous impression of the methods by which 
such derivations are originally obtained. Usually the failures greatly 
outnumber the su(*cesses, hut one su(‘cess is worth the effort involved in 
making the experiments which failed. 


L L ml mL 2C 1C 

2 T 2 2 2C 2C m m 



Low pass High pass 

Prototype Derived type Prototype Derived type 
Fig. 7-11. m-derived LP and IIP T-type filter sections 


By using Eq. (7-58) and varying the value of m, any number of sec- 
tions, each differing from the other in certain respects but each having 
the same mid-series characteristic impedance, can be constructed and 
joined together to form a complete filter. 

Figure 7-1 1 shows the application of this principle to the design of 
LP and HP filters. It is usual to take the simplest (constant-fc) type 
as the prototype and derive other types from it. 

In order to have the portion of the shunt impedance represented by 
(1 — mr)Zi/Am maintain this relation at all frequencies, it is necessary 
that this reactance be of the same type as Zi. This limits the physical 
structure to values of m such that 1 — mMs positive, or^ m < 1. 

The behavior of a and ^ for the m-derived T sections will now be 
investigated. 

7-17. a and jS for m-derived Sections. The analysis of the prototype, 
or constant-fc, sections was simplified by the use of a parameter x defined 
by Eq. (7-.31), namely, ±jx = y/Zy/AiZ^. Similar simplification results 
for the m-derived sections by defining an analogous parameter Xm, 

(7-59) 

or, squaring, 

^ The restriction that vi < 1 does not apply if mutual inductance between the two 
halves of the series arm Zi is utilized (see Prob. 7-11). 
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That Xw is related to x may be shown by substituting for Z[ and from 
Eqs. (7-56) and (7-58). 


— mZi 

4[Z2/wi -|“ (1 — - in^)Zi/^7n] 
m}x^ 

1 ~ (1 — m^)^* 


1 

4Z2 [1 + (1 ~ m2)Zi/4Z2] 

(7-60) 


Note that when x equals ±1 or 0, a; = Xm^ irrespective of the value of m. 

Then as a direct analog of Eq. (7-21a), one may write for the m-derived 
sections 


sinh ^ = sinh ^ cos ^+3 cosh ^ sin ^ 


-i 


4Z' 


= ±3X„, 


(7-61) 


This equation may be handled in the same manner as was Eq. (7-21) 
to yield the following cases: 

Case A. Passband. — 1 < a; < -pi. 


a = 0 

/8 == 2 arcsin Xm — 2 arctaii 

\/l — x^ 


(7-62) 


Case B. 


Case C. 


Attenuation band. 1 < |x| < l/\/T — in^. 


a = 2 arceosh 


mx 


— (1 — m^)x’^ 


P — ±‘w 

Attenuation band |t| > l/\/l — 

a = 2 arcsinh I — p 

I VT^l - m^)x^ 


= 0 


(7-63) 


(7-64) 


These results are plotted in Fig. 7-12. It should be noticed that, in 
the regions corresponding to case A, the sign of is chosen so that the 
j5 curve has positive slope. 

Comparison of Figs. 7-2 and 7-12 shows that the m-derived sections 
have the same transmission and attenuation bands as their prototypes. 
This is to be expected since the m-derived design is based on both types 
of sections having the same characteristic impedance. It has been shown 
previously that the bands are uniquely determined by the character, i.e.. 
whether real or imaginary, of Z«,. 
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7-18. Frequencies of Infinite Attenuation. Figure 7-12 also shows 
that the m-derived sections provide i nfinite attenuation at certain fre- 
quencies, corresponding to |x| = 1/v^l — wi*. This relationship may be 


-Case C- 


B 


-Case A- 


-Case C- 



/l-m* 


Fig 7-12. Universal curves of a and ^ for the m-derived sections 


used to select m to cause /« to lie at any desired point within the attenu- 
ation band. For example, from Eq. (7-35) for the LP filter x = f/fr. 
Then at / = /« 

la-l = -^ = ^ 

fc Vl - Wl' 


or 



(7-65) 


The student should notice from Fig. 7-11 that the infinite attenuation 
occurs as the result of the shunt arm of the m-derived section going into 
resonance, causing a short circuit across the network. 

Corresponding expressions may be derived for the three remaining 
basic filter types. 

The student should observe that, as m is made smaller, approaches 
/c, the cutoff frequency, making for a more abrupt cutoff attenuation 
characteristic in the m-derived section. It may be shown from Eq. (7-64) 
that a decrease in m lowers a at high values of x. For this reason 
m-derived sections are seldom used alone, but usually in cascade with 
one or more prototype sections. Such a combination of different sec- 
tions is known as a composite filter and is discussed later. 

7-19. Terminating T Sections. All the T sections discussed this far, 
both the prototype and the m-derived, have a characteristic impedance 
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ZoT given by Eq. (7-54) and plotted in Fig. 7-8. It will be observed 
that in the passband Zot is a pure resistance whose value varies with fre- 
quency. Therefore it is difficult to terminate these sections properly; it 
would be desirable to use a fixed resistance as a termination. This diffi- 
culty may be reduced by using a half or L section as an impedance- 
transforming device. 



(a) (b) (c) 

Fig 7-13 Derivation of an Wr-denved terminating L or half section, (a) m-derived T 
section (6) Related 11 section, (c) Basic L or half section. 


Figure 7-1 3a shows an m-derived T section. At b the same impedance 
elements are rearranged to give the related n section, whose characteristic 
impedance will be designated Z'n- The behavior of Z'n will now be 
investigated. From Eq. (6-17) 

^oT 


Then substituting for ZJ, ZJ, and Zoxfrom Eqs. (7-56), (7-58), and (7-54) 

_ mZi[Z 2 /m + (1 — m*)Zi/4m] 

R 

— ^ 1 ^ 2(1 + (1 — m^)Zi/4Z2 ] yy 

R 

But Z 1 Z 2 = R^ and Z 1 /AZ 2 = therefore 

Z'n = (7-66a) 

Vl ^ 


By introducing Eq. (7-55), Z'n may be rewritten as 

Z^n = Zon[l ~ (1 - m^)x^] (7-666) 

The student is reminded that Z<,n refers to the related prototype n sec- 
tion, whereas Z'n refers to the related m-derived IT section. It is desirable 
to see how Z'n varies with a; as a function of the parameter m. This 
may be done by plotting the family of curves shown in Fig. 7-14. As a 
matter of convenience the curves are plotted in normalized form with the 
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dependent variable inverted. Use of the inverted variable limits 

most of the curves to finite values and makes their comparison simpler. 
Inspection of the curves shows that for m = 0.6, Z'n remains within 



0 0.2 0.4 0.6 0.8 1.0 

1x1 


Fig. 7-14. Variation of Xn of the related 11 section of an ?^derived T section. 

4 per cent of the fixed nominal impedance R for almost 90 per cent of the 
passband. This is used as a satisfactory solution to the terminating 
problem. Any of the T sections, whether prototype or m-derived, may 
be joined to a terminating half section with m = 0.6. A final termination 
of a resistance of R ohms is used. Then by the impedance-transforming 
properties of the half section that were described in Sec* 6-3, the T sec- 
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tion will have almost the correct termination of Zot for roughly 90 per 
cent of the passband. Figure 7-15 shows the actual impedance presented 
to the T section by the half section terminated in /2. It will be observed 
that the real part of the impedance closely approximates Zot and the 
imaginary part is small. 

In the attenuation band the value of terminating impedance for the 
T sections is not important so long as the attenuation is high. This will 
be explained further in Chap. 9, Reflection. 



Fig. 7-15. Normalized input impedance of a terminating half section terminated in R. 
m — 0.6. 

7-20. Composite Filters. A single filter section seldom provides 
enough attenuation for most practical purposes. If a number of sections 
are joined together and if their characteristic impedances match, the 
total attenuation at any frequency will be the sum of the attenuations 
of the individual sections and by this means a filter may be built up to 
meet any required conditions. If all the sections were similar to Fig. 
7-9a, the total attenuation would not be very high at frequencies just 
above cutoff but would be very large at higher frequencies. On the other 
hand, if all the sections were like Fig. 7-96, the attenuation would rise 
rapidly above cutoff until /« were reached and then would fall and con- 
tinue to drop at high frequencies. For most purposes it is desirable that 
the attenuation be high throughout the entire attenuating band. This 
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can most conveniently be accomplished by the use of individual sections 
with the same cutoff frequencies and characteristic impedances, but with 
different freciuencies of infinite attenuation. The use of m-derived sec- 
tions, each with a different value of m, makes this possible, as they can 
be joined together without reflection. 

Further, the use of terminating half sections with m = 0.6 transforms 
ZoT into essentially a fixed resistance R, the nominal characteristic imped- 
ance. A composite filter, then, will usually have the following compo- 
nents: (1) one or more prototype sections; (2) one or more m-dcrived 



(a) (b) (c) 

Fig. 7-1() (a, b) II seotions \Nluch have idontical charactonstic impedances (c) The 
half section of b 


sections, m being chosen to provide the reciuired frequencies of infinite 
attenuation; (3) two terminating half sections with m = 0.6. The design 
of a typical composite filter will be considered later. 

7-21. m-derived II Sections. Thus far in the dis(‘ussion the m-derived 
sections have been T sections that were designed on the basis of matching 
the mid-series characteristic impedance Zor. It is also possible to design 
m-derived n sections so that Zon is the same for the prototype and derived 
sections. These sections are frequently called mid-shunt m-derived 
filters and are shown in Fig. 7-16. The proof of the identity of the char- 
acteristic impedances of the protoptype and derived types follows the 
same method as for the T section and is left to the student. It is most 
convenient to use admittances. In this case the assumption Fj = 2 

gives a physically realizable structure, while the assumption = mY \ 
will not. The student may also show that the a and ^ characteristics of 
the m-derived n sections are given by Eq. (7-11) by noting that the 
parameter Xm is the direct analog of Eq. (7-59a), viz.. 



^ W1F2 ^ 

4[ri/m + (1 - m2)r2/4m 1 - (1 - m^)x^ ^ 

7-22. Composite Filter of Derived n Sections. The derived n sections 
of Fig. 7-16 can also be used in constructing a composite filter. In this 



WAVE JILTERS 


277 


case a nearly uniform impedance match over the passband may be secured 
by terminating in a half T section, whose values have been derived from 
the relations of Fig. 7-16 and whose m is again equal to 0.6. 



Prototype T section f 



Section derived as T and rearranged as n depends on m) 



f 

Section derived as n and rearranged as T (Z^j depends on m) 


Fig 7-17 Summary of thr charactoristic impedances of simple prototype and derived 
LP filter sections as a function of frequency 

7-23. Summary of Design Procedure. The fundamental data required 
for a filter are the passband (or the cutoff frequency for an LP or HP 
filter) and the nominal characteristic impedance into which it is to work. 
From these data the components of the prototype section are calculated 
from Eqs. (7-33) and (7-34), (7-36) and (7-37), or (7-42), (7-43), (7-46), 
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and (7-47), depending on the type of filter desired. Construct one or 
more intermediate sections by the relations in Fig. 7-10 or 7-16. The 
number of sections needed will be determined by the attenuation require- 
ments outside the passband, and the w^s will be selected to arrange the 
values of infinite-attenuation frequencies properly. If a sharp cutoff 
is required, a small value of m must be used for one section. The end 
of the filter should then be terminated in a half section of m = 0.6. The 
shunt arm of the terminating half section should have twice the imped- 
ance of the shunt arm of the T section, since the shunt arm of a IT section 
is 2 Z 2 . This means that the inductances should be twice, and the capac- 
itances half, the value of the shunt arm of the derived T section. 


/»! L/2 m2L m^L/Z 


\L 1 ^ 1 ^ 

w 

l-m? 


r- 4m 

r>- 

UUU 

_ C __ 

^2 ^ 

- C 

^2 '' 

- Zm, ^ 


Derived half section Derived section Prototype Derived half section 

(Transforms Z^n (Transforms ^on 

into nearly Usually *1113* 0.6 into nearly 

constant resistance) constant resistance) 

Fig. 7-18. Composite LP filter derived by the relations of Fig. 7-16 

It should be noticed that, in the type of design developed in detail, 
the prototype was selected as the simplest T section for the type of filter 
chosen, other T sections were derived which would have the same char- 
acteristic impedance as the T prototype, and the terminating half sec- 
tions had their Zi and Z 2 arms derived by the equations of Fig. 7-10. It 
would also be possible to start with a simple II prototype, derive 
other n sections which would match by the equations of Fig. 7-16, 
and then use two half sections with the Zi and Z 2 arms derived by the 
equations of Fig. 7-16 to change the impedance of the structure into the 
same type. A summary of the different types of sections and their char- 
acteristic impedance is shown in Fig. 7-17. 

A filter derived by the relations of Fig. 7-16 would have the general 
configuration of Fig. 7-18, where the capacitances of adjacent sections 
are usually combined into a single capacitor. A choice between the 
design of Fig. 7-18, based on n's, or Fig. 7-19, based on T^s, might be 
made on the basis of which gave the most convenient size or type of ele- 
ments or upon the effect of the input impedance upon the transmission 
system as a whole. For instance, the input terminals of an LP filter of 
the type of Fig. 7-19 could not be placed in parallel with the input ter- 
minals of an HP filter which was intended to pass frequencies above 
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1,000 cycles, because the first shunt arm is resonant at 1,250 cycles and 
so would short-circuit the input of the HP filter at that frequency which 
it is intended to pass. The filter of Fig. 7-18 could be used more effec- 
tively because its input impedance would be very high at that frequency 


0.0573 10.0955 0.0955|0.0292 0.0292| 0 0573 

'•'“i 1 = 

0.1595 Y 1 

BOO 

1 BOI 42 I 

' 0.531 1 

1 I 1 

E 0.102 

1 Y ®*^595 

m*0.6| m = l • |m = 0.305| 

1 m*0.6 


0.1528 0.1247 0.0665 



0.531 


1 0.142 | 0 . 1 ( 

_^ai6^i 


0.102 

0.1595 


(Prototype) 

Fig. 7-19. Composite 60()-ohm LP filter with a cutoff fr(*queiicy of 1 kc. 


since the first series arm would be antiresoiiant. However, in many 
cases more complicated design formulas are necessary when filters are to 
operate in parallel, in order to attain the proper impedance relations. 


As an example of the calculation of a composite LP filter, one will be designed 
to have a cutoff frequency of 1,000 cycles and to operate into a 600-ohm line. 
In order to give a sharp cutoff, one value off» will be selected equal to 1,050 cycles. 
The terminating half sections with m = 0.6 will also, by Eq. (7-65), give a value of 
25 per cent above the cutoff frequency, or at 1,250 cycles. T sections will be 
used. The values for the prototype will be, by Eqs. (7-33) and (7-34), 


600 

7rl,000 


0.1910 henry 


C = 


1 

7rl,000 X 600 


= 0.531 X lO-* farad 


For the section with/«, = 1,050 cycles, by Eq. (7-65), 


4m 

mL 

1 — rn* T 


4m 


mC 


* = 0.305 


= 0.0292 henry 

0.743 X 0.1910 = 0.142 henry 
0.305 X 0.531 = 0.162 ni 


h ( 

1,000\ 


d,050/ 

0.907 _ 

0.743 

1.22 


0.305 X 0.1910 


2 


For the terminating half section m = 0.6, 

^ = 0.0573 henry 

^ 7 L = 0.2666 X 0.191 = 0.051 henry 
4m 

mC « 0.6 X 0.531 = 0.319 ^f 
The complete filter will be that shown in Fig. 7-19. 
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Inasmuch as there is no need to preserve the identity of inductors in series, 
adjacent inductors in the series arm are combined to give the final form shown at b 
in the figure. This procedure reduces the number of elements required and in 
general raises the quality factor of the series inductive elements. 

7-24. Attenuation of Filter Sections. A reasonable estimate of the filter 
response may be obtained by directly applying the theory of iterative 
structures. Subject to two assumptions, viz., that the filter elements 
are lossless and that the section is properly terminated at all frequencies, 
one notes that the total transmission loss is the sum of the a^s of each 
section and that the total phase shift is the sum of the individual id^s. 

Practically speaking, neither of these two assumptions is satisfied, 
thereby introducing discrepancies between calculated and measured 
results. These discrepancies will now be considered. 

If dissipation is present, the use of Eff. (7-21) will in general require 
the use of tables or charts of inverse hyperbolic functions or formulas 
such as are found in the Appendix. However, the points at which the 
dissipation produces the greatest variation from the ideal values will be 
at the cutoff and infinitc-aiknuation frequencies. At these frequencies 
simplifications may be made. The dissipation of the capacitors is usually 
negligible in comparison with that of the inductors. At the dissipa- 
tion of importance will be that of the inductor of the shunt arm. 

Let Q 2 = (luality factor of this inductor 
_ a)(l — m“) Li 
~ 4m R 


Then for the m-derived T LP filter of the type shown in Fig. 7-11, at 


Hence 

or 


Z[ — jmca^Li 
I — 

4m Q 2 


Zi = 


Z[ ^ m^Q2 
4Z; 1 - 


1 — m^ 


I A ^ I 

'V4ZJ V2(l - m2) 


Then from p]q. (7-21a) 


sinh ^ cos 


P , a . jS / m^( 

2 = ®osh 2 81112 = ^^ 


Q 2 


m}) 


(7-68) 

(7-68a) 


(7-69) 


But a is large; therefore 



e «/2 

Y 


(7-70) 
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and P « 90®. From Eqs. (7-69) and (7-70) 


_ / m^Q2 
'V2(l - n 


Equation (7-71) may be given in terms of the ratio /«,//« by using Eq. 
(7-65), 


a « In 4 Q 2 




(7-71a) 


At the cutoff frequency the dissipation of both inductances is impor- 
tant For this case 




3 

a>cmC2 


But from Eqs. (7-33) and (7-34) 


1 / r \>7 

cl “ ~ 


Therefore Z'^ = ij — ^ + j 
imQi '' 


\ 4m 4m/ \ Qj ^ ) 4m 


(7-73) 


In this case it is convenient to find y in terms of the hyperbolic cosine; 
thus from Eq. (6-22) 

cosh 7 = 1+ 

So one requires the ratio 

K = 2m^( l/Q. +/) 

2Zi (1 - m^)/Qi - jm^ 


= 2m* 




But if Qi and Q 2 are both large, terms involving 1/^2^ or I/Q 1 Q 2 are 
negligible. Further, assuming Qi « Q 2 = Q, 


i"<- 
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Then, substituting into Eq. (6-19), 


cosh 7 = cosh a cos + j sinh a sin jS = 1 + 2 ^ 

cosh a cos /9 = — 1 
2 


sinh a sin 13 = 


m^Q 


(7-75) 

(7-7(3) 

(7-77) 


If a is small, (S must be nearly equal to v and the following approx- 
imations may be made: Let 

jS = TT — 0, where 0 is small 

02 . ... 

cos jS = —cos 0 = -o — 1> using two terms in cosine series 

Zi 

sin (3 = sin 0 = 0 
cosh « = 1 -f- ^ 
sinh a = a 

Then Eqs. (7-76) and (7-77) become 




00 = 


m^Q 


(7-76a) 

(7-77a) 


From Eq. (7-76a), 


02 


2 2 ^ 


a202 


= 0 


If a and 0 are small, a202/4 may be neglected, which gives 0 = o. 
Insert this in Eq. (7-77a). 


Equations (7-71a) and (7-78) show that, as m is reduced and is 
made to approach /c, the attenuation at the cutoff frequency is increased, 
while that at the frequency of infinite attenuation is reduced. This 
places a practical limit on the use of m-derived sections to give a sharp 
rise in attenuation near cutoff, because too low a value of m will increase 
the attenuation in the transmission band near the cutoff frequency. 
The higher the value of Q, the sharper is the rise in attenuation which 
may be secured. The general effect of dissipation on the attenuation 
of a filter section is shown in Fig. 7-20. 
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The foregoing discussion relates to the aUentuUion of a filter. The 
student is reminded that the insertion loss corresponds to the attenu- 
ation loss only if the sections are properly terminated in their charac- 
teristic impedance. It has been shown, however, that a terminating 



Fio. 7-20. Effect of dissipation on attenuation of an m-derived filter section. 
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Fig. 7-21. Experimental curves on LP filter sections and composite filter. 


half section does not transform the fixed nominal impedance R into Zo 
exactly; hence the actual response of the filter will not correspond to the 
sum of the a^s of the component sections. 

To circumvent this difficulty, filter response is usually calculated or 
measured as the insertion loss [Eq. (6-62)]. The insertion loss is in general 
higher than the loss due to attenuation as a result of the mismatch in 
impedance near the cutoff frequency. Figure 7-21 shows experimental 
curves of the filter designed in Fig. 7-19, together with the insertion loss 
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of individual sections. The inductors used Were wound on powdered 
permalloy toroidal cores and tapped in decade steps. Since the whole 
coil was not in use, the characteristics are not so close to the ideal as 
could be secured with coils made especially for the filter designed. One 
point of interest is a comparison of the curves for the m — 0.6 section 
in its original derived T form and in the rearranged n form. Because of 
the improved impedance characteristics the latter form shows a much 
sharper cutoff. It is also of interest to note the characteristic of the 
simple prototype which makes it unsuitable for use b}'^ itself as a filter 
which must produce a sharp cutoff. 

7-25. Repeated Derivations. It has been shown previously that the 
use of an m-derived half section greatly simplifies the problem of properly 
terminating the composite filler. By adding one additional shunt ele- 
ment to the prototype structure one obtains control of the ^'ol\ charac- 
teristic in terms of a parameter m. Figure 7-14 shows that m — 0.6 
gives a good compromise in maintaining Z'l, reasonably constant. Thus 
if the mid-shunt end of the half section is terminated in a fixed resistance 
of value R, the nominal impedance, the mid-series impedance closely 
matchcs.^^o- of the rest of the filter over most of the passband. 

The addition of still more elements to the basic section gives even 
greater control over the Z',i characteristic so that the new section pro- 
vides an even better match to the fixed value R. The new section is 
obtained by ?n-deriving an m-derived section and is known as a double- 
m-derived section. 

While it is beyond the scope of this text to investigate this problem 
of repeated derivation^ an outline of the method used in deriving the sec- 
tions will be given. For further details the reader is referred to the 
works of Zobel and Shea. 

One is tempted to derive the new section, whose elements will be denoted Zi 
and Z 2 y by letting Zj' = rriiZ^j following the procedure for the mid-series m- 
derived section. This leads to a useless result where the m of Eqs. (7-56) and (7-58) 
is replaced by mm 2 . Since the product mm 2 is a constant, it is equivalent to a 
single parameter in these equations. 

A more useful approach is to find a mid-shunt double-m-derived section which 
has the same Z^n as a mid-series single w-derived section. Again work is simpli- 
fied by using admittances. For Z'n or I 'n to he the same for both sections, 

y/y, 4. _ y"Y" + 

Let Yi « m^Y^y or Z 2 = Z5/m2. Then, substituting and solving, 

j-/ » 2 j . (1 - 
^ m 2 4m2 

. __ 1 

Z'l' ■" m,Z{ ^ 4maZ;/(l - m,*) 


or 
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It will be observed from the last equation that the new series arm Zi has two 
elements in parallel. Substitution for Zj and Zj from Eqs. (7-56) and (7-57) 
yields the half section shown in Fig. 7-22. The student should remember that in 
the last half section the series arm has the value Z5V2 and the shunt arm 2 Z 2 ^ 

mi m; Zj 
5 



The student may show (though not without considerable algebraic 
manipulation) that Z^t of the double-w-derived sec'tion is given by 


Zi 


R Vl - xMl - ( 1 - 
1 ~ (1 — 


(7-79) 


Since Ecp (7-79) involves two parameters, rrii and niz, it is not an easy 
matter to find their optimum values by graphi(*al analysis inasmuch as 
a large number of curves is required. One alternative approach involves 
the location of the maximum and minimum values of Z't by differenti- 
ation with respect to x'\ mi and may then be chosen to give equal 
deviations of these maximum and minimum values from R, Other 
methods are also possible that give slightly different values for the m’s. 
Zobel has recommended nii - 0.72;^ and Wo = 0.4134. The deviation 
between Z't and R for these values is plotted in Fig. 7-23. The corre- 
sponding data for Z'^ of a single ?n-derived section with m — 0.6 are also 
plotted in the same figure for comparison. The improvement afforded 
by the double-m-derived section is quite apparent. It holds Z'^ to within 
roughly ±2 per cent of R for over 95 per cent of the passband. 

7-26. Lattice Networks as Filters. Thus far in the chapter attention 
has been restricted to filters of the ladder type. The ^^classicaT' theory 
of filters also deals with lattice networks. The basic lattice structure is 
depicted in Fig. 6-4 and from Eqs. (G-34) and (6-36). 


or 


Zo = 


c'y = 


tanh ^ 


\^ZiZ2 
1 "h \/Zi/ Z2 

1 - \/zvrz2 



(6-34) 

(6-36) 

(7-80) 


The pass- and stop bands may be determined in the same manner as for 
ladder structures. 
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From Eq. (6-34) it is apparent that, if Zi and Z 2 are reactances of 
opposite sign, Zo will be resistive, while if they are of the same sign, 
Zo will be reactive. Therefore, if reactance curves of Zi and Z 2 are 
drawn similar to the Zoc and Z.e curves of Fig. 7-1, the same criteria 
may be applied to determine the transmission and attenuation bands. 
The values of a and for any frequency may be computed from Eq. 
(6-36) or Eq. (7-80). 

Since Zo is a function of the product Z 1 Z 2 alone, and 7 is a function of 
the ratio Z 1 /Z 2 , Zo and 7 may be chosen independently in the lattice filter. 
This is in contrast to ladder filters, where Zo depends upon Zi(Z 2 + Zi/4) 
and 7 depends on Z 1 /Z 2 . For this reason the lattice provides a more 
flexible basis for design than the ladder. 



Fio. 7-23. Normalized characteristic-impedance curves for m-derived and double 
WMierived sections. 


Foster^s reactance theorem can be utilized to good advantage in .the 
study of lattice filters. On the assumption that only lossless elements 
are used, Zi and Z 2 may be expressed by Eqs. (4-1 10a) or (4-1106), no 
matter how complicated they are in structure. By way of example, let 
Zi consist of four nonredundant elements and Z 2 of five. Further, let 
their reactance curves be those shown in Fig. 7-24. Then by Foster’s 
theorem the two impedances could be written as 


Zi 


Z2 


icoHi 


(a?* — «8*) 


^ («* — Ci>i*)(c0® — <I>4*) 

__ (w* — «!*)(«* — 0)8*) 

JO) (o)* — 0)2*) (cO “ «4*) 


(7-81) 

(7-82) 
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The curves show that Z\ is positive for « < wi; hence by Eq. (7-81) H\ is 
negative. Hi may be shown to be positive in a similar manner. 
Substituting into Eq. (6-34), one obtains 


_ . (co* - CO, 2) 

For Cl) < CO, 

y _ (co,* — co“) 


(7-83) 

(7-84) 


Since this is real, co < co, defines a transmission band, confirming the data 
of Fig. 7-24. 



P^iG. 7-24. Reactance curves for a lattice j&lter 


By the same token if oi > W 2 , Ecj. (7-83) shows Zo to be imaginary, 
defining an attenuation band. Thus the structure is an LP filter. The 
same results may be confirmed by substituting Eqs. (7-81) and (7-82) 
into Eq. (7-79) and solving for a and /3. 

The student should particularly note from Eq. (7-84) that the vari- 
ation of Zo from a constant value is determined by the poles and zeros of 
Zi and Zi which lie in the attenuation band. The proper choice of their 
values is not an easy problem, and methods have been suggested by 
Oauer, Bode, and others. 

It may also be shown from Eqs. (7-80) to (7-82) that in the attenu- 
ation band 


T 

tanh ^ 



Hi~ \/(w' - W2®) 

H\ (co2 - on*) 


(7-86) 


showing that the a characteristic is determined by the zeros and poles of 
Zi and Zt which lie in the transmission band. These facts verify the 
earlier statement that Zo and 7 of the lattice filter may be adjusted 
independently. 
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C2= 4.59 nnf 


lL = 3.06h 


zC^- 0.0332 fi/jif 


7-27. All-pass Lattice. It is of interest to observe what happens in 
the lattice filter if Zi and Z 2 are made inverse structures as they were for 
constarit-A; Jadder sections. For this situation, one has from Eq. (6-34) 
Zo == \/ZiZ 2 — R or, more explicitly, the zeros of Zi [Eq. (7-81)] are the 
same as the poles of Z 2 [Eq. (7-82)], and vice versa, so that Zo == \/ H\H 2 - 
Since Zo is a positive real constant independent of frequency, the entire 
frequency range from zero to infinity is the passband and the structure is 
known as an all-pass structure. As such, the network is useless as a 

filter but has important applica- 
I tions as a phase equalizer (Chap. 

14). 

7-28. Lattice -to -ladder Conver- 
sion. As a practical matter, lat- 
tice filters are not often used, prin- 
cipally because a lattice structure 
reciinres more elements than an 
ecpiivalent ladder structure. Nev- 
ertheless, the concepts used in the 
design of lattice filters are of fun- 
damental importance A typical 
design procedure that the student 
might encounter would involve the 
synthesis of a lattice section to meet certain specifications. This sec- 
tion would then be transformed into an eciuivalent T or 11 section, neither 
of which would in general be of the constant-/c or m-derived type. The 
student should consult the literature for further discussion of the methods 
used to obtain the necessary transformations (see Probs. 7-15 and 7-16). 

7-29. Piezoelectric Crystals as Filter Elements. Certain advantages 
are to be gained by using piezoelectric crystals as circuit elements in the 
construction of filters. These may be seen from the equivalent electrical 
circuit of these crystals which is discussed in Chap. 16, Electromechani- 
cal Coupling, and is reproduced here in P^ig. 7-25 for convenience. The 
Q at the series resonant frequency varies from 2,000 to 30,000, which is 
far in excess of values obtainable with an inductor. By mounting the 
crystal in an evacuated enclosure the damping of the mechanical vibra- 
tions is reduced, producing the higher Q values just cited. 

Neglecting R, one notes that the crystal has three reactive elements. 
From the study of Foster^s reactance theorem this means that the crystal 
exhibits one internal zero and one internal pole, which are given by 


Fig. 7-25 Equivalont circuit of a piezo- 
electric crystal. Values arc foi a senes 
resonant frequency of 500 kc Crystal 
dimensions are 2.5 cm square by 0.515 cm 
thick. 


and 


1 

LCi 

1 

LCyCJiC, + C,) 


(7-86) 

(7-87) 
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Ciy which is due to the crystal holder, exceeds lOOCi; so the two singu- 
larities are very close together. Thus if the crystal is used in a filter, 
extremely sharp cutoff characteristics can be obtained. Furthermore, 
since the crystal can serve either as a resonant or as an antiresonant 
element, it can be used to good advantage in either BP or band-elimi- 
nation filters with extremely narrow pass- or stop bands. If wider bands 
are required, the crystal characteristic can be modified with a series 
inductor, but not without a modification of the other arm (see Prob. 7-18). 



0.1 0.5 1 5 10 

f/u 

Fig. 7-26 Crossover network and its attenuation ^s frequency curves. 


7-30. Crossover Filter. The filtering action of the reactive networks 
covered this far in the chapter is based on the behavior of their charac- 
teristic impedances as a function of frequency. At certain frequencies 
Zo becomes reactive; so no power can be absorbed from the generator, 
and a stop band results. Another basic type of filter, the crossover net- 
work, operates on a somewhat different basis. Two loads are provided, 
as shown in Fig. 7-26, and the input power is shared by them in a ratio 
depending upon the frequency. 

From physical considerations it may be seen that all of the input power 
is delivered to /?i at direct current. As the frequency is raised, less and 
less power is delivered to Ri and more and more to until, at infinite 
frequency, all the input power goes to R 2 - Hence, as viewed between the 
input terminals and Rij the structure behaves as an LP filter, Rz serving 
as a dissipating resistor. On the other hand, the structure appears as 
an HP filter as viewed between the input terminals and R 2 , Ri serving 
as a dissipating resistor. If L and C are chosen properly, the input imped- 
ance remains resistive and equal to Ro at all frequencies. This will now 
be shown. 
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Reading from the diagram, 

„ _ ■ r t ^0 _ “ o>^LC) + jtaL 

Z, - jwL + j ^ ^ 

„ _ 1 jbiLRo _ Ro(i — uHjC) + jioL 
* “ j(oC ■'■«„+ ia.L “ -oi^LC +l^CRo 
1 1 _ 1 (1 - MC) + j2o>CRo 

•“ Zi Zj Ro (1 - o>H.C) + jo>L/Ro 


(7-88) 

(7-89) 

(7-90) 


Then if Z,n is to be made equal to Ro, and independent of frequency, the 
following condition must apply: 2CRo = L/Ro, or 

^ = 2R„’‘ (7-91) 


Another equation is required to design the network, preferably one 
relating L and C to the crossover frequency, fc, at which ecjual powers 
are delivered to Ri and R 2 . From Eqs. (7-88) and (7-89) 

+ (wLy 

) 1 I (u^LCyRc 

i^) ~ ^•"(l - ‘^^LCy -1- (a)L)“ (7-93) 


Gi = Re 


RoHl 


Now, at frj Gif and G 2 must be equal for equal powers to be delivered 
to the loads; hence 


1 

0)c = — 

Vlt 


(7-94) 


Equations (7-91) and (7-94) may be used to design the network for given 
values of fc and Ro. 

The LP and HP attenuation constants ai and a 2 , respectively, may be 
determined readily. By definition, 


ga, 



Ro{l -_^LC) + jcoL 
Ro 


Introducing Eqs. (7-91) and (7-94) and taking natural logarithms. 


Similarly 


ai = In 





a 2 = In 



(7-95) 

(7-96) 


It may be seen that Eqs. (7-95) and (7-96) give identical results except 
for the inversion of the normalized frequency variable; hence ai and a% 
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display geometric symmetry about with respect to each other. For 
this reason they are plotted against a logarithmic normalized frequency 
scale in Fig. 7-26. 

While the crossover network may be used as either an HP or an LP filter 
as explained previously, its chief application is in sound-reproducing sys- 
tems where both attenuation characteristics are utilized simultaneously. 

The difficulties are so great in building a single loudspeaker to reproduce 
sound efficiently over an audio range extending from 30 cycles to 15 kc 
that it is often the practice to employ two different speakers rather than 
one.^ One of 12 in. or greater diameter, termed the woofer,^' is designed 
to give efficient reproduction below some frequency selected in the 400- 
to 1,000-cycle range. The second, smaller speaker is designed to work 
efficiently at the higher frequencies and is called a ‘‘tweeter.’^ When 
these two units are fed from a single audio amplifier, the problem is to 
direct the different frequency components to the proper speaker. The 
crossover network (or frequency divider^*) serves this purpose admira- 
bly. 7^1 of Fig. 7-26 is replaced by the woofer voice coil and R 2 by the 
tweeter voice coil, and the filtering action is provided by the crossover 
network. 

In practice the speaker impedances vary with frequency; hence the 
input impedance will vary to some extent from the theoretical value of 
Ro. The a characteristics of the network may be made more or less steep 
than those in Fig. 7-26 by using variations of the basic circuit.* 

PROBLEMS 

7-1. Compute the constants of a composite LP filter, to operate into a load of 
600 ohms and have a cutoff frequency of 1,200 cycles. In addition to the terminating 
half sections and one section of the prototype, there shall be one section with a value 
of * 1,250 cycles. 

7-2. Compute the constants of a composite HP filter to operate into a load of 
600 ohms and have a cutoff frequency of 1,200 cycles. One of the intermediate sec- 
tions is to have a value /* =* 1,100 cycles. 

7-3. Compute the constants of a composite BP filter to operate into a load of 
600 ohms and have cutoff frequencies of 800 and 2,000 cycles. In addition to the 
terminating sections and one section of the prototype, there shall be one section with 
one value of /« « 2,100 cycles. 

What will be the other frequency of infinite attenuation? 

7-4. Arrange various configurations of reactances as the shunt and series arms of a 
T filter section. Sketch the reactance curves, and determine the number of attenu- 
ating and transmission bands. 

^ It is possible, of course, in a more elaborate system to use three or more speidcers, 
each one operating in a different portion of the audio range. In such cases, two or 
more crossover networks may be used in combination to provide the required power- 
dividing action as a function of frequency. 

*See, for example, F. E. Terman, ‘‘l^dio Engineers’ Handbook,” McGraw-Hill 
Book Company, Inc., New York, 1943. See also Prob. 7-21. 
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7-6. For a LP prototype T section, with a cutoff frequency of 1,000 cycles and a 
value of y/ZiZi equal to 600 ohms, compute and plot the characteristic impedance vs. 
frequency curve from 0 to 2,000 cycles. 

Compute the constants of an ?M-dcrived T section, m = 0.6, from the prototype 
specified above, and plot its characteristic impedance vs. frequency curve over the 
same range. Repeat for vi = 0.8 and m = 0.4. 

Rearrange the constants of the three T sections just designed into n sections where 
the impedances of the two shunt arms of the II section eacli equals twice the value for 
the shunt arm of the T section. Compute and plot curves of characteristic impedance 
vs. frequency over the same range. 

7-6. Compute and plot a curve of the attenuation of the two filter sections specified 
in Prob. 7-5, over a range of 0 to 2,000 cycles. 

7-7. For coils with Q = 100 compute the attenuation of the m-derived T section of 
Prob. 7-5 at 500 and 1,000 cycles and at Sketch the approvimate values of a for 
the range of 0 to 2,000 cycles. 

7-8. A single-T-section constant-fc LP filter is inserted between a generator of inter- 
nal impedance Rg, and a resistive load, /^, equal to the filter’s nominal impedance. 

a. Derive an equation for the decibels insertion loss of the filter m terms of j ( = f /fc) 
and Rg/R. 

h. Plot curves of the insertion loss vs. x for Rg/R = 0, 0.5, 1, and 2. Cover the 
range 0 < a; < 2, using increments of 0.2. 

c. From the results recommend the value of Rg that gives the best LP characteristic. 

7-9. A common configuration for a band-elimination filter is an inductance and 
capacitance in parallel for Z\ and an inductance and capacitance in senes for Zj. For 
such a filter derive the fundamental design equations, and design a 600-ohm filter to 
eliminate the band between 800 and 2,000 cycles. 

7-10. (a) Set up the IlP-band-elimination analog. (6) Design the filter of Prob. 
7-9 by means of the analog. 

7-11. (a) Show that the presence of Lm m Fig. 7-27 effectively places negative 
inductance in senes with €[,. (This may be done by n'placing the inductance com- 
bination L„L,nLa by an equivalent inductive T section ) This condition permits the 
design of an LP section with ?n > 1. (b) Derive design equations for La, Lm, and Tb 

in terms of the prototype components for this m-derived section. 



Fig. 7-27. Circuit for Prob. 7-11. Fig. 7-28. T section for Prob. 7-15. 

7-12. Verify Eq. (7-79). 

7-13. Prove that the pass- and stop bands of a lattice filter remain unchanged if Z\ 
and Z 2 are interchanged. 

7-14. (a) Starting with reactance curves, derive the circuit configurations for two 
possible minimum-element lattice filters for each of the LP, HP, BP, and band-elimina- 
tion types. Tabulate your results, giving equations for the cutoff frequencies in each 
case. (6) What advantages, if any, would result from replacing the sections by 
nonminimum-element lattice structures? 

7-16. Prove that the T section of Fig. 7-28 and the lattice section of Fig. 6-4 are 
equivalent. 
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7-16. (a) Zi and Zt are both series resonant arms in a lattice filter. What t 3 rpe of 
a characteristic does it have? (6) By means of Prob. 7-15 transform the lattice into 
an equivalent T structure, (c) What restrictions on the components Li, L 2 , Ci, and C 2 
of the original lattice are necessary if the T section is to be physically realizable? (d) 
Is the equivalence independent of frequency? 

7-17. Two of the crystals of Fig. 7-25 are used as the Zi elements of a lattice filter. 
Inductances of value L 2 are used as the Z 2 elements. 

a. Determine the type of filter by means of reactance curves. 

b. Evaluate the cutoff frequencies 

c. Explain briefly why the cutoff frequencies are independent of Li. 

d. What simple expedient will give a decrease in the width of the stop band? 

7-18. Z\ of Prob. 7-17 is modified by adding inductance L\ in series with the crystal. 

The type of filter is to remain unchanged. 

a. What Zi elements are required? 

h. What critical fre(|uency remains the same as in Prob. 7-17? 

c. Is the other critical frequency raised or lowered by Li? 

d. What is the equation for the critical frequency of Z 2 ? 

7-19. Calculate the values of L and C in Fig. 7-26 for a crossover frequency of 
450 cycles for use with a woofer-tweeter system. Both voice coils have a nominal 
impedance of 8 ohms resistive. 

7-20. Consider the network of Fig. 7-26 with the two elements shunting Hi and Rt 
removed. 

a. What L and C are required for to equal Ro at all frequencies? 

h. Derive an equation for the cutoff frequency. 

c Calculate and plot oci and ai Compare with Fig. 7-26. 

7-21. Compare ai of Fig 7-26 in the higher-frequency range well above cutoff 
with a of the constant-A: and 771 -derived LP filters. Of w^hat significance is the 
difference? 

7-22. Sketch the circuit diagram for a crossover network system for use with 
three different speakers, each of which works over a different portion of the audio 
liand. Derive the necessary design equations m terms of two crossover frequencies 
fa and fci. Assume the same nominal resistance for all three speakers. 
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THE INFINITE LINE 


When two pieces of apparatus are connected together in the laboratory 
by a short pair of leads as in Fig. 8-1, the student whose experience is 
confined to audio would expect equal input and output currents /, and 
lo frequencies. Furthermore for negligible lead resistance he would 
expect Ft and Eo to be equal. Experience at radio frequencies shows 
that, when the lead length is an appreciable portion of a wavelength at 
the frequency of operation, neither of these equalities is realized: Eo 
differs from F, and h differs from 7, in both magnitude and phase. 


iio A> 



Fig, 8-1. A generator and load connected b> a pair of wires. 

A similar situation exists on telephone lines that carry af signals. On 
such lines whose length is an appreciable portion of a wavelength (say, 
>0.1X) at the operating frequencies, current and voltage undergo changes 
of amplitude and phase along t{ie length of the line. On such *‘long 
lines’* it is not sufficient to consider the wires as conductors exhibiting 
only resistance and perhaps inductance and having no electrical connec- 
tion between them along their lengths. The correct picture of their 
behavior requires an equivalent circuit containing all three types of . cir- 
cuit elements, viz., resistance, inductance, and capacitance. This equiv- 
alent circuit is discussed in the sections that follow. Once the circuit 
is established, the behavior iof the transmission line when electrical sig- 
nals are applied may be predicted. 

8-1. Distributed Parameters. The equivalent circuit of a transmission 
line may be developed by considering a basic type of such a line which 
consists of two straight parallel wires of uniform size, separated by air, 
and is called the parallel- wire” line. Inasmuch as the wires are formed 
of some conducting material, usually copper or aluminum, they will have 
resistance. Because the wires have uniform size, this resistance will be 
uniformly distributed along their entire lengths. 
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At radio frequencies energy may possibly be radiated from the trans- 
mission line in the form of electromagnetic waves. This loss in energy 
may be taken into account by considering the line resistance to be 
increased by the “radiation resistance/^ a fictitious resistance whose 
value is the radiated power divided by the square of the line-current 
magnitude. The possibility of radiation from a parallel- wire line is 
precluded by keeping the line spacing small, say, much less than one- 
tenth of a wavelength. In this book it will be assumed that no radiation 
takes place from the line so that the effective increase in line resistance 
due to radiation may be neglected. 

Furthermore, when current flows through the wires, a magnetic field is 
established about them. This field links the wire current; hence induct- 
ance is present, once again distributed uniformly along the entire wire 
length. This resulting inductance caused by the flux linkages impedes 
the flow of current and so is effectively in series with the distributed line 
resistance. 

The fact that the input and output currents of the line differ leads one 
to realize that there is admittance between the wires even though there is 
no apparent connection between them. This shunt admittance consists 
of two components. First, capacitance is present because the line con- 
sists of two conductors separated by a dielectric. Second, for between- 
the-wire dielectrics that are not perfect insulators, conduction current 
will flow between the wires. This conduction, or leakage, path may be 
represented by shunt resistance or, more conveniently, by a conductance 
between the wires. As was the case for the series 
resistance and inductance, the shunt conductance 
and capacitance are uniformly distributed over the 
entire length of the line. For the latter reason it 
is impossible to draw an accurate equivalent cir- 
cuit of the line, for no symbols are available for 
representing distributed circuit parameters. A 
rough approximation is shown in Fig. 8-2; the 
student must think of the transmission line as a 
limiting case where the small line length Ax ap- 
proaches zero and the line parameters are uniformly distributed, rather 
than being lumped as in the approximate diagram. 

It is convenient in the study of transmission lines to state the numerical 
values of these distributed parameters for a unit length of line, the unit 
of length being 1 mile, 1 m, or whatever length is most convenient for the 
particular problem under investigation. Since the series elements of 
inductance and resistance are present on both sides of the line, the line 
resistance, for example, is defined as the resistance of both wires for a unit 
line length and is denoted by the symbol R, Thus by definition 



Fig. 8-2. Approximate 
equivalent circuit of a 
length At of transmis- 
sion line. 
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R = loop resistance per unit length of line 

= sum of resistance of both wires for unit line length 
Similarly, L is defined to be 

L — loop inductance per unit length of line 

== sum of inductance of both wires for unit line length. 

The line conductance and capacitance are present between the two wires, 
and the ‘4oop” notation is unnecessary. Thus by definition 
G = shunt conductance between wires per unit line length 
C = shunt capacitance between wires per unit line length 

In the work that follows use will be made of Z, the loop impedance per 
unit line length, and F, the shunt admittance per unit length. These 
quantities are defined by 

Z = R+ jwL (8-1) 

F = (? + ja^C (8-2) 

The student should take particular care to note that the units of the four 
line parameters all involve reciprocal length, for example, Z is not 
expressed in ohms as is the usual case but in ohms per mile, ohms per foot, 
or ohms per meter, as the case may be. He should also observe that the 
symbols Z and F have special significance in the study of transmission 
lines and that Z ^ 1/F. 

8-2. Transmission -line Types. In the last section a pair of parallel 
wires was used as an example to develop the equivalent circuit of a trans- 
mission line. Many other configurations are also used for transmission 
lines. A few of the more common types will he described. 

One of the commonest forms of transmission line is the coaxial cable. 
This type consists of a hollow, cylindrical conductor surrounding a coaxial 
center conductor of circular cross section. Where a rigid line may be 
used, the center conductor is often supported by a number of insulating 
disks spaced at intervals that are very small compared with a wavelength 
at the operating frequency. The outer conductor then takes the form 
of a copper pipe that is grounded. A principal advantage of this type 
of construction is that the electric and magnetic fields produced by the 
electrical signals are confined wholly to the region enclosed by the outer 
conductor. 

Where mechanical requirements rule out the use of a rigid coaxial line, 
a flexible line may be formed in this manner: The center conductor is 
formed of thin, uninsulated conductors twisted together, the whole being 
embedded in an extruded polyethylene plastic of circular cross section. 
This plastic serves as spacer and dielectric for the line. The plastic in 
turn is covered by a flexible conducting braid. The entire cable is often 
covered with a protecting sheath of polyvinyl plastic. This type of 
construction allows the entire cable to have a reasonable degree of 
mechanical flexibility. 
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Inasmuch as the outer conductor of the flexible coaxial cable is not a 
solid, continuous conducting sheet, the electric and magnetic fields may 
not be confined to the region surrounded by the outer braid and leakage 
fields may be present outside the cable, particularly at uhf and above. 
This condition results from the incomplete shielding by the outer conduc- 
tor and may be minimized by adding a second grounded shield braid 
outside the cable. This results in a so-called “shielded coaxial cable.” 

The common telephone cable consists of a number of wire pairs, 
insulated with paper and twisted together. The several pairs are also 
twisted over the entire cable length to minimize cross talk that results 
from magnetic and capacitive coupling between adjacent pairs. The 
whole group of pairs is surrounded by a protective outer coating of lead 
or of corrugated aluminum covered with plastic. The telephone cable 
and other common transmission-line types are illustrated in Fig. 8-3. 

8-3. Calculation of Line Parameters. While the concepts of the per 
unit length line parameters R, L, G, and C, were developed for the parallel- 
wire line, they are by no means peculiar to that configuration. All trans- 
mission lines exhibit all four of the line parameters to some extent, though 
in certain cases one or two of them may be of negligible magnitude. 
This IS notably demonstrated by the common telephone cable. Since each 
wire pair is twisted and currents flow in opposite directions in the two 
conductors comprising the pair, the flux linkages are so small that the 
inductance per unit length, L, may be neglected in a number of calcula- 
tions. F’urthermore, the paper serves as an excellent insulator so that 
(j, the shunt conductance, is of neglible magnitude. The effect of neg- 
lecting L and G in calculations for the telephone cable will be illustrated 
later in the chapter. 

Cable and transmission-line manufacturers publish tables giving the 
four line parameters of their products. Typical values are listed in 
Table 8-1. For simple line configurations, such as those of the parallel- 
wire or coaxial type, R, L, and C may be calculated from a knowledge of 
the line geometry and the properties of the materials from which they are 
made. The necessary equations may be derived by direct application 
of field theory. They will not be derived* here but are summarized in 
Table 8-2. 

8-4. The Infinite Line, Zo^ Since the equivalent circuit of a length 
Ax of a transmission line and the means of evaluating its components 
Rj Lj Gy and C have been covered m previous sections, it is now possible 
to predict the behavior of a line when electrical signals are applied to it. 
Using the equivalent-circuit idea, let the line be considered as being made 
up of a large number of incremental lengths, Ax. Each such length of 
line then exhibits series loop inductance L Ax, series loop resistance R Ax, 

' See, for example, E. C. Jordan, ‘‘Elertromagnetic Waves and Radiating Systems,” 
Prentice-Hall, Ino., New York, 1950. 
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Fi(, 8-.^ Common types of transmission line {A) Flexible loaxial table {B) 
Shielded (oaxial cable (C) Twin lead (D) Air«core twin lead {E) Shu Ided pair 
(F) Telephone (able (G) Cible showing construction of coaxial elements and pairs 
(H) Cross section of Chicago-Tcrre Haute cable [(A-E) American Phenolic Corpor- 
ation (E-H) Illinois Bell Telephone Co 1 


shunt conductance G Ax, and shunt capacitance C Ax. The correspond- 
ing series impedance and shunt admittance will be, then, by Eqs. (8-1) 
and (8-2) 


Z Ax = {H jojL) Ax 
Y Ax ^ {G + ]wC) At 


(8-3) 

(8-4) 
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As a matter of convenience these elements may be arranged in a sym- 
metrical T configuration so that the entire line may be considered as the 
limiting case as Ax— ^0 of a number of symmetrical T sections in cascade^ 
each T having the elements defined by Eqs. (8-3) and (8-4). On this 
basis the results of Chap. 6 may be used to calculate the variation of 

Table 8-1* 


Type 

Gauge, 

mils 

Spacing, 

in. 

Loop constants /mile 

Rf ohms 

L, mh 

c, Mf 

Cr, fimhom 

Open-wire lines 

Open-wire . 

104 

12 

10 15 

3 66 

0 00837 

0 29 

Open-wire phantom . . 

104 

12 

5 08 

2 23 

0 01409 

0.68 

Open-wire 

104 

18 

10.15 

3 93 

0 00797 

0.29 

Open-wire 

165 

12 

4 11 

3 37 

0 00915 

0 29 

Open-wire phantom . . 

165 

12 

2 06 

2.08 1 

0 01514 

0.58 

Open-wire 

165 

18 

1 

4 11 

i 

3 64 

1 

0 00863 

0 29 


Paper-insulated cable pairs 


Side 

19t 

1 

85 8 

' 1 

0 062 i 

1 6 

Side 

16t 

i 

42 1 

1 

0 062 

1 6 

Phantom ... 

19t 


42 9 

1 0 7 

! 0 1 

2 4 

Phantom 

16t 


21 0 

0 7 1 

1 0 1 

1 

2 4 


For coaxial cable, d<z — 0.376 in., = 0.1004 in. 
* From Amer. Tel. and Tel. Co. 
t A.W.G. 


steady-state current and voltage along a uniform line, provided that it is 
terminated in Zo. Expressions will first be derived for 7 and Zo in terms 
of the line constants. Then equations will be derived for voltage and 
current as a function of distance along the line. 

8-6. Characteristic Impedance. Corresponding to Zi of the sym- 
metrical lumped iterative structure, one has Z Ar for the line and, corre- 
sponding to Z2, 1/F Ax, Thus from Eq. (6-15) 

z , = (1 + 

Substituting for Zi and Za, one has for the uniform line 


^/l 

-S-4 


Zo = lim 


1 + 


ZY{^xY 


R jwL/ 
G + juC 


( 8 - 6 ) 
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Tablb 8>2. Line Parameters for Parallei/-wire Line and 
Coaxial Cable 


Parallel-wire line* 



Coaxial line: 

Coaxial line 



due to flux 
linkages between 
condiu tors 


L = ^ -h —In - henrys/m 

47r ir r 

due to due to 

flux link- flux linkages 
ages within outside 

conductors conductors 

C = — farads/m 

arccosh x- 
2r 

» farads/m for 8 > 5r 

In - 
r 

2 

Rdc = , ohms/m 

TrrV 

Jiar = ^^ 2 “ olims/m 


4r3^ 

(r-.2 - 7 2^)2 


henry s/m 


due to flux linkages 
within (onductors 


C = farads/m 

In 

ri 

f ^ H — 2 ^ ~i^ ohms/m 

Tra \ri2 - rzV 

/^ar = r^) ohms/m 


where e<i 

«o 

Me 

Md 

MO 

<r 


= dielectric permittivity 
= #ceo 

= lO-VSflirmks 
= conductor permeability 

= (Mr)cMO 

= dielectric permeability 

= (Mr)dMO 

= 4ir X 10“’ mks 
= conductivity of conductors 



8-6. Complex Propagation Constant. The complex propagation con- 
stant 7 a* for the equivalent section of length Ax may be obtained in a 
similar manner. Applying Eq. (6-G) to the element of line of length 
AZy one has 


e'yA* 


Z i/2 Z 2 -i- Zo - . Zi 1^1 I 
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Substituting for Zi and Za, 

+ + (M) 

Now the problem is to evaluate y terms of Z and Y. This may be 
done by expanding both sides of E(i (8-6) into an infinite series. For 
example, the left-hand member may be expanded as the power series 

e'’=l+e + ^ + |+ • • • (8-7) 

The right-hand member may be developed in the desired form by 
expanding the radical of the third term by means of the binomial series 

= (8.8) 

The application of these expansions to Eq. (8-6) and neglecting of higher- 
order terms yield 

1 -f- TAz -h 1 + VZY Ax + (8-9) 

Therefore 7 ai = y/ZY Lx 

The ytAT thus derived is for a section of length A.r. For n such sections 
the propagation constant would be n times as great. In a unit length 
there would be 1/Ax such sections, and therefore for such a unit length 
7 = 7 A*/ Ax. 

T, = = \/(« -Y = « + J/3 (8-10) 

8-7. Current and Voltage. As a matter of convenience, let the applied 
voltage and current at the input, or sending, end of the line be designated 
Es and Is, respectively. Then by direct analogy to Eq. (6-13) the cur- 
rent /* at a distance x from the sending end will be related to Is by 

^ = ey‘ ( 8 - 11 ) 

■* X 

and |r = e’'* (8-12) 

If 7 is known, the attenuation constant and wavelength constant can 
be derived by performing the operation of extracting the square root of 
ZF in the polar form and reducing the result to the rectangular form. 
By Eq. (8-10) the real part of 7 will be the attenuation constant, and the 
imaginary part will be the wavelength constant. Equation (6-44) can 
be applied, except that the value of n\ will be in the length units used in 
computing 7 and is generally written 

27r 
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Similarly Eq. (6-40) is written 

“ X/ = I (8-14) 

The units of a are called nepers per unit length. Sometimes the term 
hyperbolic radians per unit length’’ is used. If Z and Y are given in 
ohms and mhos per mile, respectively, a will be in nepers per mile. Simi- 
larly 13 is obtained in radians per unit length, and, for Z and Y units in 
miles, ^ would be given in radians per mile. 

In the foregoing sections the line equations have been derived by con- 
sidering the uniform line as the limiting case of a cascade of symmetrical 
and identical T sections. An alternative approach based on the differen- 
tial equations for line current and voltage is given below. 



Fig. 8-4. Notation for setting up the differential equations of current and voltage on a 
transmission line. 


Consider the element of line of length Ax and located a distance x from 
the sending end as shown in Fig. 8-4. The input, or sending-end, volt- 
age and current are Es and /s, respectively. The average value of cur- 
rent flowing along the element will be /* + A/x/2; thus, applying Kirch- 
hoff’s voltage law to the element, one has 

E. - (E. -I- AE.) = Z Ax ^7. + (8-15) 

Dividing through by Ax and taking the limit as Ax — > 0, one obtains for 
the space derivative of voltage 

. -ZI. (8-16) 


The average value of voltage along the element is Ex + AE,/2. Then, 
applying Kirchhoff’s current law to the element, 

h - (/x -I- A/.) = F A® (e. + 

and, dividing through by Ax and taking the limit as Ax — ► 0, 


dx 


= -YE» 


(8-17) 
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Equations (8-16) and (8-17) show, as may well be expected, that cur- 
rent and voltage at any point on the line are interrelated. It is conven- 
ient, however, to eliminate 7* from Eq. (8-16) and Ex from Eq. (8-17) so 
that each equation involves only one independent variable. This may 
be brought about by differentiating Eq. (8-16), 

d^Ex ^ 

dx’^ ^ dx 


Substituting from Eq. (8-17), 


In a similar fashion 


d^Ex 

dx^ 

dHx 

dx^ 


= ZYEx 


= ZYIx 


(8-18) 

(8-19) 


The last two equations are linear differential equations with constant 
coefficients whose solutions are 


Ex = 4- A2e-^^ (8-20) 

I, = (8-21) 

where the ^’s are constants with the dimension of voltage and the 
are constants with the dimension of current. It may be expected, then, 
that the i4^s and B^s are interrelated. This may be verified by substitut- 
ing Eqs. (8-20) and (8-21) into Eq. (8-16), 

- VZY A2e-^'^y^ = -Z{Bie^^ -f 


Equating coefficients of corresponding powers of e, 

y/TV Ax = -ZBx Bx= - (8-22) 

VzF Ai = ZBi Bi = yjj At (8-23) 

Hence Eq. (8-21) may be rewritten as 

/. = - -Jl Axe^'^y- + yjj A^-^- (8-210) 


Now Eqs. (8-20) and (8-21a) are quite general in that no stipulation 
has been made concerning the termination of the line. Thus any termi- 
nation may be handled by substituting in appropriate boundary condi- 
tions to evaluate Ai and A 2 . In this chapter the infinite line is being 
considered; thus, at x == 00 , E, = 0, and, from Eq. (8-20), .4i = 0. 
Furthermore, atx = 0, E, = Esy and, from Eq. (8-20), ^42 = Esy whence 

E. = (8-24) 
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and, from Eq. (8-21a), 

^ Ese-^^ 

(8-25o) 
(8-25) 


But, at x = 0, /x = Is ] therefore 

and /x = /se 


One notes that the input impedance of the infinite line, namely, Zo, is 
Es/Is] thus from Eq. (8-25a) 



Further, if y is used for \/ZY, these results are entirely consistent with 
those obtained by the previous method. 

As an exercise, the student should carry out the solution for a line of 
finite length / terminated in Zo. The results should, of course, be iden- 
tical with those for the infinite line (see Prob. 8-5). 

The results of the foregoing sections will be applied to solve an illus- 
trative example. 


The attenuation and wavelength constants will be determined for an open- wire 
line. One of the standard lines in use consists of copper wires 0. 104 in. in diameter 
and spaced 1 2 in. apart. The distributed constants of such a line are 
R = 10.4 ohms/mile 
L = 3.67 mh/mile 
C = 0.00835 
G — 0.8 juinho/mile 

The determination will be made at a frequency of 796 cycles, i.e., w = 5,000. 
This value of frequency appioxi mates, as far as a single frecjnency can, the aver- 
age of the voice wave and so is commonly used in measuring or computing attenua- 
tion. The value of G given above is, of course, an approximation, as it is 
dependent largely on weather conditions for the case of an open- wire line. 


Z ^ R+jcoL = 10.4 -f j5,000 X 3.67 X lO"" 

= 10.4 -f- yl8.35 = 21.08/60.45° 

Y = G-\-jcjC = (0.8 -j- j5,000 X 0.00835) X 10'® 

, = (0.8 -f .741.75) X 10-« = 41.76/88.916° X lO"* 


« / 21.08/60.45° 

" ~ \ 7 “ \41.^ X~r0-vm91^ 
Zo = 711/- 1^2^ = 689 - jl75 


-V- 


08 X 10' 
41^76 ~ / 


/ 60.45° - 88.916° 
2 


7 = Vzy = >721 .08 /60.45° X 41.76 X 10-'/88.92^ 


= \/21.08 X 41.76 X 10-' j . f 

= 0.0297 /74.683° -= 0.0078^ i0.0287 
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The attenuatioi^ooTistant is the real part of 7, and the wavelength constant is 
the imaginary component. 

a — 0.00785 neper/mile 
= 0.0287 radian/mile 

The wavelength is therefore 

X = ^ = 219 miles 
P 

The phase velocity is 

t;p = /X = ^ = ^5^ = 174,300 miles/sec 

As an example of the use of these constants, consider an open-wire line 300 miles 
long. Let a generator, with an internal impedance which is a pure resistance 
of 600 ohms and which has a generated voltage of 2 volts, be connected to the 
sending end. At the receiving end the line is terminated in its characteristic 
impedance. What will be the voltage, current, and power at the receiving end? 

Since the line is terminated in its characteristic impedance, the input impedance 
of the line at the sending end will also be the characteristic impedance. The input 
current when connected to the generator will then be 

2 2 2 
^ + W-'Ji75 1,289 - ji75 ^ l,300 /-7.734° ' 0.001539/7^^ 

From Eq. (8-11) 

I, = 

Now «-«' = = e-2 = ^7^ = 0.0948 

€2 356 1 0.55 

(300X0 0287) _ g-j8 61 

will simply rotate the numerical value through an angle of —8.61 radian and wiL 
not change its magnitude, for 

= (.Qs Q -j- j sin 0 

Therefore e~y^ = 0.0948/ — 8.61 r^iaiw 

= 0.0948 / -493 °~ 

The current at the receiving end will then be 

1 2 - 0.001539^.734° X 0.0948/ -493° 

= 0.0001458/ -485.^7° 

This current is therefore lagging the input current by more than a cycle. 

The voltage across the terminating impedance will be 

E 2 = I 2 Z 0 * 0.0001458/-48 5.267° X 711 / -14.233° 

« 0.1036/-499^ 

The power derived to the load will be 

P - 1^2! I/2I cos 0 = 0.1036 X 0.0001458 X cos 14.233° 

* 14.6 X 10-« watt 
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or the following expression may be used: 

p = \h\^Rn = (0.0001458)* X 689 
= 14.6 X 10-fi watt 


8-8. Nominal-T Section. The need often arises in practice of testing 
in the laboratory various types of transmission apparatus such as tele- 
phone repeaters or telegraph relays under conditions that simulate those 
in the field. Such tests might investigate the response of the apparatus 
when it is connected between two sections of telephone cable, each being 
of several miles length. When such a test is required, it is inconvenient 
to use the necessary lengths of actual cable because of their physical size 
and the desirability of having some lumped constant network which simu- 
lates their behavior is quite evident. Lumped constant networks which 
duplicate the behavior of an actual transmission line are usually termed 
‘‘artificial lines.” 

To the engineer who is concerned with the transmission of electrical 
power over long lines the design of an artificial power line is quite straight- 
forward because his is a single-frequency problem; equivalence of the 
artificial and actual lines is reejuired only at the transmission frequency, 
nominally 60 cycles. In this case a single T section can be designed that 
is equivalent to any predetermined length / of transmission line at 60 
cycles. For example, knowledge of the line parameters 7^, L, (?, and C 
permits the calculation of y and Zo at 60 cycles. Then by Eqs. (6-28) 
and (6-31) the T components may be calculated: 


y 

sinh yl 

^ = Zo tanh ^ 


( 6 - 28 ) 

( 6 - 31 ) 


For the communication engineer, however, who is concerned with the 
transmission of signals that cover a broad band of frequencies, single- 
frequency equivalence between the artificial and actual lines is not suf- 
ficient. His problem is that Zo and y are both frequency-dependent in 
the last two equations ; hence it would appear that no single set of lumped 
impedance elements comprising Z\ and Z 2 could give exact equivalence 
over a band of frequencies. The use of proper design techniques, however, 
can make approximate equivalence hold over the required bandwidth. 

In the theory of real hyperbolic functions it is well known that if B is 
small, say, less than 0.1 radian. 


sinh B « tanh 0 ^ 
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If 0 is complex, a similar approximation holds true. This may be ilius> 
trated by considering the real and imaginary parts of 0 independently. 
Thus let 0 = yl al + j0l. Then 


If al is small, cosh al ^ I sinh al al 

If is small, cos « 1 sin « 01 

Then, if both al and 01 are small, 

sinh yl = sinh (al + j0l) 

= sinh al cos 0l + j cosh al sin 0l 
^ al + j0l = yl 

Similarly 

cosh yl = cosh (al + j0l) 

= cosh al cos 01 + j sinh al sin 01 
« 1 +j(al)(0l) « 1 

SO that 


tanh TT = 


yl _ sinh (yl/2 ) _ yl 
2 cosh (yl/2) ^ 2 


(8-26) 


(8-27) 


(8-28) 


Hence, if al and 0l are both small, the components of the equivalent T 
section become 




Thus if the length of line I is chosen small enough to make the approxi- 
mations of Eqs. (8-27) and (8-28) valid over the desired frequency range, 
the T section that is equivalent to that line length is obtained by setting 
the series-arm impedance Zi equal to the loop series impedance and the 
shunt-arm admittance I/Z 2 equal to the shunt admittance of the line 
section. A T section designed in this manner from Eqs. (8-29) and 
(8-30) is known as a ^^nominal-T^^ section. Any length of physical line 
may then be replaced by the appropriate number of nominal T's. 


As an example of the design of an artificial line, consider the nominal-T section 
of the open-wire line of the last illustrative example. The frequency range of 
equivalence is to be 30 to 5,500 cycles. 

It will be shown in the next section that a and 0 both increase with frequency 
for a transmission line; hence the design will be carried out for the highest fre- 
quency of interest, namely, 5.5 kc, where a and 0 have their largest values. This 
will allow the determination of I to satisfy the approximations that al and 01 both 
be small. Now 


y - ^/ZY = (R +juL)iG +jo>C) 
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At / * 6.5 kc, w = 2 t(5.5 X 10*) = 3.455 X 10* radians/sec, and 

7 ^ 

VUO.4 +i(3.455 X 10*)(3.67 X 10-'')][8 X 10"’ +y(3.455 X 10*)(8.35 X lO"*)] 

- \/(10.4 + il26.9)(0.08 + J28.82) X 10“* 

= ■v/(127/ 83.05° ) (2.882 X IQ-yOO”) 

- 0.1915/86.53° 

a j8 - 0.01149 -f jO.191 per mile 
Then if /?/ is to be small, say, less than 0.1, the required section length is 

I < = 0.524 mile 


As a matter of convenience let I be taken as 0.5 mile. This is conservative since 
both al and will be less than 0.1 . Then the components of the nominal-T sec- 
tion will be 

^ _ Z/ _ (/e + j(^L) X ^5 
2 ~ 2 ~ 2 ~ 4 ^ 4 

z -1- i 

~ y/ ~ (O + juC) X 0.5 “ G/2 + jo>C/2 
The nominal-T section is shown in Fig. 8-5. Then 


fi ii £i 

2 2 2 2 


*2^ -pCj 

0 


Fig. 8-5 The noininal-T sec- 
tion for a short length of 
transmission line 


or 



4 


2.6 ohms 


3^.67 ^ 
4 

0.00835 

2 


0.9175 mh 
= 0.004175 


Mf 


(r2 ~ 2 ~ ~ /X^hO 

• 1 

^2 = = 2.5 megohms 

iT2 


Each such T section is the equivalent, to an excellent approximation, of ^2 nciile 
of the open-wiie line up to a frequency of 5.5 kc. Ten such sections in cascade 
would simulate the behavior of 5 miles of the line up to that frequency. The 
design restriction that aZ, /3/ <0.1 is more conservative than is usually neces- 
sary; a commonly used artihcial line is considered in Prob. 8-7. 

8-9. Line Distortion. The student knows from the results of Chap. 6 
that, if a complicated wave is to be transmitted without distortion, the 
waveform at the line receiving end must be the same as the waveform 
of the original input signal. This condition requires that a and Vg of the 
line must be independent of frequency. As was shown in Chap. 6, the 
requirement on Vg specifies that /3 shall be linear with frequency. 

It is of interest, then, to determine whether or not the transmission 
line satisfies the requirements for distortionless propagation. This may 
be done by formally solving Eq. (8-10) for a and |d. Squaring both sides 
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of Eq. (8-10), one obtains 

(a + jfiY = -H ji>iL){G + jtaC) «-v 

(«2 _ ^2) + j2a^ = (RG - w^LC) + MLG + RO ^ ^ ^ 

Equating reals, 

^ = RG - oi^LC (8-32) 

Equating imaginaries, 

2a^ = u>{IjG + RC) (8-33) 

Squaring Eq. (8-33) and substituting into the result for a} from Eq. (8-32) 
yield the biquadratic in j8, 

.,2 


-h {RG - -jiLG + RCy = 0 


whence 


- 4 ' 


- RG + ViRG - w^LCy -h w^{W + RCy 


(8-34) 


Substitution of Eq. (8-34) into Eq. (8-32) and solution for a yield 

co^LC + (^r^y + (^^{lg + Rcy 

a ^ yj 2 (8-35) 


Inspection of the last two equations shows that, in general, the value 
of a does vary with frequency and therefore the line will introduce fre- 
quency distortion, 0 does not vary directly with frequency; hence the 
line also introduces delay distortion. The next section shows what rela- 
tionships are required between the line parameters for distortionless 
propagation to take place. 

8-10. Distortionless Line. It is desirable to know the conditions on 
the line parameters that permit distortionless propagation, for that knowl- 
edge can be of aid in designing new lines or modifying old ones to mini- 
mize distortion. The necessary conditions may be determined by con- 
sidering either frequency or delay distortion. Say, for example, that a is 
to be made independent of frequency to eliminate frequency distortion. 
Careful inspection of Eq. (8-35) shows that the condition will be satis- 
fied if i? = (r = 0, in which case a = 0, or, barring this possibility, if 
the term res\ill;in^ from extraction of the inner square root is equal to 
the w^LC term under the outer radical, for then only terms that are inde- 
pendent of 0 ) will remain^This may be stated mathematically 

\/(RG - u>^^y + + RCy = K + U^LC (8-36) 

where K is some constant to be evaluated. Squaring, 

(flG)* - 2RGLW + {LCyo,* + &)*[(L(?)* -1- 2RGLC + (RCy] 

^ K^ + 2KLCw’‘ 4 (LC)*o.‘ 
+ 0>*[{Lff)* + («0*] = K^ + 2KLCo,^ 


or 
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For the identity to hold true, coefficients of corresponding powers of w 
on both sides of the equation must be equal; hence, 

0)®: K= RG (8-37) 

CO*: {Wy -h {RCy = 2KLC 

Substituting for K from Eq. (8-37), 

{LGy - 2 RGLC + {RCy = 0 

whence LG - RC = 0 or (8-38) 

Substitution of Eq. (8-38) into Eq. (8-35) shows that a reduces to 


R 


a = VRG = 

Furthermore, jS becomes from Eq. (8-34) 

/3 = CO \/ LC = coL 


and 






jS Vlc 

dco _ 1 

~ Vlc 


(8-39) 

(8-40) 

(8-41) 

(8-42) 

(8-43) 


It will be seen that, in the case where the condition specified by Eq. 
(8-38) is fulfilled, the attenuation, ph^se and group velocities, and charac- 
teristic impedance are independent of frequency, and the last is a pure 
resistance. When such a line is terminated in its characteristic imped- 
ance and fed from a generator whose internal impedance is a pure resist- 
ance, there will be no frequency or delay distortion. 

This derivation has assumed that the so-called ‘Mine constants R, L, 
G, and C are really constant. Actually, owing primarily to skin effect, 
they change with frequency, and so even a line with the relations of Eq. 
(8-38) at some one frequency would have some distortion. 

8-11. Line of Low Distortion. Actually to fulfill Eq. (8-38) is not 
feasible in physical lines. In well-maintained cable, G is very small, and 
an extremely large value of L would be necessary. It is not desirable to 
increase (j, for by Eq. (8-39) this would cause a much greater attenuation. 
Fortunately it is not necessary to increase the inductance to the value 
required by Eq. (8-38) to reduce distortion to a small amount. 

Consider the case where wL is very much greater than R and wC is 
very much greater than G, Now Z = /? +i«L, Y = G + jwC, and Z 
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and V would both have angles nearly equal to ir/2 for this. case. The 
absolute value of Z is nearly equal to wL, and the absolute value of V is 
nearly coC. If any angle $ is small, then the following relation will be 
very nearly true, ^ = sin ^ tan 0, while if it is nearly equal to ir/2, 

cos 0 = cot ^ = ~ — ^or^ = ir/2 ~ cot 0. Therefore in polar coordi- 
nates, since the angles of Z and V will nearly equal t/ 2 for the conditions 
specified, 

2 /i-a 

The angle of \/ZF is one-half the sum of the angles of Z and V. Since 
this angle 0 is nearly 7r/2, the sine can be assumed as unity while the cosine 
is equal to t/2 — 0, or 

, G\ 

Equation (8-46) can then be reduced to the rectangular form 
a +J0 = ItI cos 0 -h j\y\ sin 0 


From Eq. (8-46) ItI = « \/LC, Therefore 


« + - 5 (^ + ^) •> V® + i- v<E5 



(8-47) 

/s = « Vlc 

(8-48) 

<a 1 

= = ^ = 

(8-49) 

From Eqs. (8-44) and (8-45) 



(8-50) 


It will be seen that, for this case also, except for the elements neglected 
in the approximation, the attenuation and velocity are independent of 
frequency, if R, L, C, and G do not change with frequency. The magni- 
tude of the characteristic impedance is also independent of frequency, 
and its angle will be very small; that is, Zo is nearly a pure resistance. 
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Combining Eqs. (8-50) and (8-47), the latter may be rewritten 

“ - KiS! 

If, as is often the case, G is negligible, Eq. (8-51) becomes 


_h IC _ ^ 

“ 2 yjL 2\ZJ[ 


(8-5I0) 


8-12. Cables. Telephone cables find wide application in the field of 
communications, and it is of interest to investigate their behavior as a 
special case. Inspection of the data of Table 8-1 shows that in common 
cables the inductance and conductance are very small so that over the 
range of frequencies used in telephony ca)L R and G <K o)C. Thus at 
least to slide-rule accuracy one may use the approximations 


Z ^ R r « jcvC (8-52) 

Then y = VZY = Vjo>CR = \/coCfi‘/90° 

= 745'=’ = (cos 45° -I- j sin 45°) 

, , . IcJCR 

a = ^“ 2 ^ ( 8 - 53 ) 

9 - (8-54) 


Combining Eqs. (8-53) and (8-54), it is also possible to write 


a 


0.707 


R 


S 


(8-57) 


It will be seen that the higher frequencies travel faster and are atten- 
uated more than the lower ones. 

8-13. Loading. It is quite apparent from the foregoing equations that 
both delay and frequency distortion are introduced by a cable, a fact 
that may be verified by inspecting the magnitudes of typical cable param- 
eters in the light of earlier sections. For example from Table 8-1 for the 
16-gauge cable 


L _ 10“* 

a 0.062 X 10“« 


= 16.12 X 10» 




R _ 42.1 

G 1.5 X 10“« 


•= 28.1 X 10« 


R 

n 


Therefore 
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If, then, the cable is to be modified so that it more nearly approxi- 
mates the distortionless ideal, four methods of approach are available: 

1. Reduce R, To do this to a significant extent requires the use of 
much larger conductors, which in turn causes an increase in cable size 
and cost. Reduction of R also lowers |Zo|. 

2. Decrease (7. This requires an increase of spacing between conduc- 
tors, again with increase of cable size and cost Decreasing C raises \Zo\ 
and lowers a. 

3. Increase G, This may be effected by lowering the quality of con- 
ductor insulation, a poor solution because it increases losses. Increasing 
G also lowers |Zo|. 

4. Increase L. This has the primary effect of raising \Zo\ and lowering 
ct and offers the best approach to the improvement of cable response. 

Increasing the inductance of the line to reduce attenuation is called 
“loading^' and was first suggested by Oliver Heaviside. Pupin devel- 
oped the theory of lumped constants, which made loading practicable. 

It can easily be shown physically why raising the characteristic imped- 
ance of a line will increase its efficiency and hence reduce the attenuation. 
If the conductance is negligible, the loss in any section will depend on 
the square of the current flowing along the line. In power systems the 
lines are usually a small fraction of a wavelength long, and therefore the 
input impedance of a line is determined largely by the terminating imped- 
ance connected to it. To transmit at high voltage and low current at 
commercial power frequencies, it is necessary only to connect transformers 
at either end between the line and actual terminating equipment. 

In a communication line the frequencies are higher, and the attenua- 
tion and length (in wavelengths) are also much greater. Under these 
conditions, the input impedance of the line is largely determined by the 
constants of the line, rather than its termination. This is particularly true 
when the total attenuation is high. The ratio of input voltage to input 
current is, therefore, nearly equal to the characteristic impedance, and, 
for a given amount of power, both current and voltage are definitely 
fixed. To transmit the same power at a lower current, it is necessary to 
increase the characteristic impedance of the line, and this can be done by 
increasing the inductance or lowering the capacitance. 

If the leakage is appreciable, then the loss in the leakage resistances 
will be proportional to the square of the voltage, which in turn will 
increase with the characteristic impedance. This shows why, in Eq. 
(8-51), the second term G\Zo\ has the characteristic impedance in the 
numerator. This term is never as great as the first term R/\Zo\ in actual 
lines. If Zo alone is varied, without changing R or G, then the attenua- 
tion is a minimum when the two components of Eq. (8-51) are equal. 

As an example showing the effect of adding loading, consider the case where 
loading coils, whose inductances are 246 mh each and whose resistances are 7.3 
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ohms apiece, are added at the standard intervals of 7.88 miles. This would be an 
addition of 246/7.88 mh/mile if the effect of lumping is neglected, as it can be at 
the lower af. The other constants of the line will be assumed to be the same as 
in the previous problem. (Sec. 8-7). 

Then the impedance per mile will be 


Z 

Y 

Zo 

7 

a 

P 

X 

Vj, 


10.4 + il8.36 + X^46 

7.88 

11.32 + ./1 74.35 = 174..35/8f).30° 

41.76 X 10-V88.92° 




= 2, 038/ -1.32“ 


VZY = 0.0850 /87.60 ° = 0.0036 + yo.08.50 
0.0036 neper /mile 
0.0850 ladian/mile 

^ = 58,800 miles ^sec 


Compare these values with the lesults obtained fiom appro\imate equations 
of Eqs. (8-47) to (8-50) 

L - ^3.67 -h nih = 0.03487 henry/mile 

From Eq. (8-50) 

0.8 _ 11.32 \ 

.41.75 174.35/ 

1 == 2,041/- 1.32^ 


From Eq. (8.47) or (8.51) 

“ = 2,041X10-) 

= 4(0.00555 -1- 0.00163) 

= 0.00359 neper/mile 

It is apparent that the attenuation due to the series resistance is still 555/163 
times as gieat as that due to the conductance. 

From Eq. (8-48) 

iS = OJ Vie - 5,000 \/0.03487 X 0.00835 X 10-« 

= 0.0853 radian/mile 

From Eq. (8-49) 

1 

Vlc 


„ ^ 0.034^ /I 

'' \ 0.00835 X 10-6 / 2 

= 2,041 ^ 


radia 




= 58,600 miles/sec 
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It is apparent that in the case of the loaded line the approximate rela- 
tions check very closely. 

The reduction in the attenuation constant from 0.00785 to 0.0036, due 
to the addition of the loading coils, means that a loaded line or 

2.18, times the length of an unloaded one would give the same attenua- 
tion. The improvement is much more marked for cables, where the ini- 
tial self-inductance is negligible. In the case of cable a reduction in 
attenuation to one-third to one-fifth the value for unloaded cable is 
secured in commercial systems. 

It is possible to increase the inductance uniformly along a line by 
wrapping it with a tape of some ferrous material, such as iron or perm- 
alloy. This treatment is expensive, and the amount of inductance which 
can be economically provided is small. Such a loading is, at present, 
used only on submarine cables where the difficulty of adding lumped 
loading is great. On land lines and cables, inductance is added in lumps 
at regular intervals. Under these conditions the performance will be 
modified from that obtained when the inductance is distributed, as a 
series of lumped inductances and capacitances constitute a filter whose 
attenuation rapidly increases when the frequency exceeds a certain value. 
This effect of loading will be discussed more fully later m the chapter. 
Because of this LP filter action, cables with carrier systems are not loaded. 

Unfortunately, it is not possible to increase the inductance without 
increasing the resistance, because of the wire used in winding the coils. 
It is apparent, therefore, that an indefinite increase in inductance would 
not continue to produce an economic gain in transmission. Further- 
more, the effective resistance of the loading coils will vary somewhat 
with frequency, owing to hysteresis and eddy-current losses, and the 
system, aside from the filter effect referred to, will not be entirely 
distortionless. 

Nevertheless, the improvement in reduced attenuation, frequency dis- 
tortion, and delay distortion is very marked when loading is added to a 
cable, as will be seen by comparing the foregoing results. For the cable, 
a, Vg, and Zo all vary as the square root of the frequency, while, in the 
case where coL is large in comparison with the resistance, a, Vg, and Zo are 
independent of frequency. 

8-14. Campbell’s Formula for Loaded Line.' In the case of loaded 
lines the circuit is a combination of lumped and distributed constants. 
The cable, or line, is supplemented by lumped inductances inserted in 
series at intervals. To find the effect of such a combination, the line 
between loading points should be reduced to a T section, after which the 
impedance of one-half the loading coil should be inserted in each series 

^ This section is included primarily to illustrate a method of analysis which may be 
used where the circuit contains both lumped and distributed parameters. 
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arm. From this new T section the over-all characteristic impedance and 
attenuation constant may be computed. For many purposes the section 
of line between loading points will be so short that Eqs. (8-29) and (8-30) 
will apply. In the interests of generality, however, the general equa- 
tions for the equivalent T section of a line will be used, viz., Eqs. (6-28) 
and (6-31), 

rw _ '^O 

' “ sinh yl 

Zi _ ^ cosh yl — \ 

T “ " ~~sinh 7^ 


where Zo = characteristic impedance of cable 
7 = propagation constant of cable 

Then the last equation gives the series arm of a section of cable between 
two adjacent loading coils. 

Let the loading coil impedance be denoted Zj. Then the equivalent 
series arm including the loading coil will be 


^ 4. 7 ^• ^sh 7 / — 1 

2 2 " sinh yl 


(8-58) 


The shunt arm of the section will be the equivalent arm of the cable 
alone, since the loading coil does not introduce any additional admittance. 
The value of this shunt arm is given by Eq. (6-28). Equation (6-19) 
can now be used to determine the propagation constant of the cable with 
loading included. Let 7 ' be the value of this propagation constant. 
Then by Eq. (6-19), since the section is taken as the unit of length, 
that is, / = 1 : 


cosh 7 ' = 


cosh 7 ' = 
cosh 7 ' = 


1 

1 

1 


+ 

+ 


K 

2 Z 2 

Zl , cosh 7 ^ — 1 

2 '^^^ sinh 7^ 

Zo/(sinh yl) 


+ ^ sinh yl + cosh 7 Z — 1 


cosh 7 ' 


cosh yl + 


2Zo 


sinh yl 


(8-59) 


This equation was first developed by G. A. Campbell and bears his name. 

8-16. Loaded Cable as a Filter. When a cable is loaded by inserting 
inductors at intervals, the combination of cable capacitance and lumped 
inductance has the configuration of a lossy LP filter. The attenuation 
is reduced by the loading for frequencies below the cutoff value given by 
Eq. (7-35) but rises rapidly above that point. The values used in Eq. 
(7-35) for the computation of a loaded circuit are L, the inductance of 
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the loading coil, and C, the capacitance of the cable between two adjacent 
loading coils. The cutoff frequency may be raised by decreasing the 
inductance per coil, or by spacing the coils closer together, or both. 
Decreasing the inductance per coil will, of course, raise the attenuation 
in the transmission band. Spacing the coils closer together increases the 
cost, because the cost depends more upon the number of coils installed 
than on the size of these inductances. 

In the design of loading coils it is important that saturation and stray 
fields be avoided. For this reason the coils are wound on toroidal cores. 
These cores are manufactured of permalloy, ground to dust and then held 
together by a binder so that there is a large number of small air gaps 
to reduce the possibility of saturation. If 
saturation should occur, non-linear distortion 
would result and new frequencies would be 
introduced because of the nonlinearity of the 
circuit constants. 

Figure 8-6 shows the way in which attenu- 
ation varies with frequency on loaded and un- 
loaded cables. 

The advantage of loading is not so great on 
open-wire lines, which have an appreciable 
inductance of their own and so have much less distortion than cable. As 
a result the practice of loading open-wire lines has been abandoned. 

Table 8-8 shows the values of attenuation, characteristic impedance, 
phase velocity, and cutoff frequency for several types of loading under 
the assumption that the inductance of the loading coll is uniformly dis- 
tributed. Actual values of a, Zo, Vp, and fc calculated by CampbelFs 
formula will differ from those shown in the table, but the latter show the 
qualitative effect of the loading inductance and the spacing between the 
load coils. The table gives values for both phantomed (see Chap. 5) 
and nonphantomed circuits. 

The type of loading in Table 8-3 is specified in terms of the Bell Sys- 
tem nomenclature. The first letter gives the spacing between adjacent 
coils, namely, H denotes 6,000 ft, or 1.135 miles, and B 3,000 ft, or 0.568 
mile. The digits specify the load-coil inductance in millihenrys. The 
last letter designates the type of circuit: S side, P phantom, N non- 
phantom, or physical. Thus H-21-S indicates a 21-mh coil, spaced at 
6,000-foot intervals on a side circuit. Formerly the terms heavy and 
medium loading were used, but the medium-loading spacing of 1.66 
miles has now been abandoned because of the lower cutoff frequency it 
produces. 

A side circuit is a pair of conductors used for one side of a phantom 
group. A physical circuit is a pair not associated with a phantom group. 



Fig S-t) Attenuation in 
cable circuits 



Table 8 - 3 . Characteristics of Loaded Cable at 1,000 Cycles, Loading Assumed to Be Uniformly Spaced* 


I fo 
5 1 -" 


i 


iii 


0» M 


OO «0 «0 C0 
to W 

o> t>. M N 
«0 CO to i-H 



o 


o 

CO 

to 

to 

05 

CM 

% 

8 

OO 

to 

CO 

8 8 

^4 

oo 

CO 

8 

i 

8 

-4f 

to 

05 

8 

o 

5 



05 

to 

CO 

to 

oo 

CO 


to 


CO 

to 


CO 

to 


o 



CO 

o 

rt4 


r*4 


Tt4 

O 

1-H 

ss 

CO 

o 

o 

Kf 

CO 

o 

05 

s” 


a 


^^4 

CM 

1—4 

1—4 

CO 


1—4 

to 

1—4 

1—4 


CM 

1—4 

1—4 

1—4 




o 

o 

CM 

CO 

to 

05 




1—4 

8 

1—4 

00 

CO 

Kf 

o 

to 

05 



bO 

oo 

CM 

CM 

l>- 

CO 

05 



05 

1—4 

If 

05 


o 

CO 

to 

OO 



OP 

CM 

CO 

to 

CM 

Q 

CO 

csi 

1—4 



CO 

C<l 

00 

to 

CM 

j 

05 

'tf 



Q 

I 

1 

1 

1 

1 

1 

1 

1 

1 

1—4 

1 

1 

1 

CO 

1 

1 

1 

1 

1 

1 

O 

ho 






















a 

o 


•^»-«OOOOOlOOt>»'^OiOO’^ 


o*-HOOc^Tt<r'»c^QOi-ttO'^?o 
cooeOQOC^toocog^^oq 




05 


CO CO 
05 oo 


05 CO 00 CM C<l 

-f ^ CM 

2 S 3 S § 

o o o o o 


'^'rt<i0^05i-HCOCOeOtOb^CO»— • 
COCMOOOCMcOt^’^r^OOtO’Tt^OO 
pOCJ^^iOCOCMWCMr-i^iOCM 
00 0»-H000000000 

ooocoooooooooo 


a 

1m 

& 

a 

flS 


O 


o 

'a 


^T-i»-«»-i»-i*-4T-it-HCMCMCMCMCMCMCMCMi-<T-( 


a 


cmcmcmcmcmcmcmcmooqoooqocmcm 

S88SSS8822222222gg 

oooooooooooooooooo 


T-HOOOOCDT-I00 00 c00t^c0050t^c00500 
CMt>-iO CMt^iO ^lOOO ^tOOO'^'^ 


0 ^“ J 


oo CM CM 

Sg8 


t-H lO to 05 05 t-H 


CO 


CM ^ 


O o 
? § 


-5’' a 


J 


1-4 oo oo 
CO oo oo 


2 s 


t>- CO CO 
CM 


CO CO 
CM* 


l-H 

'-t CO CO 


CO CO 1-4 r-4 


.3 


's M 


~ SO- 

S’ s a 


totooo -lOtOOO -lotooo •totooooooo 

eococo -COCOCD -COCOCD cococococo 

t-Hi— I to •»-H»-4»0 -1— li— CIO 1-Hi^tOtOtO 

1 — iT-lO - 1 — 41—40 -T— Ir-lO 1—41—4000 


® S’ 
cL ^ 



w w 


qjPhDhPl, qjPj4PhP^ 


s. 


aaaaaaaa-T3-3 

33553355.2.1 

^r2r2r2r23r2r2-S-SJdJa^,S.SJ§^^ 

t«cSi»ScttbQMc»PuiCL4&^puia^0HpHeL,PLipH 


05 

bO 

I 


oooooooooooooooooo 
^ ^ ^ c* <i <i ^ <*5 <i <*5 ^ ^ <i <5 <tj 

O05O0dC0OC0C005a50>OC0CDCDCDa»^ 


318 


* From Amer. Tel. and Tel. Co. 



THE INFINITE LINE 316 

8-16. Shunt-loaded Line. A case of considerable theoretical interest 
because of its analogy to wave guides is a 
line with shunt distributed inductance. In 
particular this case is of interest because of 
the effect on group and phase velocity. Such 
a line could not be realized practically, but it 
could be approximated by shunt lumped in- 
ductive loading at sufficiently close intervals. 

Let Li be the series inductance per unit length Fk. 8-7 The equivalent T 

and L 2 the shunt inductance per unit length section of a length Ax of line 
-lx- -i. r u A 1 A having shunt inductance 

The equivalent circuit for a short length Ax loading 

would be that shown in Fig 8-7 

Consider the case where R 03 L 1 and G = 0. 


— 2 “ 



Z = R jccLi = ojLi 



JL 

o)Li 


ju / R 

^ \ r - 1 / 2aiLi 


(8-60) 


Now if CO < y/X/L’iC^ the value under the radicals in the expressions 
for 7 and Z«, will be negative, i.e., the radical will become imaginary, 
7 will then have a small angle and be largely attenuation, while Zo will 
have an angle nearly 7r/2 and will have a large reactive component. 

For CO > \/ IjL^C the values of the radical ^^ill be real, 7 will be largely 
imaginary (small a and large |3), and Zo will be nearly a pure resistance. 
Hence the line will behave like an IIP filter. Cnlike the case in series 
loading this filter action is not due to the effect of the lumpiness of the 
loading but would be present even if distributed inductance could be 
added. 

Above the cutoff freciuency (co > \/l/L 2 C), by derivations similar to 
those of Eqs. (8-47) to (8-49), 

“^'2 ~ i^nc) 

Therefore shunt loading, like series lumped loading, decreases the attenu- 
ation in the passband but restricts the width of the passband. 
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yp 

Plots of j9, Vg^ and Vp are shown in Fig. 8-8 for the case where R is negli- 
gible. Note that Vp > Vg at all frequencies and 

= phase or group velocity of unloaded line 

Lj\Lf 

Hence, as the frequency is increased above the cutoff value, the phase 
velocity will decrease while the group velocity will increase, their product 
being equal to the square of the velocity of a similar line without shunt 
loading. It will be shown later that the phase velocity of an unloaded 
line is generally close to the velocity of light, and so the phase velocity 
of the shunt-loaded line may be much greater than that of light, while 
the group velocity, which is the velocity with which a pulse would be 
transmitted, will always be less than that of light. As has been men- 
tioned, wave guides have similar properties with respect to their group 
and phase velocities and also behave as HP filters. 

8-17. Lines of Low Loss. As the frequency of the signals applied to a 
line is raised, the imaginary part of the loop series impedance, 

Z R jci)L 

increases faster than does the real part, which because of skin effect 
increases as the square root of frequency (see Table 8-2). Thus at some 
high frequency <aLy> R. In typical lines, G is so small that it may be neg- 
lected with respect to wC. Subject to these conditions, one may write 

Z = R jo)L R wL 
F = ycoc _ 

Then 

The second radical may be expanded into a series by means of the bino- 
mial expansion; thus 



By the hypothesis /^/coL 1 ; hence the series converges very rapidly, 




TE» mmjm% 


m 




Fig 8-8 Effect of shunt loading on a line of low dissipation, (a) j8 as a function of «. 
(h) Relative phase and group velocities as a function of «. 


and only the first two terms need by retained;^ thus 

* -js \/* + (^y 


(8-63) 

(8-63a) 


^ The student should observe that, if, say, R — O.OlwL, use of the first two terms of 
the series will give results more accurate than can be obtained by direct use of the 
slide rule. 
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Again, since R/uL 1, Z p is sl ightly capacitive and its magnitude to all 
intents and purposes is y/L/C. 

The complex propagation constant is handled in a similar manner. 
y — \/ZY ^ y/ (R jc»)L)jo)C = y/ {joi^LC juiCR 

= jcoVLCyl^J^ 

In this case, since one is concerned with both a and jS, the first four 
terms of the binomial expansion of the second radical are retained. 


y = a -hj^ 




Hence a 
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(8-64) 

(8-64a) 

(8-646) 


In general the second term of both these equations will be so small as to 
be negligible. The student should observe the similarity between these 
equations and those of the line of low distortion. 

8-18. Lossless Line. At frequencies even higher than those considered 
in the last section, R may be completely neglected relative to coL, and 
one has the approximations 


Zo 

Vp 



Z « jo)L 
Y « joyC 

a = 0 

1 

y/LC 


fi = uVLC 


(8-65) 

(8-66) 


This case is designated the “lossless line” and will be of considerable use 
in subsecjuent chapters. 

8-19. Division of Energy between Electric and Magnetic Fields of 
Lossless Line. It is interesting to note that, where wL >$> /?, the energy 
in the wave is divided equally between the electromagnetic and electro- 
static fields. The maximum energy stored per unit length in the induct- 
ance of the wire as the wave passes is 
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while the maximum energy stored per unit length in the capacitance is 


Wc = 


2 


(8-68) 


But it has been shown by Eq. (8-65) that for this case 

__ E _ 11 

“ / \C 

and this can be rewritten 

CE2 = LP 

Therefore Wl = Wc (8-69) 

8-20. Maximum Velocity. In case R and G are negligible, it is interest- 
ing to see what will be the maximum phase and group velocity which can 
be obtained on a transmission line. In this case it has been shown by 
Eq. (8-66) that 

( 8 ^) 

For a two- wire line when the separation is large compared with the 
radius of the wire, the inductance in millihenrys per mile of line is 


L = 1.481 log - + L' 
r 


(8-70) 


where s is the separation between wires and r is the radius of the wires. 
U is the inductance due to the linkage of flux and current within the con- 
ductor. It is equal to 0.1609 millihenry/mile for low frequencies, but as 
the frequency increases and the current is concentrated more near the 
surface of the wire, this factor approaches zero at high frequencies. 

The capacitance between two wires for s r, in microfarads per mile 
of line is 


0.01941 

log {s/r) 


(8-71) 


In Eq. (8-66) the L and C are in henrys per unit length and farads per 
unit length, respectively. Therefore 


0 01941 y 10-®L' 

LC = (1.481 X 10-«)(0.01941 X 10-«) + ^ - ^ (8-72) 


The second term in Eq. (8-72) becomes small in comparison with the 
first as either the separation between wires or the frequency is increased. 
The first term is a constant and is the minimum possible value which 
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LC can have. Substituting this term in Eq. (8-66), 

1 

" Vl.481 X 0.01941 X 10-» 

186,300 miles/sec 

This is the maximum velocity waves can have on such a transmission 
line and is equal to the velocity of light. In an actual line the effect of 
resistance and conductance, and the term L' in Eq. (8-70), is to reduce 
the velocity below that of light, but this reduction is only a few per cent 
on an unloaded open-wire line. 

Increasing the inductance of a line by loading will always reduce the 
velocity of propagation, as it increases the value of On loaded cables 
the velocity becomes quite low and is usually of the order of 10,000 to 
20,000 miles/sec. 

In telegraphic communication the speed of signaling is proportional to 
the maximum number of dots which can be transmitted without under- 
going such distortion that an individual dot becomes confused (by the 
receiving equipment) with the one preceding or succeeding it. It is 
interesting to note that loading a cable (since it reduces the distortion) 
increases the speed of signaling at the same time it reduces the group 
velocity. Telegraphic pulses are ideally square in form and so include a 
fairly wide range of frequencies. If the group velocity is not constant 
but increases with frequency, the higher frequencies will arrive at the 
receiving station sooner than the lower frequencies and individual pulses 
will drag out into the time assigned to the succeeding pulse. If this dis- 
tortion is sufficient, the receiving equipment will not respond properly to 
individual pulses and the only solution for a given line would be to send 
more slowly. On the other hand, in a cable of low distortion, even 
though, because of a low group velocity, pulses may be introduced into 
the input before preceding ones have emerged from the output, no diffi- 
culty will be experienced by the receiving equipment in properly inter- 
preting the individual pulses as they arrive at the termination. 

8-21. Proper Termination of Transmission Line. In order to secure 
the maximum transfer of energy between two connecting networks, it 
will be shown in Chap. 11 that, if their angles are not adjustable, the rela- 
tion should be \Zi\ = IZ 2 I. It is apparent, therefore, that, if a generator 
had an impedance Zg^ it would be desirable to connect it to a load of the 
same absolute value. This could be done if the line were long, by select- 
ing a line whose characteristic impedance was equal to Zg or by connect- 
ing a transformer between the generator and line so that the impedances 
would match. At the receiving end the generator and line could, by 
Th4venin*s theorem, be considered as a new generator whose generated 
voltage was equal to the open-circuited voltage and whose internal imped- 
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ance would be equal to the impedance looking back into the line, which in 
this case would be equal to the characteristic impedance. Therefore the 
load receiving the most power from the line would have a magnitude 
equal to the characteristic impedance. It is thus seen that terminating 
a long line in its characteristic impedance at both sending and receiving 
ends will give the most efficient transfer of energy, if the angles cannot 
be modified, as is usually the case. It will be shown in Chap. 9, Reflec- 
tion, why such a termination is desirable from the standpoint of distor- 
tion, and therefore most long lines are terminated in this manner. 

8-22. Balancing Networks. In the study of telephone repeaters in 
Chap. 5 it was found that their proper operation depends upon the pres- 
ence of a balancing network whose input impedance is equal, or ver 3 '^ nearly 



(a) (6) (c) id) 

Fig. 8-9 Balancing networks (a, h) Open-wire line See text for values of Ri and 
Cj (c) Unloaded cable (d) Loaded cable. 

so, to the characteristic impedance of a line at all frecjuencies of interest. 
In designing balancing networks the basic problem is to satisfy this con- 
dition with a minimum number of lumped-circuit elements. Tj’^pical 
configurations of these networks for three common types of line are shown 
in Fig. 8-9. Given these networks, the next step is to evaluate their 
components. 

By way of example, let the elements of P^ig. 8-9a be evaluated for an 
open-wire line. For such a line G may be neglected with respect to wC 
except at the lowest frequencies. Then 

Then, in the frequency range where wL ^ R, the factor in the paren- 
theses may be replaced by the first two terms of its binomial expansion, 
giving 


(8-74) 
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This has the same form as the impedance of Fig. 8~9a, 




Hence by equating real and imaginary terms one obtains 

/L ... 2 ylc 

- Vc — w~ 

where, of course, 72, L, and C are the line parameters. 


(8-75) 


(8-76) 
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Fio. 8-10. Comparison of the characteristic impedance of a line and an equivalent 
balancing network of the form shown in Fig. 8-9a. 

From the foregoing, one would expect that Zo and Zi are nearly equal 
at high frequencies but tend to differ at low frequencies because the 
two inequalities used in the derivation are not satisfied. This is verified 
in Fig. 8-10, where Zo and Zi are plotted for an open- wire line having 
the parameters R = 10.4 ohms/mile, L — 3.67 mh/mile, G == 0.8 /xnihos/ 
mile, and C = 0.00835 juf/mile. A closer approximation to Zo over a 
wider band may be obtained by using more elements in the balancing 
network, for example, the circuit of Fig. 8-96 may be used (see Prob. 8-18). 
The components of balancing networks for the loaded and unloaded cable 
may be evaluated in a similar manner, but the work is more complicated.^ 

' See R. S. Hoyt, Impedance of Smooth Lines, and Design of Simulating Networks, 
Bell System Tech. J., vol. 2, no. 2, p. 1, April, 1923, and Impedance of Loaded Lines, 
and Design of Simulating and Compensating Networks, Bell System Tech, J., vol. 3 
no. 7, p. 414, July, 1924. 
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PROBLEMS 

8-1. Neglecting all losses and flux linkages within the conductors, derive equations 
for Zoj 7, and Vp for an air dielectric coaxial cable. 

8-2. Repeat Prob, 8-1 for a parallel-wire transmission line. Note, For com- 
ponent of L due to flux linkages outside the conductors is {nd/ir) arc cosh «/2r. 

8-8. Compute, for a frequency of 796 cycles, the characteristic impedance, attenu- 
ation constant, wavelength constant, velocity of propagation, and wavelength for the 
cables and open-wire lines of Table 8-1. The constants given are for a length of 1 mile 
and are equally distributed. 

8-4. The 19-gauge cable is terminated in Zo and fed from a generator of internal 
impedance Zo and with an internal emf of 10 volts. Plot the loci of the current and 
voltage phasors for 10 miles, beginning at the input terminals. / « 796 cycles. 

8-6. A line of finite length I is terminated in Zo. Starting with Eqs. (8-20) and 
(8-21a), evaluate Ai and A2, and show that the equations for and /, are identical 
to those of a line of infinite length. 

8-6. (a) Design a nominal-T section corresponding to 3,000 ft of 19-gauge cable. 
(6) Assuming the inductance and conductance are negligible, sketch a diagram of a 
balanced nominal-T section. This section is frequently used in laboratories for an 
artificial cable, (c) Check Zo and 7 for the nominal-T section against the actual 
cable at 5,000 cycles. 

8-7. A commonly used artificial line is made up of T sections having the following 
components : 

R\ — 80 ohms Li = 29.2 mh = 0.064 ^f G2 =“ 0 

Each section corresponds to 7.88 miles of a standard transmission line. 

a. Calculate the per mile parameters of the line. 

h. Compare Zo and 7 for the artificial and actual lines at 796 cycles. 

8-8. Compute by the exact relations the same constants for the cables of Prob. 8-3 
if a loading coil whose inductance is 0.175 henry and whose resistance is 10.6 ohms is 
introduced at intervals of 1.60 miles. Assume that at the frequency given the induct- 
ance can bo considered as distributed. CJompute the characteristics by the approxi- 
mate lelations for wL :?> and wC y> G, and compare with the exact results. 

8-9. For the 19-gauge cable compute and plot a curve of attenuation constant vs. 
frequency, phase velocity vs. frequency, and characteristic impedance magnitude vs. 
frequency over a range of 500 to 3,000 cycles at intervals of 500 cycles. 

8-10. Repeat Prob. 8-9 with the loading coils of Prob. 8-8 added. 

8-11. Repeat Prob. 8-10, but consider the loading coils as being lumped. 

8-12. One hundred miles of 19-gauge cable are terminated in their characteristic 
impedance. A generator whose internal resistance is 600 qhms and whose emf is 
1 volt is connected at the sending end. What will be the current at each end and the 
power received by the load? w = 5,000 radius/soc. 

8-13. What will be the power received by the load if the cable of Prob. 8-12 has 
loading coils inserted as in Prob. 8-8? The load is changed to equal the new character- 
istic impedance. 

8-14. What will be the gain in decibels caused by the changes introduced in Prob. 
8-13? 

8-16. Draw a phasor diagram of sending and received current and voltage for the 
cases given by Probs. 8-12 and 8-13. 

8-16. What will be the current through, and voltage across, a 600-ohm resistance 
which is dissipating 1 milliwatt? Compute the value of voltage and current if the 
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power dissipated in the 600-ohm resistance is 5, 10, 15, and 20 decibels above and 
below 1 milliwatt (mw). 

8-17. A line is one wavelength long and has a characteristic impedance of 600 ohms 
pure resistance. The attenuation is negligible. At each end of the line a generator 
with an internal resistance of 600 ohms is connected. The generated voltages are 
equal to 1 volt and in phase with each other. By means of the principle of superposi- 
tion draw a phasor diagram of the voltage and current due to each generator and 
the resultant sums at intervals of one-eighth wavelength along the line. 

8-18. Evaluate the components of the balancing network of Fig. 8-96 for the line 
whose Zo is shown in Fig. 8-10. Use D = 0.5. Plot curves of Zo and the balancing 
network impedance over the range from 30 cycles to 8 kc. Compare your results 
with Fig. 8-10. 

8-19. Derive equations for the components of a nominal n section of a section of 
transmission line having length L 

8-20. Repeat Prob. 8-17 with the exception that the two generated voltages arc 
180® out of phase. 

8-21. Repeat Probs. 8-17 and 8-20 for the case where = 2 and the generated 
voltage at one end of the line is one-half that at the other. 

Note. Problems 8-17, 8-20, and 8-21 bring out important principles in the theory 
of reflection, as they show the effect of two waves traveling on a line at the same time 
They should be solved before proceeding to the next chapter. 



CHAPTER 9 


REFLECTION 


9-1. Approximate Solution of General Line. By means of the analysis 
given in the preceding chapter, the current and voltage can be deter- 
mined anywhere along a line terminated in its characteristic impedance. 
If the line is long enough, the input impedance of the line will be almost 
equal to the characteristic impedance even though it is not terminated in 
Za. For instance, if the value of al is equal to 2.3 or more, the input impe- 



Fig, 9-1 Approximation of the conditions at the receiving end of a long line by the 
use of Th^venin’s theorem. 


dance of a line will be within 2 per cent of the characteristic impedance, 
even for the extreme terminations of short or open circuits. If the ter- 
mination is nearly equal to the characteristic impedance, the line may be 
quite short and still the input impedance will be approximately equal to 
Zo. 

For such a long line an approximate solution is available when the 
line is not terminated in Z©. Consider the case of Fig. 9-1. At the 
receiving end the receiving current can be analyzed in terms of Th6ve- 
nin’s theorem. If the approximation discussed in the previous paragraph 
holds, the impedance, looking back from the terminals 1, 2, will equal Z®. 
Since a solution of the problem has been given for the special case where 
the terminating impedance Zr equals Z^, it is easy to determine the value 
of the open-circuited voltage at the terminals 1, 2. In the previous chap- 
ter it was shown that, if Zj? = Zo, 


Is = 


Zq Zo 


i/«i - = 

329 


Efe-“‘ 

\Z, + 


(9-1) 

(9-2) 
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Now by the analysis shown in Fig. 9-1, if Zr = Zo, 


\Ir\ 


^oc 

2Zo 


(9-3) 


Equate the right-hand sides of Eqs. (9-2) and (9-3), and solve for Eoc. 


\Eoc\ 


2ZaE„e --^ 
Zg -J- Zo 


(9-4) 


This value of Eoe is exactly twice the value of the terminal voltage at the 
end of the line when the latter is terminated in Zo. 

Since the open-circuit voltage is independent of the termination, Ecj. 
(9-4) may be used directly in the circuit of Fig. 9-1/^ to determine the 
received current for any termination, 


|/«i 


Zh + Zo 


2\Zo\Ege-_^__ 

\Zg -f Zo\ \Zr -)- Zo\ 


(9-5) 


Equation (9-5) is an exact solution if cither Zg = Zo or Zr = Zoj for 
then no approximations are involved. The nearer these equalities exist, 
or the greater the value of al, the closer will he the approximation of 
Eq. (9-5). Under the same conditions Eq. (9-1) is a good approximation 
for Is- 

9-2. Exact Equations for Line Terminated in an Impedance Different 

from Zo. If a line is terminated not in its characteristic impedance but 
in an impedance of some other value, it is possible to consider this termi- 
nation Z/e as made up of two parts, one of which is the charact eristic* 
impedance Zo and the other is lh(‘ difference betw(»en Zr and which 
will be referred to as ZJj. Then 

Zr — Zo Zr (9-()) 

Since Zr may be greater or less than and may have any phase rela- 
tion with it, Zr is an impedance phasor whicli may lie in ani/ of the four 
quadrants and therefore may not be physically realizal)le. This does not 
affect the validity of the treatment. 

Similarly the generator impedance may be divided into two parts, one 
equal to Zo and the remainder, which will be referrc'd to as Z', such that 

Z, = Zo -f Z: (9-7) 


A line which has a generator at the sending end with an internal imped- 
ance Zg and a receiving-end impedance Zr will correspond to Fig. 9-2.^ 

^ Attention is called to the method of measuring distanees in I'lg. 9-2. x indicates 
distance measured from the sending end and y distance from the receiving end of the 
line. At any point on the line y = I — x. The voltage at tlint point is designated 
by either Ex or Eg and the current by L or ly. The two sysleins of notation are used 
to simplify the equations for current and voltage. For example, in certain cases it is 
convenient to express solutions in terms of receiving-end quantities. Where this is 
true it is convenient to use y rather than i - x 
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By compensation theorem A, it is possible to replace any impedance 
in a network by a generator which has a zero internal impedance and a 
voltage equal to the potential drop across the impedance. By an appli- 
cation of this theorem the impedances Z' and may be replaced by 
generators of zero impedance, whose generated voltages will be, respec- 
tively, — IgZg and — I The negative sign indicates that the action of 
the impedance, or its equivalent generator, is in the opposite direction 
to the assumed positive direction of current. The use of this theorem 
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Fig. 9-3. Circuit equivalent to the network of Fig. 9-2. 


reduces the line to the case of one terminated in its characteristic imped- 
ance at both ends, and the superposition theorem can now he conveniently 
applied, for the line terminated in Zo represents a rather simple problem. 
The situation is illustrated in Fig. 9-3. 

9-3. Wave Motion on Line Not Terminated in Zo. It has been shown 
that a generator applied to a transmission line initiates a wave which 
travels in one direction, if the line is infinite, or is terminated in its charac- 
teristic impedance. It is apparent from Fig. 9-3 that the action of Z^, 
that is, a termination other than Zo, is to set up a reflected wave which 
will start at the receiving end and travel back towards the sending end. 
In the general case the voltage and current on a transmission line will be 
the resultant of two waves. If the resultant phasor voltage at any dis- 
tance X from the sending end is designated by Ex and the voltage of the 
wave traveling in the positive direction, i.e., from left to right in Fig. 9-3, 
is called A’i, while the voltage traveling in the negative direction is 
then at any point the phasor relation will be 


Ex + E'J 


(9-8) 
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Ei will be due to the two generators Eg and while E'J will* be caused 
by the generator Ej,. It has been shown that a wave traveling in the 
positive X direction can be represented by the relation 

E' = A2e-'f^ = A (9-9) 

so that a wave in the negative direction will be represented by the 
equation 

E'J = (9-10) 

and therefore Eq. (9-8) becomes 

Ex = + Aiey* (9-1 la) 

Similarly it may be shown that the current 7* at any point of the line is 
given by the equation 

Iz = + Eie'y* (9-116) 

The student will observe that Eqs. (9-1 la) and (9-116) are identical to 
Eqs. (8-20) and (8-21), which were derived in the last chapter by setting 
up the differential equations for the voltage and current along the line. 
The solution given here is offered with the thought that it presents a 
better physical picture of the nature and cause of reflection. 

9 - 4 . Current in Initial and Reflected Waves. The general solution 
of Figs. 9-2 and 9-3 in terms of the line, generator, and load constants 
will now be obtained. Let 

7^ be the component of the sending-end current due to Eg and Ea 
(initial, or incident, wave) 

7Jj be the component of the receiving-end current due to Eg and Ea 
(initial, or incident, wave) 

7{j be the component of the receiving-end current due to Eh (reflected 
wave) 

I's be the component of the sending-end current due to Et (reflected 
wave) 

Ig and 75 j are due to the initial wave traveling from left to right in Fig. 
9-3, and 7^ and Ig are due to the reflected wave traveling from right to 
left. Then 

/s = 7^ + r' (9-12a) 

7« = 7i + 7i' (9-126) 

Eg Ea _ Eg — Is^'a _ Eg — {Z g “ Zo)Is 

2Zo 2Zo 2Zo 

“ 2Zo ® 

E, _ InZ't, _ Ib{Zh - Z.) 

2Zo ~ 2Zo 2Zo 

— hti^R — Zo)e~^^ 

w. 



( 9 - 13 ) 
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It would be of interest to determine the ratio of the currents in the ini- 
tial and reflected waves at the point of reflection. From Eqs. (9-126) 
and (9-13) 

n _ -Zn _ n 

Ir 2Zo 2Zo I'R + ri 
Now from the theory of proportions, if a/h = c/d, then 


Therefore 


b — a d — c 


ri _ Zo-Zr _Zo-Zr 
2Zo - {Zo - Zr) Zo + Zr 


(9-14) 


It will be seen that this ratio becomes zero when Zo = Zr and reflec- 
tion is eliminated. 

In the same way that the current is analyzed by the principle of super- 
position, it is possible to divide the voltage at any point on the line into 
two components* (1) the voltage in the initial wave set up by the genera- 
tors Eg and Ea and traveling from left to right in Fig. 9-3; (2) the voltage 
in the reflected wave set up by the generator Eh and traveling from right 
to left in Fig. 9-3. 

Let 


Eg be the component of the sending-end voltage due to Eg and Ea 
(initial wave) 

E'ji be the component of the receiving-end voltage due to Eg and Ea 
(initial wave) 

EJj' be the component of the receiving-end voltage due to Eh 
(reflected wave) 

Eg be the component of the sending-end voltage due to Eh 
(reflected wave) 


Then 


jp JJT/ I El// 

£js — -r 

JP 1?/ 1 jpff 

— ^r “T ^r 


(9-12c) 

(9-12d) 


Let the voltage be assumed as positive when the upper wire of Fig. 9-2 
is at a higher potential than the lower and the current be assumed as 
positive when it flows in the upper wire from left to right. Then, when 
the voltage in the initial wave is positive, it will tend to set up a positive 
current flowing from left to right in the upper wire, while when the volt- 
age in the reflected wave is positive, it will tend to set up a current in 
the upper wire flowing from right to left, i.e., a negative current. This 
is also apparent from the fact that the initial wave represents a flow of 
energy from left to right, while the reflected wave is due to a flow of 
energy in the opposite direction. Therefore 



(9-15) 
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This may be used with Eq. (9-14) to determine the ratio of voltages in 
the initial and reflected waves at the receiving end. 


E'n 




Zr — Zq 
Zr + Zo 


= p = IpI 


(9-16) 


The ratio {Zr — Z^/ {Zr + Z^ is called the reflection coefficient and is 
designated by the symbol p.* 

Equations (9-14) to (9-16) and the relations 

7' — 7'/>-7i 7" — T"p-y^ 

E'j, = E'^e-y^ E'i = E'^e-^K 

are sufficient to solve almost any long-lines problem. They are so sim- 
ple they can be quickly memorized, and the problems can be readily 
solved on a slide rule in a series of natural steps which anyone can remem- 
ber. Assume that in Fig. 9-3 the following data are given: Eg, Zsy Zr, 
and the constants and length of the line. The steps are as follows: 

Step 1. Determine Zo, a, and ^ for the line. 

Step 2. Assume an arbitrary voltage for Eg, say, 1 volt. Let the 
additional subscript 1 refer to all values obtained for this assumption. 

Step 3. Find EJji from the relation = Esie~^^, 

Step 4. Find from Eq. (9-16). 

Step 5. Find E'Ji from the relation EJ/j = 

Step 6. Find and from Eq. (9-15). 

Step 7. Find Es\, Eri, Isu and Iri by adding their components as 
indicated by Eqs. (9-12). 

Step 8. Determine the input impedance Z^n of the line from the ratio 
of Esi to I SI- When this input impedance is known, the actual sending- 
end voltage can be determined by the relation 


E Z 

~ Zg + Z,n 

Step 9. Multiply the values of Es\, Eri, Isi, and Iri obtained in 
step 7 (on the assumption of step 2 that EJ; eciuals 1 volt) by the ratio 
Es/Esi to obtain actual values of current and voltage. 

If several problems arc solved by this step-by-step method, the stu- 
dent will obtain a better understanding of the effects of reflection, atten- 
uation, and phase shift than he will by merely substituting values in 
formulas. 

* ASA YlO.9-1953. Prior to the adoption of this standard, P or K were trequently 
used, p being reserved for standing wave ratio. In reading the literature the student 
should exercise care to avoid confusing symbols used hefon* and after the adoption of 
the standard. 
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As an example of this method of solution consider the case of a 100-mile line 
whose characteristics are the same as in the illustrative problem of the preceding 
chapter, i.e., 

Zo = 689 - il75 = 711 /14.23° 
a = 0.00785 neper/mile 
iS = 0.0287 radian/mile 

Let the terminal impedance in this case have a value 

Zfi = 500/45° = 353.5 -f j353.5 

The problem will be to find the voltage, current, and power in the teimmating 
impedance. The generator will again have an induced voltage of 2 volts and an 
internal impedance of 600 ohms pure resistance. 

al = 0.785 neper 
= 2.192 

= 2.87 radians = 164.33° 


Assume 


E'si — 1/0 volt 


E'r^, = ^ /-164.33° = 0.456/ -164.33° = -0.440 - j0.123 

2.192 

ZWZo 


= 0.456/ -164.33° X 
= 0.456/ -164.33° X 


353.5 + J353.5 - 689 -f- J 175 
3 T 53.5 -f J353.5 + 689 - 7175 
626/122.43° 

T059/9.7^ 


= 0.456/ -164.33° X 0.591 /112.73 ° 

= 0.270/ -51.6° = 0.168 -i0.211 
0.270/ -51 .6° 

= 2.192/-!^ = 0.123^215.93° = -0.100 + j0.072 

= / * 1-407 X 10-V14.23° = (1.364 +J0.347) X 

0.123/ -215.93° X 1/180° 

'i' - “7ii75;3r= - 

= (0.161 - jO.064) X 10-^ 

JSm = 1 - 0.100 + i0.072 = 0.900 + iO.072 = 0.900/4.58° 

/m = (1.364 +i0.347 + 0.161 - y0.064) X 10“’ 

= (1.525 +i0.283) X lO”* = 1.55 X 10 V10.5° 

A’j, = (-0.440 -;0.123 + 0.168 -j0.211) = (-0.272 -jO.334) 
= 0.431/230^8r 
0.900/4.58° 


* 1.407 X 10-V14.23° = (1.364 +J0.347) X 10-^ 


= 0.173 X 10- V -21.7° 


1765 X 10-V10.5‘ 


= 580/ -5.92° = 576 - i60 
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The actual value of Eb may now be determined. 




2 X 580 2 X 680 

+ 576 - yeOl ” 1.176 


0.986 


Since the original assumption (J^^i = 1 ) gave a value ^51 ~ 0.900, the values of 
all computed quantities should be corrected by the ratio 0.986:0.900 (if absolute 
values only are needed) 


iB*i = 


i/«i = 

Pn = 


0.431 X 0.986 
0.900 
0.472 


= 0.472 volt 


500 


= 0.944 X 10"’ amp 


|7s| cos Or = 0.472 X 0.944 X 0.707 X lO"’ 
= 0.315 X 10-’ watt 


It would be interesting to compare the value just obtained with the approxi- 
mate solution which can be obtained from Eq. (9-5). 

\Z, -(- Z„| = |1,289 - jl75| = 1,300 
\Zr + 2,1 = 11,042 +jl78| = 1,059 
,, , 2 X 711 X 2 

" 1,300 X 1,059 X 2.192 “ ® ^ ““P 


This check, of course, is much better than would ordinarily be expected, but it 
does indicate that the approximate equation will give a very good idea of the 
magnitudes involved. 


It is possible to set up single equations to obtain the sending and 
receiving currents. This can be done by substituting the values derived 
in Eq. (9-13) into Eqs. (9-1 2a) and (9-126). 


Is = 


Ir = 


I's + I'i = 
I'r + I'k = 


E, - {Z, - Zo)Is - Ir(Zr - Zo)e-y^ 

2Z. 

[£. - (Z, - Z,)7s]e-’'' - 7«(Z« - Z.) 
2Z, 


(9-17o) 

(9-176) 


Solve for Ir and Is by treating Eqs. (9-1 7o) and (9-176) as simultaneous 
equations. Then 


2E,Z„ 

(Zo -I- Z«)(Z; -I- Z,)e>' -t- (Z„ - Z„)(Z, - Z,)c-v' 
EA{Z, + ZR)ey‘ -I- (Z. - Z«)e-’’'] 

(Z, -h Z«)(Z, -H Z,)e>' + (Z, - Z«)(Z, - Z,)c->' 


(9-18a) 

(9-186) 


9-6. Differential-equation Solution. It is interesting to see how the 
foregoing results may be checked from the differential equations which 
were set up for the transmission line in Chap. 8. Equations (8-20) and 
(8-21a) were perfectly general, having been derived with no stipulation 
concerning the termination at the receiving end of the line. They are 
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repeated here for convenience with Z and Y eliminated in terms (rf 
and Zoi 

E„ - Aief^ + A 30-^“ (8-20) 

Since the term Aie^" represents a voltage wave traveling in the nega- 
tive X direction, A i may be identified as Eg f the magnitude of the reflected 
wave, while A 2 is ^7^, the magnitude of the incident wave, both at the 
sending end of the line. Their values in terms of known quantities may 
be obtained from the boundary conditions as given in Fig. 9-2. 

At X ^ Oy Ex = Es = Eg — IsZgy Ix = Is. Substituting into Eqs. (8-20) and 

( 8 - 21 ), 

Ax + A, = E,- I,Z, - > + = /« 

Zo Zo 

Eliminating Is and collecting terms, 

(Zo ~ Zg)Ai -h (Zo + Zg)A2 = EgZo (9-19) 

At the receiving end of the line x — and 

Ex =s= Er = IrZr and Ix **= Ir 


Substituting into Eqs. (8-20) and (8-21), 

Aiey‘ -t- A,e-y‘ = 2* (- ^ + ^-) 

Collecting terms, 

{Z, + Zn)ey‘Ai + (Z, - ZK)e-y‘A2 = 0 (9-20) 

Equations (9-19) and (9-20) may be solved simultaneously for Ai and Ai, giving 

, E,Z.(Z„ - Zg)e-y' 

A^ = 2 

-E,Z,{Z. + Z,)ey‘ (9-21) 

A, ^ 

where d ^ {Z. - Z,)(Z, - Zs)e-y‘ - (Z. + Z,)(Z. -|- Z«)eT' 

Substitution of Eqs (9-21) into (8-20) and (8-21) yields 


, _ (Z. + ZB)e^<‘-) - (Z. - Zn) e-y»--> 

'• - (Z. -t- Z,)(Z, -t- Z«)e-" - (Z. -“Z,)(Z, - Z«)e-’’' 

. _ j, (Z. + Z«)er»-») + (Z, - Z«)e-T'»-»> 

• " (Z, -1- Z,)(Z, + Z«)e>‘ - (Z, - Z,)(Z, - Z*)e-i" 


(9-22) 

(9-23) 


The quantity I — x appearing in the exponents of the last two equa- 
tions is simply the distance from the receiving end of the line to the point 
X and may be designated y as indicated in Fig. 9-2. 
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It is suggested that the student factor Eqs. (9-22) and (9-23) into the 
forms 

(9-22a) 

Ir = I'Reyy -f r^e-yy (9-23a) 

and verify Eq. (9-15). Two points are of significance here. First, the 
incident wave sees'’ an impedance Zo at every point along the line, and 
the reflected wave ^*sees” an impedance —Za. The negative sign in the 
latter case is due to the assumed positive directions of current and volt- 
age that are set up in Fig. 9-2. It will be observed that the arrow direc- 
tion of Ix is to the right in the diagram while the reflected wave moves 
to the left. 

The second point of interest is that the incident and reflected waves 
are mutually independent as they move along the line. This is to be 
expected since the transmission line is a linear system; the total current 
and voltage at any point along the line is the sum of the incident and 
reflected components in accordance with the principle of superposition. 

9-6. Alternate Forms. Ecjuations (9-22) and (9-23) give the current 
and voltage at any point along the line in terms of a known generator 
voltage Eg and its internal impedance Zg. It often happens that other 
quantities are known rather than Eg and it is desirable to modify the 
equations accordingly. For example, the sending-end voltage Es rather 
than Eg may be the known (juantity. Thus if one considers Zg to be 
zero. Eg = Es and the (‘ciuations become 

(Zo + ZR)eyy - (Zo - Z/,)c 
{Zo + Zn)e-^^ - {Zo - Z,>)e~y' 
j __ Es (Zo + Zii)eyy + (Zo — Zii)e~yy 
- Zo (Zo + Z«)e>^ - (Zo - Zu)e-y^ 

On the other hand, measurements may be made at the receiving end 
of an actual system, in which case the e<iuations should be stated in 
terms of receiving-end quantities. The necessary transformation may 
be brought about by letting y — 0 to get an expression for Er and (elimi- 
nating Es from Eqs. (9-24) and (9-25). The student may show that the 
resulting equations may be written 

E. = ^[{Zo + - {Zo - Z«)e-T<'] (9-26) 

/x = {{Zo + ZH)e->y + {Zo - ZB)e-y>'] (9-27) 

While the foregoing line equations are quite adequate for the purposes 
of numerical computation, simplification of the study of certain line phe- 
nomena may result from having the equations in terms of hyperbolic 
functions of yy. (For discussion of hyperbolic; functions refer to the 


(9-24) 

(9-25) 
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Proceeding with the problem, 


Ztt + Z, = 353.5 + ^353.5 + 600 = 953.5 + j353.5 
= 1,046/20.3° 


Zo + = 689 - il75 + 

Ito 


600/0^ X 500/45° 


711 /-14.23 ° 
- 902 -h jl90 = 923 /11.88° 


Substituting, 


1,046/20.3° X 1.297/m6° + 923 /11.88 ° X 0.910/156^° 

__ _ _2 

1,31 8/189. 9° -f 83 8/168.75 ° 

2 

-1,300 - ;229 - 822 + jl64 
2 

-2,122 - ;65 

= |/«| \Zk\ = 0.944 X 10-’ X 500 = 0.472 volt 


This agrees with the values obtained in the eailier solution 

9-8. Insertion Loss of Transmission Line. It wab demonstrated in 
Chap. 6 that the insertion loss of a symmetrical four-terminal network 
differs from its attenuation loss unless the network is terminated in its 
characteristic impedance. This fact may be demonstrated for the trans- 
mission line and an interpretation given to the factors causing the 
difference. 

Let the generator of Fig. 9-la be connected directly to the load Zr. 
Then the load current that would flow under this condition would be 


Ih = 




“b Zr 


(9-32) 


The actual load current with the line inserted between the generator and 
load would be found by setting x — l \n Eq. (9-23), 


(Z. + Z,){Zo + ZB)ey* -iz, - Z,)(Z. - Zn)e-y^ 

In general, if al is large, say, at least 2.3, the second term in the denomi- 
nator will be negligibly small in comparison with the first. (This was 
the case in the illustrative example of the last section and in the first 
section of this chapter.) Subject to this approximation, the insertion 
loss becomes by Eq. (6-62a) 

In^rtion lo^ - In I ^ I - In (^-5+ 

- |1! + Z.!*' <«*' 
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If either Zg ov Zr equals Zo, the second term in Eq. (9-34) becomes zero 
and the insertion and attenuation losses become equal. One sees, then, 
that in general the insertion loss of the line differs from the line attenu- 
ation loss al because of impedance mismatch at either the generator or 
the load. 

These facts may be related to Eq. (9-84) by judiciously factoring its 
second term as in the next section. 

9-9. Reflection Factor. When a line is terminated in Zy, a wave 
traveling down the line is completely absorbed at the receiving end. If 

it is not so terminated, all the 
energy which arrives will not be 
absorbed but a return wave will 
be set up. Hence, a termination 
not equal to Zy is said to set up 
reflection. This idea of reflection 
at a junction is carried over to 
any two impedances, one a supply 
and the other a load impedance. 
Consider Fig. 9-4. The two circuits have the same generated voltage. 
Circuit a shows the case where the impedances are identical, while b is 
for the case of a general load Zh ^ Za. The current and volt-amperes 
delivered to the load of Fig. 9-4a will be 



(o) ib) 

Fig. 9-4. Networks for the determination of 
reflection loss. 


I 

2Z, 

{VA)r = ^ (9-35) 

The current and volt-amperes of Fig. 9-46 will be 

/ = ^ 

' Z, + Z, 

^VAU - m 


The transfer constant of a properly terminated network is defined as 
one-half the natural logarithm of the ratio of the input and output volt- 
amperes. This “transfer constant will be discussed in more detail in 
Chap. 11. By this definition the effect of the mismatch of Fig. 9-46 can 
also be expressed in terms of the transfer constant 0 of a network which, 
when inserted between the generator and load of Fig. 9-4a, would pro- 
duce the same drop in volt-amperes delivered as is produced by the mis- 
match. This would give 

_ {VA)2 _ 4Z„Z5 

lVA)x (Za + zo* 


(9-37) 



BEFLECnOK 


343 


The term reflection factor is applied to the ratio e'”® and is designated here 
by the symbol A;.* 


k = 


2 

Za + Zh 


(9-38) 


The insertion loss given by Eq. (9-34) can be written in terms of reflec- 
tion factors. This equation may be rearranged as follows: 


Insertion loss = aZ + In | 

T" Zo 


Zg Zo 

Zo 

2 VZoZ* 

2\/IX 

2 y/ZftZo 

Zjg -f Zr 


== ofZ + In 


2 


+ In 


{ 

\2y/Z^o 


— In 


Zg + Zr 

2 's/ZgZfl 


(9-39) 


Let fc, be the reflection factor at the sending end, kr the reflection factor 
at the receiving end, and k^r the reflection factor if the generator were 
connected directly to the load. Then 


Insertion loss = al + \n 


k. 




nepers (9-40) 


The term In \\/k\ is termed the reflection loss. In some cases In \l/k\ 
may be a negative number, in which case there is a reflection gain. From 
Eq. (9-39) it is apparent that, for the approximations used in deriving 
Eq. (9-34), the insertion loss of a cable in nepers equals the attenuation 
loss of the cable plus the reflection loss at the sending end, plus the reflec- 
tion loss at the receiving end, minus the reflection loss which would occur 
if the generator were connected directly to the receiving load. 

The actual power ratio for the two cases of Fig. 9-4 would not be given 
by the reflection factor or reflection loss. If the power ratio is desired 


P\ _ {V A)\ cos da _ cos da 
P 2 {V A ) 2 cos db k^ cos db 


(9-41) 


where da == angle of Za 
db = angle of Zb 

Hence, the loss in nepers introduced by changing a load impedance from 
Za to Zb would be 


N 

nep 


In 


1 

k 


1 , cos 

-In 

2 cos da 


(9-42) 


However, since the angles do not need to appear in the complete formula 
[Eq. (9-40)], the second term of Eq. (9-42) is not included in the definition 
of reflection loss. 


* ASA Y 10.9-1 953 uses the symbol p for both reflection factor and reflection coeffi- 
cient. To avoid confusion, in this text the reflection factor is designated Zc, p being 
reserved for the reflection coefficient [Eq. (9-16)]. 
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If the approximations used in deriving Eq. (9-34) do not hold, then an 
additional term called the interaction factor must be introduced in Eq. 
(9-40). However, in this case it is usually more convenient to obtain 
the insertion loss by direct computation of the power delivered to the 
load with and without the network, and so this will not be treated here. 
The reader is referred to the works of Johnson and Shea for a treatment 
of this interaction factor. 

9-10. Analogy of Electric Waves on Line and Water Waves in Canal. 

Equations (9-22a) and (9-23a) have been interpreted in terms of traveling 
electrical waves, the first term corresponding to the incident wave travel- 
ing from the generator to the load and the second term to a reflected wave 
initiated by reflection 2 XZr and moving toward the sending end. These 
traveling waves have a counterpart in hydraulics, in the case of a very 
long, straight canal of water. If a disturbance is made at one end of the 
canal, waves will travel along and a set of bobs on the surface will give 
the instantaneous values similar to the instantaneous values of voltage 
and current shown in Fig. 6-7. If, however, the set of bobs is arranged 
so as to be moved up on rods in the water but, owing to friction, remain 
at the highest point of the wave after it has passed, so as to record maxi- 
mum values, then a straight line will be obtained, similar to the values 
read by a voltmeter on the lossless infinite line as shown in Fig. 6-lOa. 

Suppose, instead of having the canal very long, a vertical dam is con- 
structed so that the waves will strike it. There will then be a piling up 
of water at the dam which will start a wave back in the opposite direction. 

In the same way, if the electric line is not infinitely long ,or terminated 
in its characteristic impedance but instead is open-circuited, then, when 
the wave strikes the end, it also will be reflected. The electric wave in 
traveling has half its energy stored in the magnetic field, due to the cur- 
rent, and half its energy stored in the electric field, due to voltage. When 
it strikes the open circuit, the magnetic field will collapse, for the current 
must become zero. But a changing magnetic field produces an electric 
field. It is upon this principle that all generators and transformers oper- 
ate. The energy stored in the magnetic field will therefore be turned into 
energy in an electric field and added onto the existing field, so that the 
voltage at the open circuit will be increased. This increased voltage will 
start a wave traveling back in the opposite direction, and since there has 
been nothing to absorb any energy at the open circuit, the returning wave 
will be of the same magnitude as the original wave. As the electric field 
starts moving back, it will set up a magnetic field again and the energy 
will once more be divided equally between the two. As the electric field 
has simply been doubled at the instant of reflection, the voltage of the 
returning wave starts out in the same phase as the original wave, but the 
magnetic wave, and hence the current of the reflected wave, is in opposite 
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phase to the incident wave at the open-circuited point. The total volt- 
age and current at any point and any instant are therefore the sum of 
the voltages or currents of the incident and reflected waves. That the 
current has been reversed in phase is evident from the fact that the two 
current waves must add to zero at the point of open circuit and, since the 
two voltages are equal and do not add to zero, they must remain in phase. 

This is also shown by rearranging Eq. (9-14) and substituting in the 
condition Zr = oo , 

n ^ Zo^z r ^ ^ 

Zo + Zr Zo/Zr -f- 1 

If Zft = 00 , 



Similarly, from Eq. (9-16) 

/.Iff 

P = ^ = 1/0 

Now consider a periodic* disturbance to be made at the mouth of the 
canal so that a steady state is reached with a continuous train of waves 
being propagated along the canal and being reflected at the dam. Then 
if the sliding bobs were arranged so that they would remain fixed at their 
highest points, it would be found that they would go through a succession 
of maxima and minima indicating a wave fixed in space, or simply a stand- 
ing wave. The existence of standing waves on a transmission line will 
now be considered for the cases where Zr corresponds to an open and a 
short circuit. 

9-11. Open -circuited Line with Attenuation. The steady-state voltage 
along a transmission line is given by Eq. (9-22a), -f 

The instantaneous value of the incident component is given by 

(‘OS (o)/ + jS?/) (9-43) 

indicating a wave traveling in the negative y direction, and the reflected 
component by 

(’x (i/,0 = He { cos (w/ — /3(/ -h <p) (9-44) 

indicating a wave traveling in the positive y direction. If the line is 
terminated in an open circuit, p = 1/0^, making E'^ and Er equal and in 
phase. The two component waves are plotted in Fig. 9-5 for successive 
intervals of time for one half cycle. The second half cycle would be the 
same, except that all values of both the component and resultant waves 
would have reversed values. In Fig. 9-5F are shown the values of the 
resultant waves plotted on top of each other. The values which would 
be read by a voltmeter on the open-circuited line would correspond to 
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the envelope of curve Q-'iF oo 

to the maximum amplitude that a value proportional 

maxima and minima remain fixed in nn« v . P™"*' ®'“ce the 

p"*™ "f • -Mi”™™ 

^sition of nodal points 
^ \ 



i j Resultant waves for 
^ > complete cycle plotted 
I on top of each other 

Initial wave 
Reflected wave 
Resultant wave 
<°ttainedbyaddmg,„,„a, 

Ptp Q «; T i reflected waves) 

an " short^irouitcd l„,o „r on 

line equations in hyperbofirtrL'^Tor^exai^lfs^^^^ 

open-circuit termination /„ must Hp Jr ’ T * for the 

on, i« must be zero and Eq. (9-28) reduces to 

- E, cosh yy^E,co.h (ay +Jffy) ( 9 ^ 

voltage, by Eq. Proportional to the magnUude of the 


I-®*! - \Eh\ V«nh»“5jrTc5s^ 


(9-46o) 
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As y increases, the first term under the radical will increase continu- 
ously, while the second term will vary between the values +1 and 0. 
At first the cos* term will predominate, but as the length is increased, 
the sinh* term will become more and more important, this effect being 



F 



Resultant waves for 
> complete cycle plotted 
on top of each other 


Initial wave 

Reflected wave 

Resultant wave 

(Obtained by adding initial 
and reflected waves) 

Fig. 9-6. Instantaneous distribution of current on a short-circuited line or voltage on 
an open-circuited line which has attenuation. 


felt sooner if a is large. The fluctuation from maximum to minimum 
will therefore diminish as y becomes larger, as is shown on the plot B of 
Fig. 9-7. 

If the wave is reversed by the reflection, as is the case for current on 
the open-circuited line, then the incident and reflected waves for one-half 
cycle will have the form shown in Fig. 9-6 A to E, Figure 9-6F is the 
superposition of the resultant waves for instants differing by one-eighth 
cycle over a full cycle, and the effective current represented by these 
waves would be proportional again to the envelope of these curves, indi- 
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eating a standing wave of current. The student may obtain the expres- 
sion for this envelope curve from Eqs. (9-29) and (A-15a). 

It will be observed in both Figs. 9-5 and 9-6 that the instant at which 
the wave is a maximum at the nodes is displaced in time by one-fourth 
cycle from the instant at which the wave is a maximum at the antinodes. 

In Fig. 9-7 is shown a plot of the envelopes of Figs. 9-5F and 9-6F to 
illustrate the way in which effective or maximum current and voltage 
will vary along the line with complete reflection. Also plotted in this 



Curve A • Reflection without change m phase 
(voltage on open-circuited line or 
current on short-circuited line) 

Curve B ■ Reflection with reversal in phase 
(voltage on short-circuited line or 
current on open-circuited line) 

Curve C No reflection 

Fig. 9-7. Distiiijution of oftoctive voltage and current along a line with attenuation. 

figure is the exponential curve corresponding to the distribution for a 
line terminated in its characteristic impedance. It will be seen that the 
fluctuations of current will behave in a manner similar to that of the 
voltage except that the maxima of current will be displaced one-quarter 
wavelength from the voltage maxima. 

The input impedance of an open-circuited line will be designated by 
Zoc and may be shown from Eqs. (9-30a), (A-3), (A-15a), and (A-16a) 
to be 

Zoc = Zo coth yl (9-46) 

„ /sillh^ al -h COS^ pi /. C, u J . a1\ + 

= VsTiIh^ al aUan gQ - arctan 

(9-46a) 

It will be seen that the magnitude will pass through minimum values 
approximately when cos^ pi = 0 and sin^ pi = 1 and will pass through 
maximum values approximately when cos* pl = 1 and sin* pi = 0. These 
minimum values correspond to odd-quarter wavelengths, i.e., when 

= (2« + 1) I 
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while the maximum values correspond to even-quarter wavelengths, i.e., 
when fil = 2nTl2, At lengths where either sin* jSZ = 0 or cos* pi — 0, 
that is, at all integral quarter wavelengths corresponding to maxima and 
minima of \Zoc\y 


arctan (tanh al tan ^l) = arctan 


tan 

tanh al 


= 0 or 00 


and the angle of the hyperbolic cotangent (and hyperbolic tangent) as 
given in Eq. (9-46a) will be zero. The angle of Zoc is then the same as 
that of the characteristic impedance. 

9-12. Short-circuited Line with Attenuation. Equations (9-43) and 
(9-44) also apply to the short-circuited line provided, of course, that the 
pioper relationship is established between and Since Zij = 0, 


P = 


Zr — Zo 


Zr-{-Zo 


__ 1 ET// J 71 / Tff rr 

— —1 JiR — —iIjr 1r — 1r 


Hence Fig. 9-6 applies to the voltage, and Fig. 9-5 to the current dis- 
tribution on the short-circuited line. The student may derive expres- 
sions for \Ex\ and |7x| for the short-circuit termination as an exercise and 
relate the results to Fig. 9-7. 

By Ecp (9-30a), Z,c, the input impedance of the short-circuited line 
will be 

Z.. = Z. tanh yl = f° , (9-47) 

coth yl 

On comparing this to Eq. (9-40) it will be seen that the hyperbolic cotan- 
gent factor has lieen moved to the denominator; hence the lengths or 
frequencies which correspond to \Zoc\ maxima become minima of |Z,c|, 
and vice versa. 

9-13. Phaser Diagram of Line Terminated in a Reactance. If the line 
is terminated in a pure reactance instead of a short or open circuit, there 
still can be no absorption of energy from the wave and total reflection 
will occur for this case as well. Under these circumstances both voltage 
and current will shift in phase on reflection, the total shift of the two 
being 180°, but the division of shift will depend upon the magnitude of 
the reactance and whether it is inductive or capacitive. 

In Fig. 9-8 is shown a progressive phasor diagram lor the case where 
the line has attenuation and is terminated in a pure reactance. The 
case is one where the line is less than one-fourth wavelength, and for con- 
venience the characteristic impedance is taken as a pure resistance, that 
is, ooL/R = caC/G. If, as is usually the case, the characteristic imped- 
ance has a capacitive reactance component, the current phasor in each 
case will be leading the voltage. 
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In Fig. 9-8a the voltage and current of the initial wave at a point yi 
less than one-fourth wavelength from the end are shown. In Fig. 9-8b 
the voltage and current in the initial wave are shown upon arriving at 
the end. In Fig. 9-8c are shown the shifts in voltage and current due to 
reflection by the reactance, this reflection being of such an amount that 
the phasor current and voltage due to the sum of the initial and reflected 
waves will have the proper ratio and phavse relation as determined by the 
impedance of the terminating reactance. The quantitative solution for 



id) (e) if) 

Fig. 9-8. ProKressive phasor diagram of a line terminated m a pure capacitance. 

the shift is given by Eip (9-10). In Fig. 9-8d these currents and volt- 
ages at the end are added, showing that the shift assumed is for a capaci- 
tive reactance. The voltage and current of Fig. 9-8c will be retarded 
through an angle 0yi and attenuated in passing back along the line until 
at the point yi they will correspond to Fig. 9-8e. In Fig. 9-8/ are shown 
the resultant voltage and current at the point y due to the sums of the 
two waves obtained from Figs. 9-8a and 9-8e. 

9-14. Instantaneous Voltage and Current on Terminated Line. In 
the hydraulic model mentioned earlier some of the energy would have 
been reflected and some would have gone on if, instead of having a dam 
to reflect the wave completely, a submerged board had been placed in 
the canal. The returning wave would therefore not be as strong as the 
original wave. 

If two transmission lines of differing characteristics are joined together, 
or if the single line is terminated in something other than the character- 
istic impedance, reflection will also occur with the returning wave weaker 
than the incident wave. Standing waves will again be produced, but 
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since the two waves can never cancel each other at any point, the cur- 
rent and voltage will never be reduced to zero even at the receiving end, 
but only to a minimum value. Figure 9-9.4 to E shows a plot at differ- 
ent instants of instantaneous values of voltage for the case of partial 



Voltmeter readings along tine 
showing standing waves 

Initial wave 

Reflected wave 

Instantaneous values of voltage 

obtained by adding two waves 

Fig. 9-9. Instantancoiis distribution of voltage on a line terminated in a second line of 
greater eharaeteristie impedance. (Attenuation of lines assumed as negligible.) 

reflection, where the return wave is half the magnitude of the original 
wave. Figure 9-9F shows the plot of effective values of the voltage along 
the line and is obtained by examining curves A to E and determining the 
maximum voltage which ever occurs at each point of the line. If the 
impedance of the termination is greater than the characteristic imped- 
ance but has the same angle, the minimum points of current and voltage 
will occur at the same points as the nodes of the open-circuited line, 
while if the terminating impedance is less than the characteristic imped- 
ance, the minimum points will correspond to the nodes of a short-cir- 
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cuited line. In both cases the minimum points of voltage will be maxi- 
mum points of current, and vice versa. 

9-16. Phaser Diagram of General Transmission Line. In Fig. 9-10 
is shown the phasor diagram for the more general case of a line with 
attenuation, with a characteristic impedance having a capacitive com- 
ponent and a terminating impedance having both resistive and reactive 
components, not equal to the characteristic impedance. The various 



Fig. 9-10. Progressive phasor diagram of a line which has attenuation end is toriiii- 
nated in an impedance which has a resistive component 

steps are the same as those in Fig. 9-8. This diagram uses the data 
obtained from the illustrative problem which was solved earlier in the 
chapter. 

The angle Ol is the angle of the characteristic impedance, in this case 
— 14.25°. In order to compare with other diagrams, the angle of 
was made equal to zero, and so the angles of Fig. 9-10 will be displaced 
by Py (164.33°) from the values obtained in the problem. The angle (p of 
Fig. 9-1 Oc is the angle through which the voltage is rotated by reflection 
as obtained from Eq. (9-16) and is equal to 112.34°. The angle 6k is 
the angle of the load impedance (45°). 

9-16. Input Impedance vs. Frequency Characteristic of Transmission 
Line. In the line which has partial reflection, as the distance from the 
receiving end is increased, the impedance of the line will pass through 
maximum and minimum values at intervals of one-quarter wavelength 
as the reflected wave is alternately in and out of phase with the initial 
wave. The nearer the terminating impedance is (in both magnitude and 
phase) to the characteristic impedance, the smaller will be the variation 
in the input impedance of the line with increasing length. As in the 
case of total reflection, the effect of attenuation is also to reduce these 
variations as the length of the line is increased. 
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If the line is kept constant in physical length but the frequency is 
varied, then the electrical length, i.e., the distance measured in wave- 
lengths, will vary and the phase relation of the incident and reflected 
wave will vary also. The characteristic impedance of a line changes with 
frequency as shown in Chap. 8, but this change progresses along a smooth 



/, kc 

Fig. 9-11. Variation of input impedance magnitude with frequency for a line which is 
terminated in a short circuit. 


curve. When there is reflection, however, the input impedance will fluc- 
tuate somewhat after the manner of Fig. 9-11, which is plotted for a typi- 
cal open-wire line terminated in a short circuit. 

9-17. Location of Unknown Reflecting Point on Transmission Line. 
The greater the degree of reflection and the less the attenuation between 
the reflecting point and the point at which the impedance is measured, 
the greater will be the magnitude of the impedance variation. The fre- 
quency difference between two successive maximum points is that which 
makes the distance to the reflection change by one-half wavelength. 
This impedance variation can be used to locate the distance to an irreg- 
ularity such as a fault on a telephone line, if a measurement is made and 
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a curve similar to Fig. 9-11 is plotted. Then let 

/i = frequency for any maximum impedance point on the curve of 
Fig. 9-11 

/2 = fre(|uency for an adjacent maximum impedance point 
Minimum points may be used in place of maximum points. 

The dilTerencc between these two frequencies corresponds to a change 
in electrical length of one-half wavelength. If the distance in wave- 
lengths for/i is aXi, then if v is the phase velocity and d the physical dis- 
tance to the reflecting point, 


and also 


From Eq. (9-48) 


d = = ^ 



Vi 


Substituting Ecp (9-50) in Eq. (9-49), 



vif2d = v^fid + 


(9-48) 

(9-49) 

(9-50) 


V1V2 

2(vj2 - v,f,) 


(9-51) 


If the phase velocity is substantially constant over the range from /i to 
/ 2 , then Eq. (9-51) becomes 


d 


V 

2(/2 - / l ) 


(9-5 la) 


From Eq. (9-51) the distance to the reflecting point can be determined. 

These impedance measurements give a method by which the time that 
a wave takes to travel to a reflecting point and return to the sending end 
can be accurately measured. If this time and the velocity of propaga- 
tion are known, the distance to the irregularity can be determined. This 
corresponds to methods developed for the measurement of the height of 
an airplane above the surface of the earth, by using a frequency-modu- 
lated transmitter and detecting the beats between the initial and reflected 
waves at a receiver in the airplane. 

9-18. Reflection a Cause of Distortion. Reflection may cause both 
frequency and delay distortion. It has been shown that the input imped- 
ance of the line will vary with frequency when an irregularity exists. 
This will cause a variation with frequency in the power absorbed by the 
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line from the generator, and therefore in the power delivered by the line 
to the load, resulting in distortion. This variation will be greatest in 
long lines of low attenuation. The longer the line, the more rapidly the 
impedance varies with frequency, while, the lower the attenuation, the 
greater will be the magnitude of the variation. While long lines by them- 
selves usually have a high attenuation, it is common practice to introduce 
repeaters, or amplifiers, which reduce the over-all attenuation in both 
directions and therefore give a reflected wave of the same order of mag- 
nitude as the initial wave. 


\ M 

Pig 9-12 Photograph transmitted by wire over a Ime which was improperly termi- 
nated, sliow xng the effect of ec ho or reflection 

Reflection also gives rise to delay distortion in the form of echoes. 
Both the group and phase velocity on loaded lines may be as low as 
10,000 miles/sec, so that on a line 1,000 miles long sec is consumed in 
the passage of a signal from the sending to the receiving point. If the 
signal is reflected there, it will return to the starting point sec after it 
originally left. This interval is sufficient to cause considerable distor- 
tion of the nature of an echo, which is disconcerting to both parties con- 
versing. Such an echo becomes visible when photographs or television 
signals are being sent over lines. A case of this kind is shown in the 
photograph of Fig. 9-12, which was sent over a line with improper termi- 
nation. In the termination of a line, it is difficult to match the charac- 
teristic impedance at all frequencies, and so some reflection always 
occurs. It will be noticed that this type of distortion will also be most 
pronounced when the line is electrically long and yet has low attenua- 
tion, so that the reflected wave is appreciable in comparison with the ini- 
tial wave. Because of the speed of signaling this condition may be pres- 
ent when a relatively long antenna leadin is mismatched at the input 
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terminals of a television set. The light second image as shown in Fig. 
9-12 is often referred to as a “ghost.^^ However ghosts in television are 
more commonly due to reflections in the radio paths because of the longer 
distances involved. 

On long lines it is now customary to place echo suppressors. In order 
to use vacuum-tube amplifiers on a telephone line, so that a gain will 
take place in both directions, it is necessary to introduce a bridge circuit 
which separates waves traveling in one direction from those progressing 
in the opposite way. This circuit was shown in Chap. 5. At such a 
point there exist two one-way paths, and it is possible to insert a voice- 
operated relay which short-circuits one path when the other is being 
used. This effectively suppresses any echoes. 

9-19. Determination of Line Constants by Impedance Measurements. 
Since a reflected wave is altered by the path over which it has traveled, 
it might be expected that its condition upon its return would give a good 
deal of information upon the character of the route it has taken, just as 
returning travelers always have a tale to tell of the sights they have 
seen. This is the case if al is not too large, and, by measuring the open- 
and short-circuited impedances of any length of line, the characteristics 
of the line can be determined. 

Since 

and Zsc = Zo tanh 7/ 

therefore ^/ZoiZtc = Zo (9-52) 

This corresponds to Eq. (3-107) for a T section. 

Similarly, 

tanh yl = (9-53) 

If tanh yl is known, yl and hence al -h Jl3l can be determined. 

Since y = \/ZY and Zo = a/Z/F, if Zo and 7 are known, Z and Y 
can be determined. 

Zo7 = Z — R jo}L 
^ = 7 = G+ju>C 

Solution of 7 from Eq. (9-53) can be obtained by Eqs. (A-21) or may be 
handled in exponential form as has been demonstrated in the illustrative 
example in Sec. 6-4. 

In computing ^ it must be remembered that the solution for is multi- 
valued, i.e., if tan /S is given, there will be a corresponding value for in 
every alternate quadrant. For example if tan 2^ = — 1, jS may be Stt/S, 
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7t/8, 1 It/8, .... Therefore it is necessary to know the approximate 
value of the phase velocity in order to select the proper quadrant for p. 
If this velocity is unknown, it can be determined by making a variable- 
frequency run similar to Fig. 9-11 and applying Eq. (9-51) with a known 
value of d. 

Equation (A-21) is used in conjunction with Eq. (9-53) to find the 
value of 7 from the open- and short-circuited readings, and from y and 
Zo to determine the value of the distributed constants on the line. In 
using Eq. (A-21) in this connection it is useful to remember from Eq. 
(9-53) that 

As a numerical example of this method of determining the characteristics of a 
line from impedance measurements, let the values of a 50-mile length of line at a 
frequency of 796 cycles be 

Zoc = 328/ -29.^ 

= 1,548/6.8° 

Zo = VZoXc = 712 /-11.2° 

tanh yl = = 2.17/18^ 

tanh yl — 2.07 -h jO.674 
C = 2,07 
D = 0.674 
(72 -h 7)2 = 4.71 

Substitute in Eq. (A-21). 

tanli 2al = j'!;* = 0 724 
o.n 

2al = 0.916 
al = 0.458 

^ = 0.00916 nei)er/mile 

50 

and tan 2PI = - -0.364 

—3./ 1 

This is an open-vire line \Nith a velocity of the order of 176,000 miles/sec, 
and so the wavelength is of the order of 220 miles. Hence, for a 50-mile length, 
pi must be in the first quadrant. Therefore 

2pl = 160° 

pi = 80° = 1.40 radians 
1.40 

P = = 0.028 radian/mile 

y ^ a+jp ^ 0.00916 -fiO.028 = 0.0295 /71.8° 

Z « Za7 == 712\IT.^ X 0.0295 /71.8° 


Then 


Then 

and 
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« 21 ^.^ 

= 10.25 4- il8.3 
R = 10.25 ohms/mile 

L = = 0.00366 henry/inile 


V i- = 

I — ry — 


0.0295/71.8° 


712\11.2' 

= (5 +i41.1) X 10-6 
G — 5 X 10“® mho/mile 


= 41.4 X 10-6/83° 


C = 


41.1 X 10-6 


= 0.00822/Lif/mile 


While Eqs. (9-52) and (9-53) are true for any length of line, it is desir- 
able to make measurements on a short enough section so that there is an 
appreciable difference between the open- and short-circuited impedances 
or accuracy will be lost in computing yl. If the reflected wave is so 
attenuated that it is negligible in comparison with the initial wave at 
the sending end, it is difficult to interpret its story. 


PROBLEMS 

9-1. A No. 19 A.W.G. cable (see Table 8-1) is 20 miles long. What will be the 
transmission loss of this cable at 796 cycles when inserted between a 600-ohni resistive 
load and a generator of 600 ohms internal resistance? 

9-2. (a) Calculate the insertion loss for the generator, cable, and load of Prob. 9-1 
Compute by the approximate method and by the use of initial and reflected waves. 
(6) Compare the values ot transmission, insertion, and attenuation loss. Account 
for the differences. 

9-3. A 20-section loaded cable has C — 0.075 /xf /sect ion = 24.35 ohms/ 

section. R of coils negligible while L = 0.175 henries/coil. Compute al and (il at 
1, and 3 kc by the use of Campbell’s formula. 

9-4. The loaded cable of Prob. 9-3 is connected between the generator and load of 
Prob. 9-1. Compute the insertion loss by the approximate method and by either the 
exponential or the hyperbolic form of line equations. 

9-6. In Fig. 9-4 zero reflection loss does not necessarily specify the condition for 
maximum load power. Demonstrate this fact by assuming Zt to be the conjugate of 
Za and plotting the reflection loss in decibels as a function of Oa = arctan (Xa/Ra)- 

9-6. An open-wire line 200 miles long has the following constants at 1 kc: 

a = 0.00695 neper /mile Zo = 731/ -11.2° 

jS = 0.036 radian/mile Zr = 731/0° 

а. Calculate and plot \Zin/Zo\ at 20-mile intervals. 

б. At what approximate length will \Ztn\ settle down to |Zo|? Explain briefly. 

9-7. Repeat Prob. 9-6 for Zr = 0. 

9-8. Draw phasor diagrams showing currents and voltages at the receiving end of 
a “lossy” line terminated in (a) a short circuit; (5) an open circuit. 

9-9. Using the data of Fig. 9-11, determine the approximate distance between the 
fault and the sending end. The value of /Jf i» known to be 0.07 radian/mile at 2 kc. 
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9-10. In the normal operating frequency range of unloaded telephone cables, 
« = j3. 

a. At what values of is \Ztn/Z„\ maximum if the cable is short-circuited at the 
receiving end? 

h. Evaluate \Ztn/Zo\ at the first two maxima and first two minima. 

c. From the results of h what would be the shape of a curve of \Ztn\ vs. 01? 

d. Explain why the technique of Prob 9-9 could not be used to locate a fault on an 
unloaded cable. 

9-11. It IS desired to sk(‘tch the shape of |Z,„| vs frequency from 0.5 to 6 kc for 
100 miles of the 101-mil 18-in. -spacing open-wire line of Table 8-1 terminated in an 
open circuit. 

a. Plot the curve of |Zo|, using 500-cycle increments. 

h. Plot the envelope curve [Zorlmax. 

c. Plot the envelope curve |Z„c|min. 

d. Compute the frecjuencies at which |Z,„| has the values of |Zoc|max, \Zo\, and 
|Zoc|min, and sketch the required curve. 

9-12. Explain qualitatively why no ghost results if the antenna leadin for a televi- 
sion set is matched in Z<, at cither end, i.e , at the antenna or at the receiver input. 

9-13. The open-circuited impedance at 796 cycles of a 5-mile length of loaded 
cable is 

Zoc - 1,930/68.8" ohms 

The short-circuited impedance of the same 5-mile length is 

Z,e = 1,308/ -76.2" ohms 

Compute the value of Zo, a, 0, Vp, \, R, L, C, and G by means of hyperbolic functions 
and by the direct application of the exponential form of the line equations. 

Not^, The approximate phase velocity is 10,000 miles /sec. This must be known 
in order to locate the quadrant of 20 after tan 20 is known. 
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LINES OF LOW LOSS 


The widespread use of television, radar, and other vhf and uhf services 
has greatly increased the interest in the behavior of transmission lines at 
these high frequencies. Above the audio spectrum the high losses of the 
telephone cable make it a poor transmission medium, and resort is gen- 
erally made to open- wire lines, coaxial cables, or modifications of these 
types as illustrated in Fig. 8-3. 

When the frequency of the signals applied to these lines becomes 50 Me 
or more, the physical length of the line is usually short enough so that 
al is very small, but /SZ, the electrical length (i.e., the number of wave- 
lengths), may be long. This chapter considers the approximations that 
may be used when these conditions are satisfied. When al is negligible, 
the line may be considered as lossless. When al is very small, yet has a 
value which cannot be neglected, the line is considered to be of low loss. 
These two cases are considered in order. It is also interesting to note 
that at the low frequencies used in power systems (usually 60 cycles) the 
requirement of high power efficiency also dictates the use of lines with a 
low loss. Such lines are usually operated with short electrical lengths 
between terminal components, the longest never exceeding one-tenth of 
a wavelength. 

10-1. The Lossless Line. The conditions for the lossless line may be 
stated as = 0 and (r = 0; thus from Eqs. (8-65) 

Z = jwL Y = ju)C 

Zo=Rc=yl^ y=0+jo>y/LC 

Since a = 0 for the lossless line, y = j0 and the equations for voltage, 
current, and impedance may be expressed in terms of hyperbolic func- 
tions of j^y. These in turn may be reduced to circular functions of /3y 
as described in the Appendix. Thus from Eqs. (9-28), (9-29), (9-30a), 
and (9-30) 

Ex = Eh cos py + JIrRo sin ^y (10-2) 

E 

It = I R COS Py + j ^ sin py (10-3) 

360 
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Wave as it would 



Initial wave 

Reflected wave 

Instantaneous values of voltage 

obtained by adding two waves 

Fig. 10-1. Instantaneous distribution of voltage on an open -circuited line or current 
on a short-circuited line which has zero attenuation. 


„ n Zr cos ffl + jRo sin 

~ R, cos 01 + JZr sin 01 

(10-4) 

_ p Zk + tan 01 

° Ra "h JZr tan 01 

(10-40) 

„ 1 + pe-r-fi 
“ ° 1 - 

(10-45) 


where y = distance measured from receiving end 
I = length of line 

10-2. Lossless Open-circuited Line. When the line termination is an 
open circuit (Zr = oo), must be zero and the equations for current 
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Wave as it would 



Initial wave 

Reflected wave 

Instantaneous values of current 

obtained by adding two waves 

Fig. 10-2. Instantaneous distribution of current on an opcn-circuited line or voltage 
on a short-circuited line winch has zero attenuation 


and voltage along the line become 
Kx = cos ft?/ 


/* = J sin fiy 


tu - 
Eit 

Tfo 2 


( 10 - 5 ) 

(10-6) 


These equations show that once again the voltage and current at every 
point are the sum of the incident and reflected waves at that point. 
Furthermore the magnitudes of these components remain constant over 
the length of line and are equal to each other. The traveling voltage 
waves and their resultants are plotted for several successive time inter- 
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vals in Fig. 10-1. The superposition of the resultant waves is shown 
at Jj and the presence of a standing wave is again apparent. 

The student may observe the close similarity between Figs. 9-5 and 
10-1. They differ only in that the traveling waves maintain constant 
amplitude and the nodes of the standing wave have zero value for the 
lossless case. Similar curves are 
plotted for the current in Fig. 10-2. 

It is apparent from Eqs. (10-6) 
and (10-5) that maxima of the 
voltage standing wave pattern are 
displaced one-quarter wavelength 
from the maxima of the current 
standing wave pattern since \Ex\ 
is proportional to |cos /3^| and |/*| 
to I sin /9?y|. It should also be noted 
that at ever}'^ point current and 
voltage are in time quadrature (90® 
out of phase) as indicated by the 

factor j in the current equation. 10-3. Standing waves of current and 

These facts are illustrated in Fig. voltage for the open- or short-circuited 

10-3. Since the magnitudes are Ef‘l*^tive phase between 

, i* -I-,. voltage and current is shown in the lower 

shown, the upper curves of Fig. part of the figure. 

10-1 J are proportional to voltmeter 

and ammeter readings along a line (voltmeter for open-circuited line, 
ammeter for short-circuited line.) 

From Eq. (10-4) the input impedance of the lossless open-circuited line 
will be 



^ D 1 + 3 {Ro/Zr) tan 

Ro/Zn + 3 tan 


-jRo cot 01 


Zoe is plotted in Fig. 10-4. It will be observed that this quantity is 
always a pure reactance and that the line is resonant at odd-quarter wave- 
lengths and antiresonant at even-quarter wavelengths. As explained in 
the last chapter, if, instead of varying the physical length of the line, it is 
kept constant and the frequency is varied, the electrical length of the line 
will be varied just as effectively as when the frequency is kept constant 
and the physical length of line is changed. Thus the impedance curves 
of Fig. 10-4 might have frequency instead of distance for their abscissa. 
It is possible, therefore, to obtain any reactance desired by varying either 
the length or the frequency. 

10-3. Lossless Short-circuited Line. When the line is terminated in 
a short circuit, Er must be zero and Eqs. (10-2) and (10-3) reduce to 

E» « JIrRo sin 0y (10-8) 

/« = Ir cos 0y (10-9) 
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Comparison of these equations with Eqs. (10-5) and (10-6) shows that 
the current on the short-circuited line behaves like voltage on the open- 
circuited line, and vice versa; hence Figs. 10-1 to 10-3 also apply to the 
short-circuited line provided that current and voltage are interchanged. 

By letting Z/e = 0 in Eq. (10-4a), Z.c, the input impedance of the short- 
circuited line, is found to be 

Zsc = jRo tan (10-10) 

and is plotted in Fig. 10-4. 



Fia. 10-4. Input iinpcdance of an open- or short-circuited lossless line. 


10-4. Standing Wave Ratio. An important quantity in the study of 
lossless transmission lines is the standing wave ratio of voltage or current 
along the line, which is defined as follows: ‘‘The standing wave ratio is 
the ratio of the amplitude of a standing tvave at an anti-node to the 
amplitude at a node.’^ (ASA C42 05.08.459.) It will be represented by 
the symbol S* Stated more simply, the standing wave ratio is defined 
by the equation 


S = 


E. 


( 10 - 11 ) 


\Ex,mMx\ being the voltage magnitude at a maximum or antinode and 
\Ex.mxti\ the voltage magnitude at a minimum or node. Since the very 
existence of a standing wave depends upon reflection, it might be expected 
that S may be related to the reflection coefficient p, which is a measure of 
the degree of mismatch causing the reflection. 

• Much of the past literature designates the standing wave ratio by p. This text 
uses 5, reserving p for the reflection coeffleient (Sec. 9-4) in accordance with ASA 
YlO.9-1953. 
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From earlier studies it is known that Ex is the sum of and E^J, 
\Ex\ goes through successive maxima and minima because, at certain 
points which may be designated the two components add in phase 
to give a maximum {Ex.m^xl and, at other points, say, they add in 
phase opposition to give a minimum This will now be demon- 

strated in a more precise fashion. 

Setting a = 0 in Eq. (9-22a) (for a lossless line is being considered), 

Ex = 

Introducing the reflection coefficient in polar form, 

Ex = ErC^^^ -f 

= E'rC^^^II -f (10-12) 

\Ex\ = m |1 + (10-12a) 


Now the voltage has a maximum magnitude when the two components 
are in phase, i.e., at values of y = i/,„ax, where 


or 


<P - 2/3?/™ax 

2/max 


±2mr n = 0, 1, 2, 3, . . . 
<p ± 2mr 

~~w~ 


(10-13) 


Hence adjacent maxima are separated by ir//3 = X/2, or by a half wave- 
length, and have the magnitude 


|E....x| = |J^y(l 4- IpI) (10-14) 


Similarly the voltage has a minimum magnitude when the two com- 
ponents of Eq. (10-12a) are 180® out of phase, i.e., at values of y = 
where 


ip - 2 i 82 /„,.n 

2/miD 


±(2n + 1 )t n = 0, 1, 2, 3, . . . 
<p i (2n. + l)x 

w 


(10-15) 


Thus voltage minima are spaced at intervals of X/2 along the line, lie 
midway between voltage maxima, and have the value 

|£„.„| = |/^y(l - IpI) (10-16) 

Then substituting Eqs. (10-14) and (10-16) into (10-11), 

« - H (‘0-17) 

It should be observed that aS is a real, rather than a complex, quantity 
and has a minimum value of unity. 

The foregoing results may be used to check the standing wave of volt- 
age for the open-circuited lossless line which is plotted in Fig. 10-3. For 



366 


COMMUNICATION ENGINEERING 


this case Zr — and p = as may be seen from Eq. (9-16). Then, 
by Eq. (10-17), = oo. Furthermore the first voltage maximum 

occurs at 


and the first voltage minimum occurs at 

_ IT _ tt X _ X 
2 /...,. - ^ - 2 ^ “ 4 


As exercises, the student may relate S to Vr and Ir and verify the stand- 
ing current wave patterns for the open- and short-circuited cases. 

The standing wave pattern along the transmission line may be deter- 
mined experimentally by taking readings of voltage with a high-imped- 
ance vacuum-tube voltmeter. It will be shown in subsequent sections 
that sufficient information, namel 3 ^ S and or 2/m,n, may be obtained 
from these measurements to determine the value of Z r/ Ro^ 

10-6. Lossless Line Terminated in Resistance. The previous dis- 
cussions of the lossless line have been confined to an open- or short-cir- 
cuit termination. To generalize these results, consider the case where 
the line is terminated in a pure resistance so that Zr = Rr + jO, and let 
Rr/R^ = Tr. Then Vr is the value of Rr normalized with respect to the 
characteristic impedance Ro. 

Before considering this case in detail it is instructive to make some 
predictions. First, if Tr ^ 1, that is, if Rr 9 ^ Ro, reflection occurs at the 
termination and standing waves of current and voltage will exist along 
the line. Second, the standing wave ratio and the location of the volt- 
age maxima and minima may be determined. By Eq. (9-16) 


Introducing Vr 


_ Rr / Rq 1 

" “ R„/R. + 1 


Zr = Rr -|- jf) 


9 = 


r,. - 1 
Tr -f- 1 


(10-18) 


Two possibilities may be considered, depending upon whether Vr is 
greater than or less than unity. 

If Tr > 1, or Rr > Roj Eq. (10-18) may be written 

p = “ J /0° (10-19) 

therefore ^ = 0 

and from Eq. (10-13) it is apparent that the first voltage maximum will 
be located at the receiving end or in general = nX/2. This result 
may be checked intuitively, for in the limit as /Zij — ♦ x , this case must 
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reduce to the open-circuited line. Furthermore, substituting for |p( from 
Eq. (10-19) into Eq. (10-17), 

rr> I S = Vr (10-20) 

One concludes, therefore, that the standing wave ratio is equal to the 
normalized load resistance and a voltage maximum occurs at the load 
when a lossless line is terminated in a resistance greater than Ro. 

On the other hand, if R/f < Ro, < 1 and Eq. (10-18) may be written 

p = - i / m ° = (10-21) 

Under this condition, E(|. (10-15) shows that a voltage minimum occurs 
at the load. Furthermore E(|. (10-17) shows the standing wave ratio 
to be 

Vr < 1 S = (10-22) 


It follows, then, that, if the voltage standing wave pattern indicates a 
voltage maximum or minimum at the load, the termination is a pure 
resistance. If the load voltage is a maximum, Rr = SRo, while if it is a 
minimum, Rr = Ro/S. 

With these predictions completed it is of interest to consider the shape 
of the standing wave pattern along the line. Substituting 


T JJ J? ^ 

^ RJio — rjR-j^ = 

Rr Vr 


into Eq. (10-2), 


Ex = Eh ^cos &y + j 
or, taking magnitudes, 


^ sin 


\E,\ = \Eh\ 


cos^ j3(/ -I 5 sin* 0!/ 


(10-23) 

(10-23a) 


Equation (10-23a) may be reduced into terms involving only constants 
and sin-^ fiy to verify the predictions made above. A more useful 
approach, however, consists in plotting Ex/Er in the complex plane such 
that the imaginary part of ExIEr is plotted against the real part with Py 
as the variable, to obtain the locus of the voltage ratio. (The student 
should observe that this is not a new techniciue; it corresponds to plotting 
the locus of an impedance in the complex plane. See Chap. 4.) 

Thus let U and V be defined by 

^ = U + jV = cos0y +jl- sin 0y 

Er Tr 

U = COS 0y frF = sin ffy 


Then 


(10-236) 
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Squaring and adding, 

C/2 + rrW2 = 1 

Rearranging, 



(10-24) 


Equatioji (10-24) plots as an ellipse, centered on the origin and with 
semiaxes 1 and l/r^ as shown in Fig. 10-5a and b. It should be noted 



16 8 16 4 

(6) (c) J-A 


Fig. 10-5, Locus of Ex/Eh for a lossless line terminated in a pure resistance Rr =■ TtRo- 
(a) fr > 1 (/>) r < 1. (c) Angle of Ex/Er. 


that the angle of Ex/Er^ whose tangent is V/Uy is not a linear func- 
tion of y but, rather, varies in the manner sketched in Fig. 10-5c. The 
actual standing wave pattern may be obtained by plotting the length of 
\Ex/Er\ against y. Typical curves for Vr = and 2 are shown in Fig. 
10-6. It will be observed that S has the same value in both cases. Fig- 
ure 10-6 shows that the maximum rate of change of voltage in the stand- 
ing wave pattern occurs near the voltage minima rather than the voltage 
maxima. For this reason, minima, being sharper, are easier to locate 
accurately with a voltmeter than are the maxima when standing wave 
measurements are made on the line. 

This fact may also be verified by a careful consideration of the phasor 
diagrams of voltage along the line. As long as standing waves are pres- 
ent, i.e., if r, 5 *^ 1, |E'^| < |Ey, and from Eq. (9-22) 

Ex = -f 
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ib) 

Pio. 10-7. Voltage phasor diagrams for the lossless line terminated m a pure resistance, 
fr is smaller at b than in a. 


Then, at some arbitrary point spaced y from the receiving end, the com- 
plex voltages will add as shown in Fig. 10-7a. As y changes, the com- 
ponent phasors will rotate in the directions indicated. 

The unshaded sector of the smailer circle defines the condition |E*| > 
and so corresponds to a region of maximum voltage. On the other 
hand, the shaded sector corresponds to a region of minimum voltage. 
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Since the latter sector corresponds to a smaller change in y, the voltage 
minimum will be narrower, or sharper,^’ than the voltage maximum. 

The phasors are drawn in Fig. 10-76 for a value of nearer unity than 
in Fig. 10-7a. It may be seen that, while the voltage minimum is still 
sharper than the maximum, it is so to a lesser degree than in the first case. 
In the limit as = 1, the small circle vanishes and there are no maxima 
and minima. As might be expected a ^‘flat’^ line results because the 
termination is Ro- 

10-6. Input Impedance with Resistive Termination. The input 
impedance for a lossless line terminated in a pure resistance of normalized 
value Tr = Rr/Ro may be calculated from Eqs. (10-4a) and (10-46). For 
example, if we let Zi? = VrRo, Eq. (10-4a) becomes 


n Tr + j tan g/ 
® i 4- jvr tan 


(10-25) 


Thus in general Z,n will be complex except at certain lengths of line. 

If tan /3Z = 0, corresponding to electrical line lengths of n\/2, 
becomes real and has the value TrRo = Rr^ Furthermore, if tan /SZ oo , 
corresponding to electrical lengths of (2n + l)X/4, Z^n is real again and 
has the value Ro/Ty — Ro^/Rr, From these data the student may 
verify that for a lossless line terminated in a pure resistance Rr\ (1) 
impedance maxima occur at voltage maxima and are purely resistive with 
value SRo] (2) impedance minima occur at voltage minima and are purely 
resistive with value Ro/S. 

10-7. The Bicircular Impedance Chart. Rather than calculate the 
value of Z,n at other points along the line, it is convenient to show that 
the impedance locus as Z varies from zero on up is a circle which may be 
used to compute Z»„. It is desirable, however, to divide Z,„ by Ro so 
that the circle diagram will be in normalized form, which is applicable to 
any lossless line regardless of its characteristic impedance value. Small 
letters may be used to indicate normalized values so that 


2*n — “f” J^tn 


Zin 

lie 


4 “ J>^r — n 
Iho 


The circle diagram for Zm will be derived graphically by the use of geo- 
metric inversion, which was described in Chap. 4. For this reason it is 
convenient to rearrange Eq. (10-25) in such a manner that the coefficient 
of i/(l + jfr tan is a constant. This may be brought about by add- 
ing and subtracting l/r,. 

« ( 4- ^ tan pi ___ A , 1_ 

“ \1 4- jVr tan 0/ Tr/ Tr 

^ fr - 1 /rr j_ 

1 4- jrr tan (lil 


( 10 - 26 ) 
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Now this equation in effect says to multiply the reciprocal of 1 + jVr tan 
by Tr — l/r, and to add 1/rr to the product. These steps are carried out 
in Fig. 10-8. For a fixed termination r, is constant, and pi is variable; 
thus Fig. 10-8a shows 1 + jvr tan pi. The student should remember that 



*in 


1 

1 

1 

1 

5 

C 



(a) 1-fyr^ tan (6) l/{l+jr^ tan 01) 




(e) Family of constant -S curves 

Fig 10-8 Devolopment of tho curves of constant standing wave ratio for the bicircular 
chart. See text for explanation 

the tangent is periodic; hence, as I increases, the quantity will always 
move upward along the vertical line reaching qo at pi — ir/2 and then 
returning from — » to move upward again, reaching + oo again at 
pi = 37r/2, etc. The lower half of the line is dotted to enable the student 
to follow the changes of sign in the subsecjnent steps. 

At b in the figure the reciprocal is formed by the process of geometric 
inversion. Steps c and d are self-explanatory, but it should be noticed 



372 COMMTJNICATION BNGINEEEINO 

that the center of the circle in d lies at 



and the circle intersects the real axis at a maximum value of 



and at a minimum value of l/r^; hence the radius of the circle is 



The circle of Fig. 10-8d corresponds to a fixed value of Tr and hence 
to a fixed value of aS, the standing wave ratio. Different terminating 
resistances correspond to different values of S and yield the family of 
constant-S circles sketched al e. By Eqs. (10-20) and (10-22) 

aS = r, if Tr > 1 and 5 = — if < 1 

Tr 


Hence the abscissa lying to the right of 1 provides a direct scale of stand- 
ing wave ratios. 

Now for these curves to be useful in the computation of input imped- 
ance, they must be calibrated in terms of line length I or so that the 
input impedance corresponding to a specific length may be identified. 
It will now be demonstrated that loci of constant values of with Vr as 
the variable, are also circles, but centered on the imaginary, rather than 
the real, axis. To do this, it is desirable to rearrange Eq. (10-25) so that 
the coefficient of 1/(1 jVr tan ^l) is again a constant in terms of a speci- 
fied value of pL This may be brought about by adding and subtracting 
y/tan jSZ. 

^ ( vr+j tan j \ j__ 

*" \1 -f jvr tan ^ tan ^1/ tan 01 

_ tan 01 -f 1/tan 0l ^ j 
~ Tr tan 01 — j tan 01 


Again, the indicated steps are illustrated in Fig. 10-9. Figure 10-9a 
shows the plot of Vr tan 01 — y, being the variable. The reciprocal is 
plotted by geometric inversion at 6, the result multiplied by tan 01 -h 
1/tan 0l at c, and — y/tan 0l added at d. 

As shown at d, the center of the semicircle lies on the imaginary axis at 


5 (*“ * + ' sbi - 5 - S5«) 


tan 201 
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and the circle radius is 

2 tan jSZ^ sin 20l 

The last two steps indicated may be proved by trigonometric identities. 
The circle of Fig. 10-9d corresponds to a fixed value of Different 
values of jSZ will have similar circular loci; thus e shows the family of 





(c) tan d/-H/tan 01 {d) tan -Hi /tan jS/ j (e) Family ot constant-/?/ circles 

tan 3/-; tan Ql-j ~ tan/?/ 


Fig. 10-9. Development of the curvee of constant /?/ for the bicircular chart. See text 
for explanation. 

curves from /9Z = 0 to 180®. Since is periodic at intervals of 180® of /3Z, 
additional curves are not retjuired. 

The two families of curves of Figs. 10-8c and 10-9c corresponding to 
constant S and constant /S/, respectively, may be superposed on a set of 
rectangular z coordinates to give the so-called “bicircular chart of Fig. 
10-10.^ This chart may be used to calculate the input impedance of a 

^ The student who is familiar with elementary field theory may recognize the two 
sets of orthogonal curves to be identical to one-half the field pattern around a pair of 
charged, long, parallel conductors. In this case the lines of electric potential corre- 
spond to the constant-5 curves and the electric field intensity to the constant-/?/ 
curves. 
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Fio. 10-10. The bicircular chart. The chart may be used for either impedance or 
admittance in solving lossless-line problems. (Solid constant-N curves are identihed 
by their intersection with the horizontal axis.) 

lossless line of any length terminated in a pure resistance, provided, of 
course, that the normalized values lie on the chart. This will now be 
demonstrated. 


A lossless line of length 0.695 m is terminated in — 250 + jO ohms, 
Ro = 100 ohms, and X = 10 m. Find S, p, and Zt„. 

Converting Z« to normalized units, 



Zh _ 250 +j0 
Ro 100 


= 2.5 -f jO 
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Enter the chart at Zr. This point lies on the real axis at Vr » 2.5. Since rr > 1, 
S = Tr. 

p, the reflection coefficient, cannot be determined directly from the chart, but 
it may be calculated. 


- 1 _ 2.5 + jO - 1 
Zr +1 2.5 + jO -f 1 


Converting I to degrees, 


1.5/0^ 


= 0 . 429 ,^° 


__ 360 , _ 360 X 0.695 
X 10 


25 *^ 


Enter the chart at Zr, and rotate clockwise 25° on the S — 2.5 circle, and read 
z,n = 1.3 — yi.05. Converting to ohms 

Z^n - RoZin - 130 — yi05 ohms 

The next example illustrates how the chart may be used in conjunction 
with standing wave measurements made on the line. 


Measurements are made on a parallel-wire line which is fabricated from copper 
tubing of 3^4 in. radius, spaced 3.055 in. on centers. A voltage minimum occurs 
at the load, and the standing wave ratio is measured to be 3. The distance 
between adjacent voltage minima is 26 in., and the line is 9 ft long. Determine 
X, Zr, and 

Since adjacent minima are spaced a half wavelength apart, 


^ _ 2 X 26 
^'■"' 12 “ 


4.34 ft 


Locate the 5 = 3 circle. A voltage minimum corresponds to an impedance 
minimum; hence read Zr at the left-hand intersection of the circle and the real axis. 
Read Zr = 0.333 -1- jO. Ro is required to convert this to the unnormalized value. 
By Prob. 8-2 

B. = 276 log - = 276 log = 276 log 12.22 
r 0,25 

= 276 X 1.088 = 300 ohms 

Then 

Zr = RoZr ~ 300(0.333 “h^O) = 100 -f-iO ohms 
To find Ztn, enter the chart at Zr, and rotate fil degrees on the 5 = 3 circle. 


_ 3601 _ 360 X 9 
X 4.34 


748° 


Since the chart is periodic at intervals of 180°, subtract 4 X 180 = 720°, giving 
28°. Therefore enter the chart at Zr, rotate clockwise to 90° 4“ 28° = 118° on 
the 5 = 3 circle, and read z,„ = 0.43 -f iO.3. Convert to ohms. 


Zin = Ra.n = 300(0.43 -f iO.3) = 129 H- j90 ohms 
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It will be demonstrated later that the bicircular chart may also be used 
if Zb is complex, rather than purely resistive. 

10*8. Lossless Line Terminated in a Complex Impedance. When the 
lossless line is terminated in a complex impedance Zr, different from Ro^ 
reflection again occurs and the reflection coefficient p will be complex. 
The results of the previous sections may be used to determine the stand- 
ing wave patterns along the line as will be demonstrated in an illustrative 
example later in the section. It should be noticed, however, that since 







Fig. 10-11 Prognvssive phasor diagram for voltage along a lossless line terminated in a 
complex impedance Zr, The locus is an ellipse whose major axis is inclined at an 
angle <p = arg p to the reference 


<p(= arg p) is not zero or 180® in this case, neither a voltage maximum nor 
a voltage minimum occurs at the receiving end. 

It is of interest to obtain the locus of Ex in the complex plane for the 
general termination as y is varied. While it is possible to obtain an 
analytical expression for the locus by methods used in earlier sections, 
the shape of the curve may be obtained by drawing phasor diagrams of 
voltage for progressive points along the line, beginning at the termination. 
The method is illustrated in Fig. 10-11 where E'r is chosen to be the refer- 
ence and p is assumed to have the value 0.5/60®. The student should 
note that the incident component E[, = rotates counterclockwise 

with increasing y (motion toward the sending end), while the reflected 
component Ex = rotates clockwise with increasing y. The figure 

shows the locus to be an ellipse as it was for the resistive termination, 
but here the major axis is inclined tp®(= arg p) relative to the reference. 
The actual voltage standing wave pattern could be obtained by taking 
the length of \Ex\ on the ellipse and plotting it against a linear scale of y. 
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A lossleBS line is driven with a signal such that X = 1 m. Er ^ 10/0® volts. 
Zr * 100 — j50 = 11 1.9 / —26.58° ohms. Ro = 300/0^ ohms. Calculate data 
for sketching the current and voltage standing wave patterns. 

ByEq. (9-16) 


P 


Zr - Ro _ 100 - i50 - 300 
Zr^- Ro 100 - j50 -f 300 


206/194^2® 
404 / -7.12® 


0.511/ 201.14® 


-200 - j60 
400 - i50 

-0.476 - y0.184 


Find E'r by letting y = 0 in Eq. (10-12). 




Er 


Er 


Er 


I + p 1 - 0.476 - i0.184 0.524 - ;0.184 

10 / 0 ® 

o 3557=TW - vote 


By Eq. (10-13) the first voltage maximum occurs at 


^ ^ ^ 201.14 X 1 

2(3 2 X 360 2 X 360 


0.279 meter 


Successive voltage maxima will be spaced at intervals of a half wavelength from 
this value. 

By Eq. (10-15) the first voltage minimum occurs at 

i/min — Vmmx — ~ = 0.279 — 0.25 *= 0.029 meter 
" 4 


By Eqs. (10-14) and (10-16) 


l^nu.x| - \Er\(1 + IpI) = 18.01 X 1.511 = 27.2 volts 
|i5^m.n| = I^'rKI - !p|) = 18.01 X 0.489 = 8.8 volts 


By Eq. (10-17) 


S = 


f d- IpI 
1 - IpI 


1.511 

0.489 


3.09 


The currents may be handled in a similar manner. By Eq. (9-15) 


I 


R ~ 


Ro 


18.01/29.38® 
3 X 10*;^°' 


60/19.38® ma 


|/.| = - |p|e^<^-W) 

|/nu.x| = I4|(l + IpI) - 60 X 1.511 = 90.7 ma 

I'-i “ 


The student may show that current minima occur at points of maximum voltage 
and that current maxima occur at points of minimum voltage and that E^ and /» 
are in phase at these points. 
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10*9. Input Impedance with Complex Termination. It was demon- 
strated in Sec. 10-7 that the bicircular chart may be used to determine 
the input impedance of a lossless line terminated in a pure resistance. 
The question now arises: ‘^Can the chart also be used if Zr is complex 
rather than real?’^ This question may be answered by considering a 
specific problem. 

A line of length I is terminated in an impedance of normalized value 
Zr = 1.3 — il.05 as shown in Fig. 10-1 2a, and it is required to find the 
normalized input impedance 2 ,„. Reference to the first illustrative exam- 
ple in Sec. 10-7 shows, however, that, if a line of length Zj, corresponding 



Fig. 10-12 Tho load Zr of a is roplared by a line of length /, terminated in a resistance, 
and whose noimalized input impedance equals Zr of a 

to an electrical length = 25®, is terminated in a pure resistance 
Tr = 2.5, its input impedance is z,n = 1.3 — yi.05. The thought then 
occurs that for purposes of analysis the actual terminating impedance 
in Fig. 10-12a may be replaced by the equivalent section of line termi- 
nated in Tr = 2.5 as shown at b. This is now a familiar problem: a line 
of length I + li is terminated in a pure resistance, and the bicircular 
chart can be used to determine z^n. 

Actually, once this concept has been established, it is no longer neces- 
sary to go through the intermediate step of replacing Zr by the equivalent 
line and resistance load. One need only enter the chart at Zr and rotate 
clockwise degrees on a circle of constant S and read 2,n. 

It may also be demonstrated that in cases where Zr is complex the chart 
may also be used to determine the angle of the reflection coefficient p. 
By Eq. (10-13) the first voltage maximum occurs at 

2/n... = ^ or <p = (10-27) 

Reference to Fig. 10-10 shows, however, that the circles of constant fil 
on the bicircular chart have fixed calibrations which may not coincide 
with the actual values of in a specific problem. This is shown more 
clearly in Fig. 10-13. At Zr, actual Py = 0, but the chart indicates a 
value, say, (Py')r> Also, at the first maximum of voltage which corre- 
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spends to an impedance maximum, actual fiy = jS2/«.x, but the indicated 
value is = 0. Thus, equating differences between actual and indi- 
cated values, 

/32/niax -0 = 0- W)r 

Substituting into Eq. (10-27), 

= -2W)r (10-27a) 

This point, along with the general use of the chart, will be illustrated in 
an example. 


^/3y=0 

^max* ^y^Mx 


Fig. 10-13, Method of determining <p on the bicireular chart. Primed quantities 
refer to chart calibrations of /3/. 

Determine S, p, and Ztn for the following situation; 

X = 10 ft Ro = 100 ohms 

I = 0.555 ft Zh = 140 - ;120 ohms 

Normalize Zr. 

Convert I to degrees. 

3601 360 X 0.555 



Enter the chart (Fig. 10-10) at Zr, Figure 10-14 illustrates the points and loci 
of interest. This point for Zr lies at the intersection of the S = 2.8 and — 22.5° 
circles. Thus S = 2.8. 

(fiV)r = 22.5° ip = -2(i8/')r = -45° 

IpI cannot be obtained from the chart directly; hence, calculating, 


I , iS - 1 _ 2.8 - 1 __ 1.8 

S H- 1 2.8 -h 1 3.8 


0.474 
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To find 2tn, enter the chart at Zr, and rotate clockwise 20°, or to an indicated 
value of 22.5 -|- 20 = 42.5°, and read 

= 0.68 - iO.82 

Then = RoZxn = 68 - ohms 

The student should observe that, in using the bicircular chart, motion 



Fig. 10-14. A portion of tlie bicirrular chart used in the illustrative example. 

toward the generator, that is, I increasing, corresponds to clockwise rota- 
tion on a constant-*S circle. By the same token, motion toward the load 
corresponds to counterclockwise rotation. The following problem indi- 
cates this principle: 

The standing wave ratio on a lossless line is measured as 1.5 with the first 
voltage minimum lying 60 electrical degrees from the termination. Find the 
normalized value of terminating impedance. 

The first voltage minimum corresponds to an impedance minimum which 
must be on the real axis of the chart between 0 and 1. Therefore enter the chart 
at the left-hand intersection of the real axis and the 8 = 1.5 circle. The indi- 
cated /S/' is 90°. Rotate toward the load (counterclockwise) 60° to an indicated 
value fiV = 90° - 60° = 30°, and read av = 1.14 - ;0.42. 
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10-10. Input Admittance of Lossless Line. It is frequently con- 
venient to work problems in terms of admittance rather than imped- 
ance. The necessary relationships for the lossless line will now be 
derived. Again small letters may be used for normalized values, so that 




1 

z 


Then substituting z^n = l/^/m and Zr = l/Vr into the normalized form of 
Eq. (10-4a), viz., 


_ Zr + j tan gZ _ 

“ 1 + jzr tan ffl ~ ^ 


(10-28) 


and solving for ym, one obtains 

= yr + j tan pi 
1 + jVr tan 


Qxn “ 1 “ jhxn 


(10-28a) 


Since these two equations are identical in form and sign, it is evident 
tliat the bicircular chart may be used for the calculation of admittance 
in exactly the same maniiei as it was used for impedance except that the 
rectangular coordinates are interpreted in terms of g and 6, rather than 
r and x, 

10-11. Smith Impedance Chart. While the bicircular chart is very 
useful as a tool in calculating line impedances and admittances, it has a 
number of shortcomings which make its use cumbersome. Among these 
are the facts that the S and circles are not concentric, making inter- 
polation difficult, and only a limited range of impedance values can be 
encompassed on a chart of reasonable size. P. H. Smith of the Bell 
Telephone Laboratories published another form of impedance chart in 
1939^ which does not have these shortcomings, and as a result his chart 
has largely superseded the bicircular chart. The Smith chart is designed 
on the basis of concentric circles of |p| or 5, and the necessary transforma- 
tion is obtained by trading the rectangular impedance coordinates of the 
bicircular chart for orthogonal circular impedance coordinates. The der- 
ivation of the chart is carried out most easily by expressing the normal- 
ized input impedance of the lossless line in lerms of the reflection coeflB- 
cient as in Eq. (10-46). Then replacing p by its polar form, |p|/^, and 
rearranging the equation, 

IpI/v. - 2^1 - (10-29) 

Zxn -T 1 


The student may note that the left-hand side of the equation represents 
a family of circles of radius [pj, centered on the origin as desired. The 
next step, then, is to find the form of the z coordinates. This may be 

^ Phillip H. Smith, Transmission Line Calculator, Electronical January, 1939. 
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done by the use of geometric inversion; hence Eq. (10-29) should be 
arranged so that the coefficient of \/{zin + 1) is a constant. This may 
be accomplished by adding and subtracting 1 to the right-hand member. 

\p\IjliiM = ( l ^ - i ) + 1 

= + 1 (10-30) 

Ztn “T i 

The step-by-step instructions indicated in Eq. (10-30) are carried out in 






(d) -2/(z+l) (e) l-2/(* + l) 

Fig. 10-15. Development of the Smith-chart impedance coordinates. See text for 
details. 


Fig. 10-15. Figure 10-1 5a shows the half z plane corresponding to com- 
plex impedances having positive resistive components. The vertical 
lines correspond to constant values of r and the horizontal lines to con- 
stant values of x. The individual lines are marked for easy identifica- 
tion in the remaining steps. At h the whole diagram is shifted to the 
right by one unit corresponding to« + 1. The inverted form, !/(« + 1), 
is obtained by geometric inversion at c. The student should notice two 




Fig. 10-16. The Smith chart. {The Emcloid Co., Inc.) Tho use of the auxiliary 
scales is explained in Sec. 10-14. 


important consequences of this step. First, curves of negative reactance 
(positive susceptance) appear in the upper half circle and curves of posi- 
tive reactance in the lower half circle. Second, the entire infinite range 
of z for positive values of r has been mapped to the region inside the unit 
circle. 

In Fig. 10-1 5d the diagram of c is multiplied by —2 with another 
change in the location of the reactance curves. At e the circle becomes 
centered on the origin by adding -(-1# Inasmuch as the loci of constant 
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values of Ipj or S are circles centered on the origin, they are not shown on 
the chart, whose usual form is shown in Fig. 10-16.^ 

Since at an impedance maximum = r^n +^0 = aS, for r > 1, the 
constant-^S circles may be conveniently located by the intersections of 
the right-hand portion of the real axis and the const ant-r circles. The 
value of I p| for any given value of standing wave ratio may be determined 
by rearranging Eq. (10-17) to give 

= (10-31) 

An auxiliary scale is plotted above the Smith chart in Fig. 10-16, giving 
the relationship between numerical values of [pj and S. 

It should be noticed that the chart is calibrated around its periphery 
in terms of wavelengths rather than ni degrees of 2^1. Also, the chart 
furnishes a direct calibration of the reflection coefficient angle ^ in degrees. 

The Smith chart is used in the same majiner as the bicircular chart 
and in addition may be used for admittance calculations, except for a 
180*^ shift in ^ as indicated by the equation 

\p\u - m + = ^4 

?/tn “r A 

The use of the Smith chart will be illustrated by the following example: 

A voltage minimum occurs 18 cm from the termination on a lossless line. 
Adjacent minima are 20 cm apart. S = 2.5, I - 52 cm. Find Zr and 

X = 2 X 20 = 40 cnii^ 

Draw the S = 2.5 circle as shown in Fig. 10-17. A voltage minimum corresponds 
to an impedance minimum; therefore io<‘ate tins point at the intersection of the 
S = 2.5 circle and r — 1/<S = 0.4. The load is 18 cm away from this point. 
Converting to electiical length, 

^ = 0-45X 

Rotate 0.45X toward th load, and read Zr = 0.43 + iO.27. 

The in])ut tcirninals are 52 — 18 = 34 cm toward the generator from the point 
of minimum impedance, corresponding to an electrical length 34(X/40) = 0.85X. 
Since once around the chart corresponds to an electrical length of 0.5X, starting at 
the impedaiK‘e minimum rotate (0.85 — 0.5)X = 0.35X, and read 

= 0.89 - yO.89. 

10-12. Resonant Stubs. Short sections of open- or short-circuited 
transmission line's are often called stubs and can be used as impedance 

^ Copies of the Smith chart are available from The Enieloid Co., Inc., Hillside, N.J. 
The same company also manufactures a Smith chart calculator. The Smith charts in 
this book are reproduced with permission of The Emeloid Company. 
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elements in impedance»matching systems as explained in Chap. 12. 
When they have lengths that are integral multiples of a quarter wave- 
length at the fundamental operating frequency, they are referred to as 
‘^resonant stubs and as such display the property of multiple resonance 



Fig. 10-17. The Smith chart, showing the solution of the illustrative example. 


as a function of frequency and can be used as sharply tuned filters. For 
example, Fig. 10-1 8a shows a transmission line supported on quarter- 
wave stubs. The transmitter delivers a fundamental signal of frequency 
fi and an unwanted second harmonic of frequency / 2 . Under the assump- 
tion that the stubs are virtually lossless, the phase velocity is independ- 
ent of frequency so that X 2 = Xi/2. Consider the behavior of the sys- 
tem at the fundamental and second harmonic frequencies. At fi the 
stub length $ is Xi/4, and the stubs have almost infinite input impedance 
and so serve as insulating supports (or quarter-wave insulators) for the 
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transmission line! Note that, the better the conductivity of the sup- 
ports, the better the insulation. At/ 2 , however, the stub length becomes 
X 2 / 2 , and the stubs have very low input impedance and thereby throw a 
short circuit across the main transmission line. Thus power is delivered 





( 6 ) 

Fig, 10-18. Illustrating typical uses of resonant stubs, (a) (Quarter-wave insulators. 
(6) A simple radar TR system. 

to the load at/i, but the power of the harmonic component is completely 
reflected to the generator, indicating a filtering or harmonic-suppressing 
action. 

Resonant stubs are also used as components in radar transmit-receive 
(TR) systems. In typical radar sets a common antenna is used for both 
the transmitter and receiver as indicated in Fig. 10-lSh. The transmitter 
sends out pulses of high amplitude and of durations of the order of 1 insec 
at intervals of the order of milliseconds. The function of the TR sys- 
tem is to protect and isolate the receiver during the transmission of pulses 
and to isolate the transmitter from the system between pulses so that the 
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small-amplitude echo signal is directed to the receiver. Consider how 
the system of Fig. 10-186 performs these functions. 

The voltage during pulses is high enough to break down the spark gaps 
which then form an arc, virtually the equivalent of a short circuit. Thus 
the input impedance of the stub at aa is infinite. The spark gap Gb pro- 
tects the receiver and also causes infinite stub impedance at bb. Under 
these conditions essentially all the transmitter energy is delivered to the 
antenna, provided that the latter is properly coupled to terminate the 
transmission line. 

Between pulses, energy levels are too low to support conduction of the 
gaps so that Ga and Gb become open circuits. The stub impedance at aa 
becomes zfero (being spaced a half wavelength from a short circuit). The 
impedance looking toward the transmitter at bb, being spaced a quarter 
wavelength from a short circuit, is infinite. Under this ‘‘receive'^ con- 
dition the returning energy is directed to the receiver. 

10-13. Effect of Small Losses. In the foregoing sections standing wave 
patterns and input impedances have been determined for the high-fre- 
quency line by assuming that line losses are completely negligible. When 
one is concerned with the efficiency of power transmission along the line, 
however, this assumption ignores the very quantity which is most impor- 
tant; hence the assumption of zero line loss cannot be used. Further- 
more, in determining the figure of merit Q of resonant stubs or in com- 
puting the input impedance of lines that are long physically, say, of 
lengths of 50 ft or more, line losses may not be considered negligible. 

On this basis the student might assume that the general methods of 
Chap. 9 should be used. This is a possibility, but since the line losses 
are small, certain approximations may be used to simplify the calcu- 
lations. The general equations for determining y and Zo for these low- 
loss lines have been considered in Chap. 8 and are summarized here for 
convenience. 

‘>-“Vra[l + !(!;)■] 

10-14. Smith Chart for al 9 ^ 0. It has been shown in Chap. 9 that 
as al increases on a lossy line Z^n approaches Zo, or, in normalized form, 
Zin approaches 1. It would seem, then, that the locus of z,n for a line not 
terminated in Zo and with a value for a would appear as a spiral on the 
Smith chart. This locus would begin at Zr and spiral in toward the center 
of the chart. In contrast the locus of z,n for a lossless line is a circle. 
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Thus the circle of constant p of the lossless line is replaced by a spiral p' 
for the lossy line. The form of this spiral will now be derived, and its 
use with the Smith chart will be demonstrated. 

By analogy to Eq. (10-29) p' will be defined by 

|p'|/y - 2^1 = (10-32) 

^tn “1" I 

where i^"^ the iiornializ('(l input impedance of a lossy line which, by 
Ei\, (9-30a), is 

_ sinh yl -f Zr cosh yl 
cosh yl “h z, sinh yl 


Expanding sinh yl and cosh yl and dividing numerator and denominator 
by cosh al cos iSl, 

_ (taiih al -h j tan (3l) + Zr{i + tanh al tan (31) 

(1 + J tanh al tan ^l) + 2r(tanh al + j tan 0l) 


Collecting the tan (3l terms, 


, _ {Zr + tanh al ) + ./( ! + Zr tanh aj)_tsin I3l 
(1 + Zr tanh al) + j{zr + tanh al) tan 

Substituting Ec^. (10-33) into Eq. (10-32) and clearing, 


Ip'L^ r 2^^ 


Zr — /t — J ^ "A 

-f 1 / \l + j tan pi / \\ + tanh al / 


(10-34) 


It will be observed that the first factor in E(|. (10-31) is the reflection 
coefficient p and that the second factor is \[ — 2ph^ hence the etpiation 
may be written 


Ip'LA. - 2pl -= |p[/<p ^2pl 


1 — tanh al 
1 H- tanh al 


(10-34a) 


The ciuantity \p[/jp — 2pl is precisely the circular locus for a lossless line; 
hence (1 — tanh «/)/(! + tanh al) may be designated the spiral factor 3^ 
caused b}" the presence of line losses. 

While E(\. (10-34a) is quite adequate for determining the input imped- 
ance of a lossy line A\ith the Smith chart, it is not convenient to use 
because a |p| scale does not appear directly on the chart. Since the real 
axis calibration is id(*ntical to the standing wave ratio S for values greater 
than unity, it would be more convenient to relate the spiral factor to the 
standing wave ratio. Let S' be the standing wave ratio on the lossy line. 
Then by analogy to Eq. (10-17) 

Lt/ _ 1 + IpI _ 1- + IpI^ 

- 1 - Ip'i - 


( 10 - 35 ) 
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To illustrate the spiral locus and the use of Eq. (10-35), consider the special 
case of a line one wavelength long having an attenuation loss of 1 db and termi- 
nated in the normalized impedance z = 1 + . From the Smith chart of Fig. 

10-16 the locus of Zm if the line were lossless would be a circle corr^^sponding to 
S = 2.6 or IpI = 0.444. The sjdral locus which includes the effect of the line 
loss may be determined by calculating tyjiical points as indicated below. SF is 
calculated from Eq. (10-34a) and by Eq. (10-35). 


1 

X 

al, nepers 

tanh al 

1 — tanh al 

IpI'T 

1 - WT 

S' 

0 125 

0 0144 

0 0144 

0 9856 

0 431 

0 569 

2 52 

0 25 

0 0288 

0 0288 

0 9712 

0 420 

0 580 

2 45 

0 375 

0 0432 

0 0i:i2 

0 05()8 

0 106 

0 591 

2 37 

0 50 

0 0576 

0 0576 

0 9J24 

0 395 

0 605 

2 31 

0 625 

0 0720 

0 0720 

, 0 9280 

0 381 

0 616 

2 22 

0 75 

0 0864 

0 08()4 

0 9136 

0 372 

0 628 

2 10 

0 875 

0 1008 

0 1008 

1 0 8992 

0 .158 

0 612 

1 2 11 

1 00 

0 1152 

0 1150 

1 0 8850 

0 352 

0 648 

1 2 00 


These points are shown connected b\ a spiral in Fig 10-19 It should be observed 
that the normalized input impedance is 1 09 H- /IS as coinpaied with 1 -hyi, 
w'hich is obtained on the lossless assumption. 

The foregoing problem illiistrate.s that considerable ealciilatioii is 
entailed in using Eq. (10-35). To minimize calculation it i.s convenient 
to construct an alignment chart of S, al, and |p* for use with the chart. 
Since S is a function of the reflection coelhcient magnitude, it is con- 
venient to set |p| = 1 in constructing this scale. Then, substituting into 
Eq. (10-35) for JI, 


S' 


1 

tanh al 


(10-35a) 


The alignment chart corresponding to this ecjuation and Ecj. (10-17) is 
plotted in Fig. 10-16. The use of the chart in determining the input 
impedance of a lossy line is illustrated in the next example. Since only 
Z»n is recjuired, the actual spiral locus need not be determined. 

An antenna is connected to a television receiver by 50 ft of 300-ohm twin-lead 
line. The input impedance of the receiver is 75 ohms resistive. Manufacturer’s 
data on the line give the following: Zo = 300 ohms resistive. Relative velocity 
= 82 per cent. Attenuation = 2 db/100 ft at 100 Me. Find the impedance 
into which the antenna works at 100 Me. 
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Fig. 10-19. Illustrating the effect of small line losses on the input impedance of a 
transmission line. The locus is a spiral rather than a circle as in the lossless case. 


The relative velocity of 82 per cent means that Vp = 0.82c, where c is the velocity 
in free space; hence 

-2.46 0 

/ 10 * 

Since 1 m = 3.281 ft, 

1 50 50 \ <• Q> 

3.2'81 3.281 2.46 

= 2 X »?ioo = 1 db 


The normalized terminating impedance is 




Enter the chart (Fig. 10-20) at Zr, rotate on a circle of constant S 6.19X, and read 
the value of z,n on a lossless basis; thus Zin = 1.32 +^1.7. This value of Zin 



Fig 10-20 Smith-(hait solution of the example for a low -loss line Note Major 
divisions on the al scale correspond to 1-db stops 


corresponds to 5 = 4. Transfer from the S = 4 to the al scale, move 1 db to the 
left on the al scale and back uj) to the S (now the 5') scale, reading S' = 2 8 
Move inward ladially on the chart to a radius S' = 2.8, and read the actual input 
impedance, z[n = 1.49 4- J 1.22. 

Converting to ohms, 

= 300(1 49 + J] 22) = 447 +i366 ohms 
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10-16. Efficiency of Transmission. One powerful method of calculat- 
ing the transmission efficiency of low-loss cir(;uits is to compute the cur- 
rent distribution on the assumption there are no losses and then to com- 
pute the losses on the basis of this current distribution. Situations 
where this is useful include antennas, reactance networks with elements 
of high Q, and low-loss lines. 

Consider the case of a low-loss line where the value of G is negligible and 
which is terminated in a pure resistance and as before let = Rr/Ro. 

Then the current ratio between the incident and reflected waves at the 
termination will be a real number 


Ir__ _ 1 - r, 

I'n~ 1 + n 

Now at any point y the total current I y will be /y = /' + and the 
phase shift between /' and will be 2/3y if p is positive (r^ < 1) and 
2/Sy -h tt if p is negative (r,. > 1). The magnitudes of ly and Ty will not 
depend appreciably on y for lines of low loss. Hence |/''| = p|/'|. 

The phase between the initial and reflected currents will depend on y. 
ly will be a standing wave. 

Now the magnitude of ly can be obtained most easily by considering 
the component of ly in phase with /', which will be — p|/y| cos 20y, and 
the component of ly in quadrature with which will be p|/'| sin 2^y. 
Hence 




p cos 2^yy -f (p sin 2^^ 
p* — 2p cos 2py) 


= + P* — 2p cos 2py) (10-36) 

Now let R = resistance per unit length of line. The power lost along 
the line will be 


= pU-^Rdy 
= (l + 


sin 201) 


(10-37) 


Rl equals the total series line resistance, and the power delivered to the 
load will be 


Pout = \Ir\^rh = i/:i^(i - pyrr 
^ [1 + P^ - (p sin 20l)/0l\Rl 
Pout (1 — pY^TrRo 


(10-38) 

(10-38a) 


On substituting for the value of p in terms of r,., this equation becomes 


P loat Rl 

P « It 2Rt 




sin 2fil 

~W~ 


(10-386) 
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In order to make the power loss a minimum, r, should be chosen such that 


whence 


.Pic 


dfr 


2«„L »-r* ) 201 J 

- / l + (sin 2/30/2/31 

’■'“Vi- 


(sin 2/3!)/ 2^1 


(10-39) 


As gets larger and larger, (sin 2(31) /2^l goes through maxima and 
minima but approaches zero, so that for long lines should he unity for 



Fig 10-21 Plot of the value fr * Rr/Ro which gives maxiinurn transmission efficiency 
as a function of line length 

maximum efficiency. However for short values of line, say, much less 
than X/4, the maximum efficiency will be obtained for large values of 
This is the case on the ordinary power transmission line where the maxi- 
mum efficiency is obtained by using high voltages and low currents. 
This is accomplished by using step-up transformers at the sending end 
and a step-down transformer at the receiving end so that the load pre- 
sented to the line is much higher than its characteristic impedance. 
However, on lines of long electrical length the standing wave effect means 
that, with a high impedance and hence low current at the receiving end, 
there will be a high current at some other points on the line and the 
reduction in loss due to low I^R where the current is low is more than 
offset by a high /-P at other points with a net increase in total loss. 

A plot of ,Eq. (10-39) is shown in Fig. 10-21. If the optimum value of 
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Tr for each length of line as determined by Eq. (10-39) is substituted back 
into Eq. (10-386), it is possible to see the effect of the losses caused by a 



Fig. 10-22. Plot of the loss function £ as a function of line length. For each length 
Tr = Rr/Ro has the optimum value specified by Eq (10-80) ami Fig 10-21 


standing wave, 
written 


By Eq. (8-()4a) Hl'2Ro = thus Etp (10-386) may be 
= {cd)£, (10-38c) 

f out 


where X; is a standing wave loss function defined as 


£ 



/ 1 \ sin ‘m 

\rr 7 m 


( 10 - 40 ) 


£ as a function of line length in terms of X, always with the optimum value 
of Tr specified by Fa\. (10-39), is shown in Fig. 10-22. This figure shows 
that for a given total line resistance and characteristic impedance, i.e., 
for a given al^ short lines which can be operated with high impedance 
termination are most efficient. For values of length greater than X/4, £ 
has a value nearly equal to 2, irrespective of the length, the line should 
be terminated in Roy 



m 

Ro 


= 2al 


and the fractional loss is fundamentally only a function of the total series 
resistance and the characteristic impedance. 
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I 

If the line is longer than about X, the term in Eq. (10-40) involving fil 
becomes negligible and 

r 2 4- 1 

£ « ~~ (10-40a) 

For small deviations of r, from unity the factor {Vr^ -f l)/rr does not 
rise rapidly, increasing only from 2 to 2.5 when Vr changes from 1 to 2 or 
from 1 to 3"^. Hence, the loss ^ill not increase greatly if the ratio of 
Br/Ro (and the standing wave ratio) are kept within the limits to 2. 
However, for large deviations (xr^ + l)/rr nearly equals and the loss 
will be directly proportional to the value of Equations for calculat- 
ing Ro for the parallel- wire and coaxial lines are given in Table 8-2. 

10-16. Q of Quarter -wave Shorted Stub. The autiresonant circuit is 
often used as the tuned load in vacuum-tube-amplifier and oscillator cir- 
cuits. As the frequency of operation is raised, the values of inductance 
and capacitance comprising the tuned circuit become so small that, at 
vhf and higher frequencies, lumped circuit parameters become impracti- 
cal and resort is made to the resonant properties of transmission lines. 
Since the quarter-wave short-circuited stub behaves like an antiresonant 
circuit, it is often used as the plate load at these higher frequencies. 

When the stub is used for this purpose, its Q and half-power band- 
width become important and the assumption of negligible line losses 
leads to the ridiculous results of infinite Q and zero bandwidth. A close 
approximation to the correct value ma^^ be obtained by using the assump- 
tions of the last section. The current and voltage along the (juarter-wave 
short-circuited line will be ly = Jr cos 0^, Ey = I rRo sin ^y. At the 
input end E^n = I rRo^ The average power lost will be 


Pu,. = p*\lH\^cos^mdl 
2 


(10-41) 


The input impedance will be determined by the input \ oltage and the 
power lost, i.e.. 


Z 


in 



^ 2/?.* 
Rl 


(10-42) 


The maximum energy stored per cycle will be 



|*L cos’ pi dl = |/ji| 


5^ 

2 


(10-43) 
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The value of Q will be 


(2 = 0 ) 


max energy st ored per cycle 
avg power dissipated 


Substituting from Eqs. (10-41) and (10-43), 

Q = ^ (10-44) 

Therefore the Q of the quarter- wave section is identical to the Q of each 
infinitesimal length. At high freciueiicies R is proportional to the square 
root of fre(iuency. Then, since co is directly proportional to frequency, 
Eq. (10-44) shows that the Q of a shorted quarter- wave section is pro- 
portional to the S(piare root of frequency. 

10-17. Line Dimensions for Minimum-Loss Coaxial Line. The fore- 
going results may be used for determining the dimensions of a maxi- 
mum-Q (or minimum-loss) coaxial line. For an^\ given termination Eq. 
(10-38?>) shows that the ratio of power lost to power output is propor- 
tional to Rl/Ro. Thus with a coaxial cable, it the diameter of the inner 
conductor is held constant, increasing the diameter of the outer conductor 
will increase Ro and decrease R and hence indefinitely decrease the loss. 
Unfortunately it will also indefinitely increase the cost of the coaxial line. 
On the other hand, if the diameter of <^he outside conductor, which largely 
determines the cost, is held constant while the diameter of the inside con- 
ductor is increased, R and Ro will both decrease. Hence one would 
expect that there is an optimum ratio for the diameters (or radii) of the 
two conductors. For convenience let the ratio of the two radii be 
ra/ri = x. 

From the data of Table 8-2 it may be seen that, at hf where the flux 
linkages within the conductors can be neglected, 13 {= oj Vlc) IS inde- 
pendent of X at any given freijuency. Thus for a given freciuency and a 
line terminated in Ro (or any fixed value of Vr) £> of Ecj. (10-40) is con- 
stant and Pi„Ht/A,ut may be minimized by minimizing a = R/2Ro with 
respect to x, .Substituting from Table 8-2, 

“ = ^ = fonstant (10-45) 

Differentiating and setting the derivative e.jual to zero to find the 
minimum, 

da In X — (x -f l)/x 
dx ^ In-* X ® 

In X = 1 -f t 
X 
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A transcendental equation of this form may be solved graphically by 
plotting In X, and 1 + 1/x vs. x. The solution of the equation is given 
by the intersection of the two curves and is found to be x = 3.6. Thus the 
coaxial line with a fixed outer-conductor diameter must have a ratio of 
outer- to inner-conductor radius of 3.6 in order to have minimum loss and 
maximum transmission efficiency. This value corresponds to a charac- 
teristic impedance Eo = 138 log 3.6 = 76.9 ohms. 

Not only is 3.6 the optimum ratio for transmission efficiency, but it 
also gives the maximum Q for a short-circuited stub. 

10-18. Line Dimensions for Minimum-flashover Coaxial Line. The 
total amount of power which may be transmitted along a given coaxial 
line is limited by the flashover voltage, i.e., as the applied voltage is 
raised, the stress in the dielectric between the conductors is increased. 
If the voltage is raised beyond a critical value, the dielectric breaks down 
and sparking occurs between the conductors. 

The application of field theory to the geometry of the coaxial cable 
shows that the maximum electric field intensity in the dielectric occurs 
at the surface of the inner conductor (ladius rj) and has the value 


8 = 


__ 

rj In (r 2 /ri) 


(10-46) 


where E is the voltage drop between the conductors. 

Then, for a const ant-size outer conductor and fixed value of E, 8 and 
hence the danger of flashover may be minimized by proper choice of the 
ratio of the conductor radii, x = r 2 /ri. Thus 


and 

or 


8 = 


fi8 _ 
dx 

X = 


E X 
rt In X 
E In X — 1 
To (In x)‘ 

( = 2.718 


0 


(10-46a) 

(10-47) 


Therefore, the danger of flashover is minimized by choosing the ratio of 
diameters to be e. This ratio corresponds to a line characteristic imped- 
ance of 60 ohms. 

10-19. An Engineering Compromise. The last two sections indicate 
that a single coaxial line cannot be designed to provide simultaneously 
maximum efficiency and minimum dielectric stress. How, then, shall a 
line be chosen? Shall emphasis be placed on efficiency of transmission, or 
shall the problem of dielectric stress be given major consideration? This 
problem is best considered by observing how these two quantities vary as 
the r 2 /ri ratio (or Ro) is varied. To this end the curves of Fig. 10-23 
have been plotted in normalized form from E(is. (10-45) and (10-46a). 
It will be observed that both curves of a/amm and 8/8,„,„ are relatively 
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flat for Ro lying between 65 and 75 ohms. A reasonable compromise 
value would be around 70 ohms (r 2 /ri « 3.2). 

Figure 10-23 also shows a curve of normalized maximum transmitted 
power for the condition where the voltage gradient is just below the crit- 
ical value for flash over (see Prob. 10-14). Consideration of these data 



10 20 30 40 50 60 70 80 


Fig. 10-23. Normalized curves showing the variation of line loss, dielectric stress, and 
maximum transmitted power as a function of R<, for coaxial cables. 

dictates a compromise value of Ro lower than 70 ohms. In practice typi- 
cal values lying in the range of 50 to 75 ohms are commonly used. 

10-20. Contrast between Operation of Power and Communication 
Lines. The equations developed in this chapter are applicable to both 
power and communication lines, but it is interesting to note differences 
in the method of operation in the two cases. (See the table on page 399.) 

In power operation constant voltage at the output terminals of the 
generator or the generator-transformer combination may be achieved by 
a voltage regulator. This gives the equivalent of a zero impedance 
source. At the receiving end of the line the voltage across the variable 
load may be kept constant in magnitude by an induction regulator (equiv- 
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399 


Power operation 
Single frequency 

Line always electrically short (Z < O.lX) 
Line may be represented by nominal-T or 
n section 

Negligible voltage variation must be 
maintained at load 
Variable impedance load 
Impedance at termination usiiallv much 
greater than Z<, 

Generator usually ecpii valent to low or 
zero impedance source with constant 
generated voltage 


Communication operation 
Wide band of frequencies 
Line may be short or long 
Solution usually requires long-line equa- 
tions 

Voltage at load must vary with signal 

Constant impedance load 
Impedance termination usually nearly 
equal to 

Generator usually has appreciable imped- 
ance, and voltage varies with signal 


aleiit to a variable transformer ratio) or by using a synchronous capacitor. 
At major load centers the latter is prefeired. The arrangement is 
illustrated in Fig. 10-24. 


1 

r 1 1 

li 


! -I- +! 

li 



Variable load 


(a) 


Synchronous capacitor 



Fi(, 10-21. Circuits for study mg the voltage regulation of a powei -transmission line, 
(a) Basic ciicuit. {h) The circuit to the left of terminals I, 2 is leplaced by the 
Th^'venin equivalent circuit. 


The situation at the receiving end can be represented by Thdvenin^s 
theorem. Hie open-circuited voltage will be given by Eoc = F^s/cosh yl. 
In practical lines |cosh 7 /I = \/sinh‘^ al •+■ cos^ iSZ will always be less than 
unity, and so the open-circuited voltage will be greater than the sending- 
end voltage as a result of the standing wave. 

The e(iuivalent internal impedance looking back into the receiving 
terminals of the line will be the short-circuited impedance of the line 
Zo tanh yl. Since power lines are electrically short, Zo tanh yl will always 
be inductive. 

Hence the only problem is so to adjust the susceptance of the capacitor 
as the load is varied that the magnitude of the Er is kept constant. 
Fortunately this is relatively simple, because any drop in lExj means 
that the susceptance of the synchronous capacitor should be increased, 
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and this merely requires an increase in the excitation of the synchronous 
machine. This is the same type of operation which is required in the 
synchronous generator at the sending end, and so the same type of regu- 
lator may be used. Furthermore, a so-called synchronous capacitor can 
be made to draw lagging current also. 

In power systems branch lines are usually required as shown in Fig. 
10-25. Note, however, that, if synchronous capacitors are used at each 



Fia. 10-25. The use of synchronous capacitors for regulating branch lines in a power- 
transmission system. 

of the branch points, the sending-end voltage of each individual line 
may be kept constant and hence the supply of each line is equivalent 
to a zero-impedance generator. Hence each line is the equivalent of Fig. 
10-24. 


PROBLEMS 


10-1. A vhf push-pull oscillator requires a tuned load to work at 50 Me The 
plate-to-plate capacitance is 20 /u/xf. 

a. What lumped inductance is required in shunt with the 20-^i/Lif capacitance? 
h. How many meters of lossless 100-ohm (that is, Ro — 100 ohms) short-circuited 
line could replace this lumped inductance? 

c. From physical considerations which load would have the higher Q (if the line 
actually has losses)? 

10-2. (a) Show that the input reactance of a shorted lossless stub one-half wave- 
length long at fo can be expressed as 


X,c 


Ho 





(6) Show that the reactance of a series inductance Lo and capacitance Co, resonant 
at fot can be expressed for small values of A/ as 


X — *aJLo 


2 A/ 


(c) Calculate and plot X^IRo and X/taJjo for ±A///o ■» 0.005, 0.01, 0.06, and 0.1. 
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id) From these results what value should Ro have for X^c and X to be essentially equal 
over a ±10 per cent change from the resonant frequency? 

10-3. It is common practice in the vhf range to use a shorted stub one-eight wave- 
length long at /« to replace a lumped inductance Lo. 

a. Calculate and plot .Y and Xtc/Ro for the same values of Af/fo specified in 
Prob. 10-2. For approximate equivalence over this band what Ro is required? 

b. What line length would b(* required for X and X,e to have equal values and 
equal slopes at Is this a practical solution’ 

c. If the line length is changed to X«/16, what Ro is ref|Uired? What improve- 
ment over a results'^ 

10-4. A lossless line is terminated in a pure reactance ±jaRo. a may have any 
value. 

a. Does complete reflection occur? Why’ 

6 What is the standing wave ratio? 

c. Can a voltage maximum or minimuiii occur at the receiving end? Explain. 

d. By means of Eq. (10-2) predict and sketch the shape of the voltage standing 
wave pattern, using a = 1 for illustration. 

c. Sketch the locus of \Ej./Er\ in the complex plane. 

10-5. For a line terminated in a pure resistance aRo, derive expressions for i/max, 
Vmin, l^tnlmax, |.^.n|iiun, arid S by eliminating the cos’* (iy term in Eq. (10-23a) . 

10-6. Verify the elliptical locus of Fig. 10-5 by drawing phasor diagrams of voltage 
at several points over one wavelength of line beginning at y = 0. Assume 

Zr ~ aRo + jOf a > 1 . 

10-7. For the conditions specified in Fig. 10-1 1 sketch progressive phasor diagrams 
and the locus of It. Verify that Z,n is real at lengths corresponding to ymax and ymm. 

10-8. In Fig. 10-18a can the distance d be (2n -f 1) X/4? 

10-9. A lossless stub is shorted on one end and open on the other Its length is 
Xi/4. A tap is made at the mid-point 

a. What is the input impedance at the tap? 

b. If the tap points are used to support a transmission line, wdiat sort of filtering 
action occurs at /i, 2/i, 3/i, and 4/i? 

10-10. The input impedance of a lossless line 140 electrical degrees long is 118 
-h ^’138 ohms. 

a. Find Zr if Ro -= 100 ohms. 

h. What would bo the value of Z,„ at lengths corresponding to and j/mm? 

10-11. (a) Find the relationship between Z,n and Zr for a quarter-wave line by 
means of Eip (10-4a). (h) From this result suggest a means of using the Smith chart 

for converting impedance to admittance, and vice versa 

10-12. An rf transmission line is constructed from No 8 B. & S copper (128.5 mils). 
It IS to have an Ro = 600 ohms and is four wavelengths long at / = 4 X 10** cycles. 
Determine the spacing of the line and the efficiency w'hen properly terminated. Deter- 
mine also its efficiency w'hen it is terminated in a resistance of 73 ohms. 

10-13. Derive the value of Ro for a parallel-wire line whose dimensions give maxi- 
mum Q. Use the data of Table 8-2, assuming the flux linkages within the conductors 
to be negligible. It is not valid to assume s > 5r. 

10-14. The maximum-pow'er-handlmg capability of a lossless line occurs when the 
maximum electric field intensity equals the flashover value. Derive an expression 
for the transferred power of a coaxial line in terms of x =* rz/ri. For what value of 
X is the power maximum? Correlate your results with Fig. 10-23 
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10 - 16 . Derive an expression for the 0 of a low-loss short-oircuited quarter-wave line 
by evaluating the derivative Note that, if al is small, sinh al » al and 

cosh a/ « 1. 

10 - 16 . (a) In Fig. l0-2ib solve for \Eoc/ZlEr\^ in terms of the admittances Yl 
and Yr. (b) If Yr ^ Gr + JBr is the only variable, prove that Yr plots as a circular 
locus in the complex plane. Explain briefly how the synchronous capacitor holds 
\Er\ constant when the load proper is varied, (c) Sketch one such circular locus, 
being sure to locate the circle’s center in the proper quadrant, (d) Derive equations 
for P and Q in terms of Er and the load conductance and susceptanoe, where P and 
Q are the real and reactive components, respectively, of the load volt-amperes. 
Relate P and Q to the axes of parts b and c. Note, This problem is an introduction 
to Prob. 10-17. 

10 - 17 . A three-phase transmission line is 225 miles long and operates at 60 cycles. 
The line-to-line voltage at the receiving end is 275 kv. The line constants per phase 
are 

li — 0.113 ohm/imle L = 2 mh/mile 

C = 0.0136 Mf/mile G = 0 

The maximum customer load for all three phases is 120,000 kw at 0.9 power factor. 
Find the rating in kva of the synchronous capacitor at the load end and the sending- 
end voltage for minimum size of the synchronous capacitor. The minimum size 
corresponds to the case where the leading kva required by the synchronous capacitor 
at full load is equal to the lagging kva required at no load This is found by graphical 
construction corresponding to Prob. 10-16 and experimentation with the radius of 
constant voltage ratio \Eoc/ZlEr\ 
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IMPEDANCE TRANSFORMATION 


In an over-all system for the transmission of communication signals 
it is often desirable, where possible, to adjust elements of the network 
so that the power delivered to the load will be a maximum. As a general 
rule, generators, or signal sources, are fixed-impedance devices; so the 
problem of designing for maximum power output is essentially one of 
choosing a proper load or of transforming a fixed impedance into a proper 
load for the signal source. The following theorems govern the choice 
of a load impedance to absorb maximum power from a known, fixed 
generator. 

11-1. Maximum-power -transfer Theorem. The maximum power’will 
be absorbed by one network from another joined 
to it at two terminals^ when the impedance of the 
receiving network is varied^ if the impedances 
looking into the two networks at the junction are 
conjugates of each other. 

To prove this, it will first be demonstrated 
that the maximum power is absorbed from a 
generator when the external impedance is the 
conjugate of the internal impedance. In Fig. 

11-1 Zr is the load impedance which is to be varied until the power is a 
maximum. Zg is the internal impedance and is fixed. Consider first the 
case where Zg and Zr are pure resistances. Then 

‘ ~ B. + «« 

’’ - <“■*> 

Differentiate Eq. (11-1) and equate to zero in order to find the relation 
for maximum power. 

_ IP 12 (^0 + "" 2RR{Rg + Rr) ^ 

_ - m («. + RnY = ° 

Rg^ + 2RgRR + Rr^ — 2RgRR — 2Rr^ = 0 
Therefore Rr == Rg for max power (11-2) 

403 





Fig. 11-1. Generator, with 
internal impedance, deliver- 
ing power to a load. 
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If Z,j and Zr have reactance, then Eq. (11-1) would become 

p ^ 

{Ro ^RrY + (X 4- XrY 


(11-3) 


It can be seen by inspection that, as far as Xr is concerned, the power in 
Eq. (11-3) is a maximum when 


= -X 


0 


(11-4) 


i.e., if Zq is inductive, Zr should be capacitive, and vice versa. If Eq. 
(11-4) is fulfilled, Eq. (11-3) reduces to Eq. (11-1) and therefore Eq. (11-2) 
will give the (‘ondition for maximum power. Oombining the criteria of 


Network I 


Network n 

containing generators 

7 

absorbing power 

and impedances 


from network I 



Fig. 11-2 lOquiviilcnce of networks supplying power to a load 


Eqsf (11-2) and (11-4) indicates that Zr and Zg should be equal in mag- 
nitude, hut the angle of one should be the negative of the other; i.e., the 
impedances should be conjugates. 

From Thevenin’s theorem any network can he replaced by a generator 
with an interna! impedance eciual to the impedance looking back from 
the receiving terminals In Fig. 11-2 is shown such a system, with net- 
work I replaced by a generator with an internal impedance Zg and net- 
work 11 acting only as an absorber of power. Therefore, for the purposes 
under consideration, having only two terminals it can be replaced by a 
single impedance Zr. The system is then the same as Fig. 11-1 and 
Eqs. (11-2) and (11-4) will hold for it also. 

Corollarij. The maximum 'power that can be absorbed from an active net- 
work equals \Eg\'^/\Rg, where Eg is the open-circuit voltage at the outp\d 
terminals and Rg is the resistive component of the impedance looking back 
from the output terminals. 

By Th6venin’s theorem any supply network can he reduced to the 
equivalent of a simple generator. By the maximum-power-transfer 
theorem, the termination should be the coiijugati' of the internal imped- 
ance. Then 


I = 


^«L_ 

[to -f- lio 


Eo 

2/(’„ 




- I'l’''- - « 


(11-5) 


By means of Norton’s theorem the student may show that the maxi- 
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mum power that can be absorbed from an active network may also be 
expressed as 

(11-50) 

where Ig = short-circuit current at output terminals 

Gg = conductive component of admittance looking hack from out- 
put terminals 

Since Pm«x represents the maximum power available to a matched load 
from an active circuit or generator, the quantity represented by Eqs. 
(11-5) and (ll-5a) is often called the available power of a generator. 

11-2. Theorem. If the magnitude of the load impedance may he varied, 
hut not the angle, then the maximum power will be absorbed from a generator 
when the magnitude of the load impedance is equal to the magnitude of the 
impedance of the supply network. 

It is often possible in a system such as Fig. 11-1 to vary the magnitude 
oi Zr but impossible to change its angle. This can be done, for instance, 
by the use of transformers. To determine the best value for \Zr\, Eq. 
(11-3) should be reduced to polar coordinates. Let B be the angle of Zr. 


P = \I\^Rr = 




Determine the condition for maximum power transfer in the same way 
as before. 


dP 

d\ZR\ 

\E P cos 6 f \ 

I — lZ/j| [2(/2(, + l^jil cos ^) cos 0 -h 2(Xp -|- iZftI sin 0) sin 0]) 

[{Rg + iZkI cos ey + {Xg + iz^l sin ew 
(Rg -h Rnr -h {Xg -b Xr^ = 2[RRRg + Rr^ + XgXR + Xr^] 

Ry + Rr^ + Xg^ + Xr^ = 2(/?«2 -f- Xr^) 

Rg^ + Xg^ = Rr^ + Xr'^ 

The condition is then 

\Zr\ = IZgl (11-7) 

Therefore, if only the magnitude of Zi? can be varied, its value should 
be made equal to the magnitude of Zg, in order to absorb the maximum 
amount of power. This will also apply to the network of Fig. 11-2. 

In power work the matching of impedances to secure the greatest 
power in the receiving device is practically never done, as the over-all 
efficiency under these conditions is only 50 per cent. Furthermore, the 
voltage regulation is also 50 per cent, which would be much too great 
for most power loads. Power generators are usually rated on a full-load 
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current which gives the maximum permissible heating, and this current 
is usually far below what would flow if the load equaled the generator 
impedance. 

In communication networks, on the other hand, where the cost of 
power is small in proportion to the total expense and the currents are 
small, so that temperature rise is usually not a factor, extensive use is 
made of the fact that matching impedances will secure maximum power 
transfer. Regulation is not so important in these networks, for devices 
such as telephone receivers will operate satisfactorily over wide voltage 
variations. 

11 - 3 . Impedance -transforming Principle. The foregoing theorems 

give the optimum values of ter- 
minating impedance for a generator. 
Since typical loads do not necessar- 
ily match the generators from which 
they obtain their power, some method 
of transforming these impedances 
is desirable. Also, other occasions 
arise where the magnitude of the load 
is not at an optimum value, and an impedance-transforming network 
should be used. 

The principle of impedance transformation is illustrated in Fig. 11-3. 
This shows a network connecting a load impedance Zr to two input ter- 
minals 1,2. If this connecting network is made of pure reactances, any 
power delivered to the input terminals 1, 2 must in turn be transferred 
to the load Zr, However, the resistive and reactive components of the 
input, or driving-point, impedance at 1, 2 will, in general, be different 
from the impedance Zr connected to the output terminals 3, 4. Hence, 
the reactance network may be considered to be an impedance-trans- 
forming^^ network changing the impedance Zr into an impedance Z^n• 
By proper design it is possible to transform Zr into any impedance which 
may be desired. 

Where the chief concern is to deliver maximum power to the load Zr, 
the network is designed so that Z»„ ‘‘matches’’ the generator impedance 
in accordance with the foregoing theorems. In this case the network 
may be considered as an impedance-matching network. 

If the network contains resistive components, then the output power 
would be less than the input power and this power loss would usually be 
undesirable. Therefore most transforming networks are made of react- 
ances with the lowest possible resistance consistent with cost consider- 
ations and are designed on the assumption that only pure reactances are 
involved. 




Four terminal 
transforming network 
containing only 
pure reactances 



Fig. 11-3. Illustrating the principle of 
impedance transformation 
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11-4. An Impedance-transforming Theorem. The design of lossless 
transforming networks is assisted by the following theorem first proposed 
in a previous edition of this book: 

If a group of four-terminal networks containing only pure reactances are 
arranged in cascade to connect a generator to a load, then if at any junction 
there is a conjugate match of impedances, there will he a conjugate match 
of impedances at every other junction in the system. The term ** conjugate 
match means that, if in one direction from a junction the impedance 
has the dimensions R + jX, then in the opposite direction the imped- 
ance will have the dimensions R — jX, 



Rr 

Xr 


Fig. 11-4. Diagram for conjugate impedance-match theorem. 


The theorem is illustrated by Fig. 11-4. If the dimensions of the net- 
work elements are such that there is a conjugate match at any one of 
the junctions AA\ BB', CC\ or DD\ there must be a match at all the 
junctions. This follows immediately from the maximum-power-transfer 
theorem. If there is a conjugate match at A A', then the maximum 
possible power is being drawn from the generator with its internal imped- 
ance Rg + jXg, Since the four-terminal networks contain only pure 
reactances, there can be no dissipation and all the power absorbed at 
the input terminals must be transferred to the output. If at any junc- 
tion there should not be a conjugate match, then by adjusting the imped- 
ance beyond the junction an increased absorption of power could be 
obtained. This would require an increase in the power delivered by the 
generator, which is an impossibility. Therefore there must be a conju- 
gate match at all junctions. 

The theorem shows that in a cascade of matching networks it is neces- 
sary to match only at one junction if the networks are nondissipative. 
In actual practice, since there is usually some dissipation it is frequently 
desirable to adjust at more than one point. An example is a radio trans- 
mitter feeding a line which is in turn coupled to an antenna. If the line 
were nondissipative, it would be necessary to adjust the matching con- 
ditions at only one point, but it has been shown in the last chapter that 
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an actual line whose length exceeds X/4 has a minimum dissipation when 
it is terminated in its characteristic impedance. Hence the coupling net- 
work between the antenna and line is usually adjusted to give this termi- 
nation, and the network coupling the transmitter to the line is adjusted 
to present the proper load to the vacuum tubes. A minor mismatch at 
either network can be compensated for by readjusting the other without 
appreciable increase in losses. 

11-5. The L Matching Network. An example of the design of a loss- 
less impedance-transformer, or matching^ network is afforded by the fol- 
lowing problem: A lossless structure is to be designed to transform a 
resistance Rn to a resistance R 12 at a given frequency, the structure to 
contain the smallest possible number of elements. 



2 * 

(a) (6) 


Fig. 11-5. The reactive L impedance-transforming section. The elements are num- 
bered in accordance with a general treatment considered later in the chapter. 

Since two design conditions are specified, viz., the values of Rn and 
Ri 2 i the network must contain at least two adjustable elements. If these 
elements are connected in series or parallel, they are equivalent to a 
single reactance at the given frequency and a third element would be 
required. To avoid this redundancy, the two reactive elements may be 
arranged as an L section as shown in Fig. ll-5a. The behavior of the 
circuit may be observed by first considering the effect of shunting Xz 
across Rn as in Fig. 11-56. The input impedance then will be 

„ _ . RiiXz _ RiiXz^ + jRi i^Xz 

"~^Rn+3Xz~ + 

Hence the resistive component has been transformed from Rn to the 
smaller value RiiXz^/(Rii^ + Xz^). This may be made equal to Rrz by 
proper choice of Xz. Then the reactive component of Z,„ may be can- 
celed out by means of the series element X2. Thus the design equations 
for Xz and X2 are 

Xz = Xt= T VRiiiRti - R12) (11-8) 

The following points should be noted: First, Xz may be either positive 
or negative (inductive or capacitive), but X 2 and Xz must be of opposite 
sign. Second, from Eqs. (11-8), Rn > Rn for X 2 and Xz to be physi- 
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cally realizable and different from zero; thus the shunt reactance is in 
parallel with the larger of the two resistances. Third, the match occurs 
at a single frequency. 

Since the network of Fig. ll-5a has been designed to provide a conju- 
gate match at the terminals 2, 2', by virtue of the impedance-transform- 
ing theorem of the last section, it will also provide a conjugate match 
at terminals 1, 1'. Hence if the network designed by Eqs. (11-8) were 
reversed and the resistance Rn were connected at terminals 2, 2', the 
impedance looking into terminals 1,1' would be equal to Rn. Thus the 
L section may be used to step up or step down the value of resistance. 
The student should observe that, if is chosen to be inductive and Xz 



20-y5 

ohms 


1,946 



20 ->5 
ohms 


(a) (6) (c) 

Fia. 11-6. Design of an L impedance-transforming net^^ork. b results from choosing 
A’a to be positive in Eqs. (11-8), c from choosing Xz to be negative 


capacitive, the network is identical to the antiresonant circuit of Fig. 4-15. 
The student should check Eqs. (4-87) and Eq. (4-88) against Eqs. (11-8). 

While Eqs. (11-8) have been derived for the case where the two imped- 
ances to be matched are pure resistances, this is not necessarily a restric- 
tion on the L network. If either (or both) of the impedances has a 
reactive component, it may be canceled out by an additional reactance 
or susceptance of opposite sign. This additional element may then be 
incorporated as part of the matching network. One procedure which 
may be used is illustrated in the following example : 

A short antenna has an input impedance of 20 — ohms at 
w = 5 X 10® radians/sec. 

Design an L section to match the antenna to a GOO-ohm transmission line. Add 
a ^‘compensating” reactance — +5 ohms in series with the antenna so that 
the L section is terminated in a pure resistance /2i2 = 20 ohms as shown in Fig. 
ll-6o. The input impedance is to be Rn = 600 ohms. Then by Eqs. (11-8) 

.X*, = ± \/20(600 - 20) = ± V20 X 580 = ± 107.8 ohms 

^ni-Sohms 

Because of the choice of signs, two solutions are possible. Consider the case 
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where X2 is inductive, or positive. Combining X2 and the compensating reac- 
tance into a single value, say, Xj. 

X 2 = Xj + Xi = 107.8 + 5 = 112. 8 ohms 

. X'i 112.8 

or L 2 = “ = ^ ^ IQfi = 22.56 juhenry 

and ~ 5 X lOHlTllS X 10“) “ 


The resulting network is shown at b in Fig. 11-6 

Alternatively if ^2 is chosen to be capacitive, or negative, the combined value 
of X 2 and the compensating reactance will be 


or 

and 


Xi = Xi + x'i = -107.8 + 5 = -102.8 ohms 


r" = - -!- = 

U 2 -xrt 


1 


a)Xi 5 X 10«(1 028 X 10=) 


L zzl 


115.8 


CO 5 X 10 


g = 23.16 fih 


1,946 iifjLi 


The resulting network is shown in Fig. 1 l-6c. 

11 - 6 . Graphical Design of L Network. In the interests of work that 
follows in the next chapter it is desirable to derive the design equations 



Fig. 11-7. Impedance and admittance loci of a reactive L impc'dance-transforming 
section. 


of the last section by considering the impedance and admittance loci 
of the L matching network. As a specific application of this general 
method, say, R12 is to be transformed into a larger resistance Rn by the 
L section of Fig. ll- 7 a. The required values of X2 and Xz are to be 
determined. 

The locus of Rn + jX2 as X2 is increased is indicated by the dashed 
line at b. The corresponding locus of l/{Ri2 + jX2) is shown by the 
dashed semicircle at c. The problem is to find the value of AT 2 such that 
1/{Ri2 + jX2) = Yi lies directly below Gn == l/Rn in the Y plane. 
Then if a susceptance Bz of value is shunted across Rn +jX2 = -Zi, 

the input admittance will have the desired value Gn. 
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From Fig. ll-7b 


X 2 = \Zi\ sin d = \Zi\ \/l — cos* e 

= izii = viW^Ri^y 

From Fig. ll-7c 


Bi = -iFil sin e = -|y,| \/l - cos» 6 

= -|K,| = - V\Vi\^ - (Gny 


(11-9) 


( 11 - 10 ) 


Since 6 has the same magnitude in both figures, 

“ IZ,I - IF, I 

or Rt,Rt 2 = IZ 4 ^ = (11-11) 

Noting that Bs should have a value of +|^i|, one has from Eqs. (11-9) 
to (11-11) 


X2 = + BniRii — B12) 


B, 


= +4 


Ri\ Ri2 

{RnVRn 


These results are, of course, identical to Eqs. (11-8). 

11-7. Frequency Response of L Section. Since the reactances of 
inductors and capacitors vary with frequency, it is apparent that Eqs. 
(1 1-8) can be satisfied, and hence maxi- 
mum power will be delivered to the 
load, at one and only one fre<{uency, 
if X 2 and X 3 each consists of a single 
reactive element. The transmission of 
intelligence, however, requires a finite 
band of frequencies; therefore it is im- 
portant to consider the response of the 
matching network at frequencies on either side of the design value, fa- 
To this end the circuit of Fig. 11-8 will be investigated. The load is 
assumed to be a pure resistance Rj 2 independent of frequency and the 
generator impedance a pure resistance Rn- 

Solution of the circuit mesh equations shows that the load current is 
given by 

/ = — (11-12) 

(Rn +jX3)[Ri2 +j{X 2 + X 3 )] + 

Inasmuch as the variation of |/| with frequency is required, the exact 
form (inductive or capacitive) of X 2 and X 3 must be known. Since Eqs. 
(11-8) specify two forms of the network, both will be considered. 



Fio. 11-8. Circuit for investigating 
the frequency response of the reac- 
tive L matching section. 
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Where X 2 is inductive and X 3 capacitive, Eqs. (11-8) may be rewritten 
as a function of frequency in the form 


X 2 = - VRMRii - Rj 2 ) (11-13) 

where ojd is 27r times the design frequency. Substitution of these expres- 
sions into Eq. (11-12) and considerable algebraic manipulation yield the 



0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 

'A 


Fig. 11-9. Norm;ili7od frequoncy-rcsponse curves for the L matching section with X 2 
inductive (see P"ig 11-8) f/fd is inverted if X 2 is capacitive 


following results for the normalized load-current magnitude: 


X2 inductive 1 l(L = 2 -y /w (11-1 S') 

X, capacitive J I /d| VCn - l)M(///i)' "-^21///^)*] -TCn 4-T)2 ^ ' '' 

where n = Rn/Rn = impedance-transformation ratio 
Id = load current at design frequency 


and 


E 

2 VRnR72 27^/1 


(ll-15a) 


Equation (11-15) is plotted in Fig. 11-9 for different values of the imped- 
ance-transformation ratio n. It may be observed that, as n increases, 
the curves become more selective; therefore, if a broad bandwidth is of 
major consideration, the transformation ratio should be small. This 
leads to the idea of cascading two or more L sections to achieve a required 
ratio over a large band and is considered later in Chap. 13. 
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Equation (ll-15a) indicates that, for a fixed generator, |/rf| increases 
for smaller values of Rn* This result may be verified from physical con- 
siderations. For a properly designed L section, a given generator always 
works into a resistive load of Rn and so delivers constant power of 
E^f^Rii watts. Since the L section is lossless, constant power is delivered 
to Ri 2 j whatever its value. Then, as R 12 is decreased, the load-current 
magnitude must increase by the factor \I\/Ri\ 2 - 

Similar methods applied to the L section where X 2 capacitive and ^3 
inductive show the normalized response to be 

Xt capacitive 1 J7| ^ 2 Vn ^ 

X, capacitive ( f/dl \/(n - lyKfd/fY - 2(7i//rr+ (« + 1)’' ^ ' 

where again \Ii\ = E/2 \/RnRit. It hiiould be observed that Eqs. 
(11-15) and (11-lG) are identical except for an inversion of the normal- 
ized frequency variable. 

11-8. General Requirements of Impedance -matching Networks. 

While the L section is a minimum-element structure, it is not the only 
reactive network which may be designed to provide an impedance match 
at a specified frequency, T or n sections and tuned transformers being 
other commonly used networks. Since any four-terminal network may 
be replaced by an equivalent T section at the design frequency, it is con- 
venient to consider the general requirements of impedance-matching net- 
works in terms of the equivalent T section. 

If any asymmetrical T network is terminated in an impedance, the 
input impedance measured at the input terminals will, in general, be dif- 
ferent from the terminating impedance. This property makes the T sec- 
tion suitable as an impedance-transforming device. As explained in 
Chap. 3, with the asymmetrical T section (see Fig. 3-24), a pair of image 
impedances Zn and Zj 2 may be found such that, if end 1 i.s terminated in 
Zn, the input impedance at end 2 is Z/ 2 ; and if end 2 is terminated in 
Z 72 , the input impedance at end 1 is Zn, It w^as further shown that the 
image impedances are related to the components of the T section by 

Zn = (3-100) 

Zn = (Z 1 Z 2 + Z,Z, + ZiZ») (3-101) 

In Chap. 7, Wave Filters, it was shown that a symmetrical network of 
pure reactances may have a characteristic impedance which is pure 
resistance. Similarly an asymmetrical network may also have image 
impedances which are pure resistances. If such a network is connected 
between a generator whose internal impedance is Zn and a load whose 
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impedance is Z 72 , as in Fig. 11-10, the impedances will match at both 
junctions, the maximum power will be absorbed from the generator, and 
since it has been assumed that the arms of the connecting network are 
pure reactances, no power will be dissipated in the transfer and so this 
maximum power will be delivered to the load. 

Regardless of the generator impedance, any output load can be modi- 
fied by the network so that the input impedance at the terminals 1 , 1 ' 
will be anything desired, for if the network is terminated in Z 72 , the input 
impedance will be Zn. 


1 jXi Z2-‘jX2 2 



r 2' 

Fig. 11-10. General form of the T impedance-matching network. 

If the terminating impedances are not pure resistances, they can be 
made so at any single frequency by additional reactances in scries with 
them. This has been illustrated in connection with the L section. 

11-9. General Requirements for a Matching T Network of Pure 
Reactances. Consider a T section of pure reactances similar to Fig. 
11-10, to match two pure resistances Rn and Rj^. Then 

Z, = jXi 
Z 2 = 

Z, =jX, (11-17) 

Zii = Rji 

Z 12 = Ri 2 

Xif X 2 , and Xz may have either positive or negative values. Then by 
Eq. (3-100) 

Rn^ = + XiX, + XrXi) 

J\X2 + Xz) 

Rn^ = - y* t (AiA-, + X^Xi + A-.Xj) (II-I80) 

A 2 T" A 3 

Similarly from Eq. (3-101) 

Rn^ = - t y - (XiXi + X^, + X^Xz) (11-186) 

In order to make Rn and Rn pure resistances, the right-hand sides of 
Eqs. (ll-18a) and (11-186) should be positive numbers, and therefore one 
of the reactance arms must be opposite in sign to the other two arms. 
Multiply Eqs. (ll-18a) and (11-186), and extract the square root. 

RnRn = -(Z 1 Z 2 + X 2 XZ + XiXz) (11-19) 
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Divide Eq. (ll-18a) by Eq. (11-186), and extract the square root. 


Ri\ _ Xi + Xa 

Rii X 2 + Xa 

( 11 - 20 ) 

It is frequently desirable, especially in the case of transformers, to con- 
sider Xi + Xa as one term and X 2 + Xa as another. The reactance X 3 
is called the “mutual reactance,” because it is common to both the input 
and output circuits. Let 

Xi + Xa = Xp = primary reactance 

X 2 -h Xa = Xa = secondary reactance 

Xa = Xni = mutual reactance 


Then Eq. (11-19) becomes 


1 

11 

(ll-19o) 

while Eq. (11-20) can be written 


Rii Xp 

Ri2 Xa 

(II- 2 O 0 ) 


In designing a network if only Rn and R 12 are specified, one of the three 
arms may be arbitrarily selected and the other arms then determined 
from Eqs. (11-19) and (11-20). A set of equations will therefore be 
obtained for each arm in terms of the others. 

Substitute A, from Eq. (ll-20a) in Eq. (ll-19a). 

RnRn = XJ - f Xp* 

till 

Xp = ± (X„’' - Ri,Ri,) (11-21) 

Substitute Xp from Eq. (ll-20a) in Eq. (ll-19a). 

X. = ± (XJ - RnRn) (11-22) 

From Eq. (ll-19o) 

XJ = XpX. -I- RnRn (11-23) 

X„ = + + RnRn (ll-23a) 

X„ = ± + RnRn (11-236) 

If Rji/Rn is different from unity, then either Xp or X, will be less 

than Xm- Now 


and 


Xi = Z, - X, = Zp - X, 

X, = -y. - X, - X. - X„ 
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Therefore, one of the arms Xi or X2 of the T section must be the 
opposite type of reactance to Xm- 

11-10. Network Design with One Assumed Element. In the last 
section design equations were derived for the elements of a reactive asym- 
metrical T section to match two image resistances. Since only two design 
conditions are specified, namely, Rn and 72/2, but three elements appear 
in the network; one element is redundant, and it may be chosen 
arbitrarily, subject to one condition. Equations (11-21) and (11-22) show 
that Xm^ must equal or exceed RuRn in order that Xp and X, remain 
real and hence physically realizable. Subject to this restriction, the 
ability to choose one parameter often affords the designer an opportunity 
of using a component on hand for one of the matching network elements. 

The student should observe that Xm^ = R 11 R 12 represents a critical 
case, for if Xn^ is less than this value, a conjugate impedance match 
cannot be realized. Furthermore, for this critical case Xp = X, = 0, 
and Xi = Z2 for the equivalent T. This represents a paradox of sorts, 
for a symmetrical T section may then match two different resistances, and 
the design equations reduce to 

X, = Xj = -Z 3 = ± (11-24) 

i.e., the three reactances have equal magnitudes, which are in turn equal 
to the geometric mean of the two resistances to be matched. 

Design a reactive T section to match a load of 250 + ^200 ohms to a 1 ,000-ohm 
generator at w = 2 X 10® radians/sec. Use the critical coupling condition. 

To simplify the design procedure, place a reactance of —200 ohms in series 
with the load impedance so that the effective load is R 12 = 250 ohms. 

Rn = 1,000 ohms. 

Then by Eq. (11-24) 

|X,| = |:P,| = |X,| = -I- VR^i = V250 X 10’ = 500 ohms 

A single variable capacitor is on hand which will be used as the shunt element, Xi» 
Then 

Xi=^ - -p- = -500 C, = (2 X 10')(5 X 10*) “ 

Xi = Xi = 500 ohms 
. - 500 ^ 

Li = Li = 2 x ' i ' o « “ **** 

The resulting network is shown in Fig. 11-1 la. Simplification results if X 2 and 
the compensating reactance of —200 ohms are combined into a single element. 

Xj = Xi-200 = 500 - 200 = 300 ohms 
t' — 200 _ , 

2 X 10* “ 

The simplified network is shown at b in the figure. 
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Equations (11-21) and (11-22) may also be used to design a tuned- 
transformer-matching network. An illustrative example follows: 

Design a matching network, utilizing a pair of 1 mh coils, to replace the T 
network of the last example The coupling coefficient between the coils may be 
varied from 0.1 to 0.6 by rotating one coil with respect to the other. The general 
configuration of the network is shown m Fig ll-llc Note that the capacitors 
Cp and C» are provided so that Xp and X» may be adjusted even though Lp and L, 
are fixed 



(a) (6) 



(0 

Fig 11-11 Circuits for the illustrative problem X^ of a has been replaced by a 
single element at 6 c show s the equivalent tuned-transformer network 


For critical coupling Xn — y/Ri\Rn* By definition the coupling coefficient is 

^^LpLdt ^/IjpLdf u) “s/ltpLit 


Since the coils have equal inductances of 1 mh, 

, _ VRnRii _ V250 X 10^ _ 500 

* - coL. ~ wLp " (2 X 10') X 10 2 X 10’ 

This value lies within the specified range of adjustment and hence is satisfactory. 
B> Eqs. (11-21) and (11-22), Xp = A. = 0 


.Yp.a,Lp-^ = 0 


~ u’Lp “ (4 X 10") X 10-’ “ 


X, is the total reactance of the secondary circuit; thus 
X. - «L. - ^ + 200 = 0 

C . Cl I 

«(wL. + 200) 2 X 10*t(2 X 10') X lO"* + 200] 

“ 2 X 2.2 X 10* “ 
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11-11. Frequency Response of T Section. The response of the T 
matching section of Fig. 11-10 may be determined by solving for /2 as a 
function of frequency. If and X 2 are chosen to be inductive and Xz 
to be capacitive, considerable algebraic manipulation yields the result 




. E 




-f 1) 4- \/a — 1 {n -h 1) 




^ 

+ > I VT^ih- (» + 1)J^ - (» + 1)"1 (11-: 


where n = Rn/Riz — impedance-transformation ratio 

a = XJ/RnRn 

Equation (11-25) is plotted in Fig. 11-12 for several transformation 



Series L \ Series C 1 , / , 

Shunt C J ' Shunt L J 

Fig. 11-12. Normalized frequency-response curves of the T matching section. 

ratios with critical coupling. It will be observed that the curve becomes 
more selective as the transformation ratio increases. The effect of 
increasing the coupling above the critical value is illustrated by the 
dotted curve in Fig. 11-12, which is plotted for coupling equal to the 
times the critical value (a = 2) and n = 5. The curve shows that 
the selectivity of the circuit increases as the coupling increases. The 
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student may show that for this latter case a second maximum of current 
magnitude occurs at zero frequency. [The student should compare these 
curves with those for the tuned-transformer circuit (Fig. 11-24), where 
the two current maxima occur in the same general frequency range.] 

11-12. General Relations in Asymmetrical Network. The redundancy 
of elements in a T section designed on an image-impedance basis alone, 
as in the previous sections, may be removed by specifying, in addition, 
the network loss and phase shift. This may be done by means of the 
image-transfer constant’^ 0 of the network. If 0, Z/i, and Z/2 of the 
asymmetrical T network are all specified, the components of the network 
are uniquely determined. 

In a symmetrical section y has been defined by the relation that, when 
the section is terminated by Zo, 

^ ~ E2~ l2~ 

In an asymmetrical section, terminated in its image impedance, the 
ratio of EijEi is in general different from /1//2, and in the case of match- 
ing networks of pure reactance the magnitudes of the two ratios will be 
reciprocals of each other. The definition adopted for 0 therefore corre- 
sponds to the last relation for 7, namely: when the network is terminated 
in its image impedances, 

e* - (11-26) 

11-13. Equivalent T Section of Complex Network. It is desirable to 
obtain a function of 0 in terms of the other constants of the network 
and, conversely, to find a relation for the values of Zi, Z2, and Z3 in 
terms of Zji, Z72, and 0, so that a network can be designed to operate 
between any two impedances and to give any desired loss and/or phase 
angle. 0 will in general be a complex number. When terminated in the 
image impedances, the voltage ratio in the network will be 


In Fig. 11-10 


E 2 


hZj, 

/2Z/2 

L 

I2 yjzn 


h = Z 2 + Zz + Z 12 _ Zo2 + Z/2 

I 2 Zz Z3 


(ll-26a) 

(11-27) 


where Zoi and Z02 are, respectively, the open-circuit impedances meas- 
ured at ends 1 and 2. From Eqs. (3-100) and (3-101) 


Zii _ Zi -h Z3 ^ Z^ 

Z/2 Z2 4 - Z3 Zo2 


(11-28) 
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Substitute Eqs. (11-27) and (11-28) in Eq. (ll-26o). 


I 

z,yj 


^ Zji ^ IZn 
Zi2 Zz \Zr2 


= J- 1^11 

Zs ylZo2 z,yjzr2 

0 _ \/ZolZo 2 + '\/ZnZT 2 

pO _L p-Q 

cosh 0 = 2 

= \/^ol^ o 2 + \/ZliZl 2 j Zi 

2^3 ^ 2( V^o 7^2 + v/zT^) 

_ ZoiZo 2 + 2 y/ ZoiZo^ ZiiZii -|- Z/iZ /2 + Z j' 

2Zz{\/ ZoiZo2 + y/ZiiZi^ 

From Eqs. (3-100) and (3-101) 

Z 7 iZr 2 = Z1Z2 + Z2Z3 + Z1Z3 
Z/iZj2 + Za^ = (Zi -j- Z3)(Z2 + Z3) — Z01Z02 
cosh 0 = X^oiZoiZjiZn 

Z3(VZ.iZ 7 + VZziZr^) _ 

__ \/ Z o lZo2(\ ^ ZoiZo2 + V^ZjlZf2) 
Zi(\/ZoiZo2 + \^ZiiZn) 


cosh 0 


Similarly 


^ol^o 2 T V 


sinhe = 

^ Z3 


y/^ixZi 

einh 6 


From Eqs. (11-29) and (11-30) 


tanh 9 


\ZllZl2 
\ Z.iZ.- 


(11-30) 

(ll-30o) 


(11-31) 


Multiply both sides by Z„i, and make use of Eq. (11-28). 


Z.i tanh e = VZiiZn = Zn (11-3 


Zi + Zz 


Zii 

tanh 0 
Zn 


^Zl\Zl2 


tanh 0 sinh 0 


(ll-32a) 



Similarly 
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Zo 2 tanh 0 = Zj 2 

rr _ -^72 

■“ tanh 0 


\/ZjiZ/2 

sinh 0 


(11-33) 

(ll-33a) 


If a network is to be designed for a given 0 and image impedances, 
Eqs. (ll-30a), (ll-32a), and (11 -33a) will be used to determine the shunt 
and series arms of a T section. 

Equation (11-32) can also be written 


tanh 0 = 1^-*= 

^o\ ^o\ 


= \hl 
yjz.i 

and, similarly, Eq. (11-33) can be written 

^o2 ^o2 \ ^o2 


(11-326) 


(11-336) 


From the symmetry of Eqs. (11-326) and (11-336) it is apparent that 
the constant 0 would be the same if the direction of transmission were 
reversed. 

In the general case Zn, Z 72 , Zi, Z 2 , and Z 3 will all be complex, and the 
image-transfer constant will be complex; thus 


0 = A+jB 


(11-34) 


where A is a loss function analogous to a and B is the phase shift analo- 
gous to iS. In Chap, 13 the case will be considered where the five imped- 
ances and 0 are real. 

11-14. Network Design for Specified Phase Shift. Of particular 
interest in the present chapter is the case where the T network is a loss- 
less structure and the two image impedances are real. Thus, making the 
substitutions of Eqs. (11-17) into Eq. (11-326), 


0 

j{Xr -h X,: 


Since the right-hand member of the equation is imaginary, tanh 0 is 
also imaginary, or 0 = 0 -|- jB. Furthermore, on substitution of Eqs. 
(11-17), Eqs. (ll-30o), (ll-32a), and (ll-33a) become 


X, = 
Xr = 
Xt = 


y/ RiiRi2 
sin B 

(11-35) 

Rii 1 y/ RiiRi2 

tan B sin B 

(11-36) 

Ri% j \/ Ri\Ri2 
tan B sin B 

(11-37) 
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By means of these equations the lossless T section may be designed for 
a given pair of image impedances and a specified phase shift. 

Design a lossless T section to transform a load resistance of 200 ohms into 
800 + jO ohms at <j = 5 X 10® radians/sec. The load current is to lead the 
input current by 12°. Let 

Rii = 800 ohms Rn = 200 ohms 


Since the output current is to lead the input current by 12°, B = —12°. 
from Eq. (11-35) 


A'a 

La 


Vsoo X 200 

sin ( — 12°) 


= -1-1,924 ohms 


w 5 X 10® 


10-3 = 384 Mh 


Then 


From Eq. (11-36) 

X, = - (^ 12 °) “ ^-^24 = +3,760 - 1,924 = 1,836 ohms 

Li = ^ ” 367 /ih 


From Eq. (11-37) 


Xi = , — - 1.924 = +941 - 1,924 = -983 ohms 
tan ( — 12 ) 


0 ,=--^ = 


1 


A 2 W (0.983 X 103)(0T5 X 10’) 
The complete network is shown in Fig. 11-13. 


— — = 2.04 X 10-* 


204 nnf 


800 

ohms 


367 /Lih 


204 MMh 



200 

ohms 


Fig. 11-13. A T network that traii'^- 
forms 200 ohms to 800 ohms with a 
phase shift of 12°, the output current 
leading the input current 





o — i — I 0 

I'^iG 11-14 Ileactive 
II impedance trans- 
forming network. 


11-16. II Matching Networks. The equations of the previous sections 
may be readily adapted to the design of reactive IT matching sections by 
use of the duality principle (see Chap. 3). As a matter of convenience 
in Fig. 11-14 let Bp = Ba Bt and Bg = Be + Bb. Then the equations 
are applicable to the IT network by substituting Bp for Zp, B, for A”., Be 
for A 2 , Bb for A 3 , Ba for Ai, Gn for Rny and Gn for /?/ 2 . The condition 
for an impedance match becomes Bb^ > GnGn* 
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11-16. Summary of T and n Networks. It has been shown pre- 
viously that in T and n matching networks at least two of the reactive ele- 
ments must be of opposite sign. For this reason there are only four basic 
types of such networks possible. These types will now be summarized in 
terms of three design parameters a, 6, and c as an aid for the work of 
the next section. It will be assumed throughout that n = R 11 /R 12 > 1. 
This is valid because the networks can transform in either direction and 
Rji may be chosen as the larger of the image impedances. 

Consider first the T sections. From Eqs. (11-35) to (11-37) 


X3 

h 


Xi 


c 

X 2 

a 


= Rnh 


\/RiiRi2 _ D —1 

— = 

^ -\/n sin B 

-1 

y/n sin B 

o cos B . y/RiiRi 2 r> 1 cos B „ 

— fill — — -j ^ ^ — = ihii 7= = rCiiC 

Sin B sin B y/n sin B 

1 — \/n cos B 
\/n sin B 


ry cos B y/RiiRn r, y/n -- cos B 

■ tii2 . — H ^ — r: — = nil 


sin B sin B 


n sin B 


= Rjict 


(11-38) 

(ll-38a) 

(11-39) 

(ll-39a) 

(11-40) 


y/n — cos B 
n sin B 


(II-4O0) 


Now if the networks introduce a phase lag^ B is positive as is sin B; 
hence b is negative, and since \/n > 1, a is positive. On the other hand, 
c may be positive, negative, or zero depending upon the magnitude of B. 
IfO < B < arccos (l/\/n),c < 0;ifarccos (l/\/n) < B < 180®, c > 0; 
and if B = arccos (l/\/n), c = 0 and the T section degenerates into the 
L configuration. These conditions define the types 1 and 2 networks of 
Fig. 11-15. 

On the other hand, if the networks introduce a phase lead, B is nega- 
tive as is sin B; hence b is positive, and a is negative. If 0 < |B| < arccos 
(l/v^), c > 0; if arccos (l/Vn) < 1B| < 180®, c < 0. The L section 
results if |B| = arccos {I /y/n). These conditions define the types 3 and 
4 networks of Fig. 11-15. 

The corresponding II sections may be handled in an analogous manner 
so that the network elements may be expressed in terms of the same three 
parameters a, 6, and c. Thus, letting n = Rn/Rn = Gn/Gn and manip- 
ulating the duals of Eqs. (11-35) to (11-37), 


ft = - 


y/GtiGn 


sin B 




^ Gji 1 

G/2 sin B 




-1 


y/n sin B 


Qnh 


(11-386) 
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Fia. 11-15 Summary of T and n impedance-transforming networks. In each case 
R 11 /R 12 — Gn/Gii >1. B IS the phase shift 


P „ cos B , VOnGit „ y/n — cos B 

STB + SnSr- = nsinB 


= Gi2P> (ll-39h) 


^ cos B , \/GiiGi 2 
sin B sin B 


1 ~ \/n cos B 
Vn sin B 


= G 12 C (ll-39c) 


Since the n elements are expressed in terms of the same parameters as 
the T elements, the same rules of sign apply here as for the T, yielding 
the four n networks of Fig. 11-15. 
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These results may now be used to investigate the effects of losses in the 
impedance-transforming networks. 

11-17. Dissipation in T and 11 Networks.^ In the previous sections 
the T and n impedance-transforming sections have been designed on a 
no-loss basis. As a practical matter, however, the resistance of induc- 
tors may not be entirely negligible, and the efficiency of the transform- 
ing network will be something less than 100 per cent. The computation 
of high-efficiency reactance-network losses may be handled by the .fol- 
lowing approximation (refer to Sec. 10-15) : The circuit is initially designed 
and the currents calculated on a no-loss basis. The Q of the required 




Fin 11-16 Defining the branch currents of (a) T and (6) n networks for studying the 
effe( ts of dissipation 


inductors may then be used to calculate the loss and efficiency, the induc- 
tor losses being taken into account. 

A more general treatment of the losses in T and 11 networks is advan- 
tageous, however, for, subject to three simplifying approximations, it 
shows that the network loss is independent of the number of inductors used 
and depends only upon the inductor Q, the impedance-transformation 
ratio, and the phase-shift angle B. These results in turn may be used 
as a guide in designing minimum-loss reactive T and 11 transforming 
networks. 

In the derivations that follow it will be assumed that all inductor Q^s 
in a given network are identical ; that the losses in the capacitors are neg- 
ligible; and that the branch currents are not affected by the presence of 
the small resistive components, i.e., the currents will be computed on the 
basis of no loss. This latter assumption is warranted when the network 
efficiency is 90 per cent or greater. The currents and voltages in the 
following paragraphs are identified in Fig. 11-16. 

Consider, first, the type 1 T and 11 networks. For the T configuration 

Plo.t = (P,o.t)l + (Plo.t)2 = \IlVRl + \h\^R2 

L. Eventt, Coupling Networks, Communications (AT.F.), vol. 18, p. 12, Septem- 
ber, 1938, p. 12, October, 1938. See also F. E. Terman, “Radio Engineers’ Hand- 
book/’ p. 210, McGraw-Hill Book Company, Inc., New York, 1943. 
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where Ri and Rt are the resistances of the inductors L\ and Lt, respec- 
tively; thus, utilizing the results of the last section, 

P -\IA- R - l^»l - 

~ Q ~ Q Q ~ Q 


Then 


_ |E,|» flnici , Rn\a\ 
'”•* Rn^ Q Rii^ Q 


But since currents are computed on a lossless basis, 

1^*1* _ p 
-p — — rin 

Ki2 


Rii 


therefore 


^io.t = ^ {\c\ + n\a\) 


Let 6 be a loss factor defined by 

8 Q 


(11-41) 


(11-42) 


and let the loss factor for the type 1 T network be designated 6i. Then 
from Eq. (11-41) 

5i = \c\ + n\a\ (11-43) 

It will now be demonstrated that the type 1 IT network has the same 
loss factor. For this network 


where 

and 

Substituting, 


F 


lost 


By Eq. (11-42) 


P.,-t = (Pu,0» = 

/? = i_ = 1 

Q\B,\ (iGn\b\ 
h = Jl ic = Ei(Gii jBc) 
- E.J3n{l -|-i|cl) 


\E,\H}nKl + |c|*) _ P.n/1 + IclA 
QGn\b\ Q\ |61 J 

. 1 + lc|» 

*-”i 5 r 


(11-44) 


This quantity may be shown to be identical to 6i by substituting for |c| 
and \h\ from Eqs. (ll-38a) and (ll-40a). Since for the type 1 networks 
\c\ is positive, |c| = c; thus 

. /- , 1 — 2 \/n cos B + n cos* B\ /- . 

5 = 11+ ) Vn sin B 

\ n sin* B / 

- ^ + 1 — 2 y/n cos B 

\/n sin B 
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Regrouping the numerator, 


. n — \/n cos B , 1 — -v/n cos B 

5 = 7 =— — i: 1 ■p=^, = na + c 


y/n sin B 


\/n sin B 


Now in the type 1 networks a and c are both positive; hence d may be 
written 


5 = n\a\ + \c\ = 6i (11-45) 

It has, therefore, been proved that the type 1 T and II networks have the 
same loss factor 5i given by Eqs. (11-43) and (11-45). The student may 
show in a similar manner that 5i is also the loss function for the type 3 T 
and n networks, thereby showing that the four networks for which 
arccos y/Rn/Rn < |B| < 180°, B being either positive or negative, 
have the same loss factor 6i. 

B}'^ similar methods it may be shown that the four type 2 and type 4 
networks have the same loss function 52- For example, in the type 4 T 
structure 



P l.wf — (I^lo^t)l “F iPlo»t)z 

(11-40) 

But 

II 

? 

II 

II 

C) - 


Then 

(P ) —1/ \2p — -Finlcj 

(11-47) 

Also, 

j A', E^-jXJ, El - j{EiX\/Rn) 

’ jX, jX, jXi 



_ El 1 -j|c| 
jRii ' ■ \b\ 


and 

II 

II 


Then 

(P X _\Eir-(l + \c\-^Rn\bl 

~ /e,," \ |6r 7 Q 



_ P.n A + ICI^N 

~ Q\ |6| J 

(11-48) 


The factor in parentheses may be simplified further, but care must be 
exercised to preserve the magnitude of c. In the type 4 network 
y/n cos B > 1 and y/n — cos B < 0, and sin B < 0; thus 
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(a) 

Fig. 11-17 Loss functions for T, 11, and L impedance-matching networks (a) Si 
for the types 1 and 3 networks of Fig 1 1-15. (h) 6? for the types 2 and 4 networks. 

1 + |c|2 A L ^ B — 2 cos B + A /- I . -ni 
Then -^ = (^1+ jV^lsmBI 

_ n — 2 \/n cos B -f- 1 
\^n [sin B| 

_ \/n — cos B \/n cos B — 1 

B| \/ri [sin Bj 

= n\a\ - \c\ 

and Eq. (11-48) becomes 

(Pi,„.). = ^(n|a|-|c|) (11-49) 

Substituting Eqs. (11-47) and (11-49) into Eq. (11-46), 

Piort = ^ nlo| 


(11-50) 
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1 2 3 4 S 6 7 8 9 10 20 30 40 SO 60 708090100 


( 6 ) 

Fig 11-17. {Continued) 


The coefficient of P»n/Q may be recognized as the loss factor defined by 
Eq. (11-42). Let 62 designate the loss factor for the type 4 networks; 
then 


^2 = ^tal 


(11-51) 


The type 4 n network may also be shown to have the loss function 52 * 
In this case 


But 

or 


Ploet — (Plo«t)a — |/o|*Pa 


la — EijBa = jEiGiia 

Plort = 


Ra = 


_ \E,\^Gi^ _ IPil^n Gi^ 


Q\Ba\ QGr^a\ 


0(r/2|a| 


Q Gi\ 



62 = n\a\ 


or 
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The student may show that the type 2 networks are also characterized 
by the loss function 62 of Eq. (11-51). 

The results of the foregoing work may be stated as follows: The 
efficiency of the transforming network is implicitly determined by the 
impedance-transformation ratio n and by the magnitude of the phase- 
shift angle, and not by the choice between T and n networks and the 
sign of the phase shift angle. In all cases 61 applies to those networks 
where the phase shift is large (|B| > arccos l/\/n) and 52 to networks 
with smaller phase shifts (|B| < arccos l/\/n). 

The loss functions 5i and 62 are plotted in Fig. 11-17. Inspection of 
these curves shows that the loss increases with increasing transformation 
ratio and that minimum loss occurs for the L section. 

11-18. Reduction of Loss with Cascaded Sections. It is frequently 
argued that minimizing the number of inductors in a reactive matching 


P.n 



B 

. 


A 









Fig. 11-18. Circuit lor calcuhiting the efficiency of two cascaded impedance-matching 
networks. 


section results in the maximum pos.sible efficiency for the section. The 
results of the last section may he used to show that this is not necessarily 
true if the network must provide a large specified phase shift as well as a 
specified impedance-transformation ratio. The loss may sometimes be 
reduced by cascading two networks. 

As an example, consider a network which is to have a transformation 
ratio n = .‘16 and a phase shift magnitude |B| = 160°. As.surne inductor 
Q*s of 100. Then, from Fig. ll-17tt, 5i = 23, and, by Eq. (11-42), the 
efficiency will be 


7; = 1 — 



h 

Q 


= 1 - 0.23 = 77% 


An equivalent network could be designed comprising two sections in 
cascade, each having n = 6 and |B| = 80®. Then, from Fig. ll-17a, 
5i = 2.5 for each section: referring to Fig. 1 1-18, 
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But (P„,„)a = (P.»)b: thus 


n 



= (■-!?)(■-?) 

5a + 5j5 . SaSb 

Q Q^~ 


Substituting numerical values for the example 

T/ = 1 - 0.05 + 0.000625 = 95% 


(11-52) 


Hence the two sections in cascade give an increase of 18 per cent over 
the efficiency of the single stage, provided, of course, that Q = 100 for 
all the inductors. 

11-19. Frequency Rejection in Matching Networks. Since all the 
networks of Fig. 11-15 arc designed at a single frequencj^, it will be found 




r- 

— 0 

1 


? 

^3 



(a) 



Fig 11-19. Modification of a T matching network to suppress a particular frequency, 
(a) X-\ IS made series resonant at the frequency to be rejected. (6) Reactance curve 
for A'l. /,/ is the design frequency, Jo the fiequenc3’^ to be rejected. 


that at frequencies different from the design frequency, they will not pro- 
vide an impedance match. This filtering action may be useful in many 
rf applications. It may be made even more effective by utilizing the 
properties of resonance in the design of one or more of the arms. For 
example, if any of the shunt branches is modified to be series resonant 
at some particular frequency, say, then that branch acts as a short 
circuit at/o and energy at that frequency does not appear across the load. 
Similar action may be obtained by making ai^y of the series branches 
antiresonant at, say, 

More specifically, let the network of a T section be modified to reject 
which is higher than the design frequency Zd. This may be accomplished 
by changing to & series combination of Lz and Cz as shown in Fig. 
ll-19a. The reactance curve of Xz is sketched as a function of frequency 
at h. The branch elements may then be calculated by application of 
Foster’s reactance theorem, or since only two unknowns are involved, 
they may be evaluated by setting up two simultaneous equations. At 
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the design frequency Ja Xz must have the value determined from 

Eqs. (11-20) to (11-22) or Ecjs. (ll-3r>) to (11-37), that is 

— -77 = {X^d 

J 

and at Wo the b arich must be series resonant,or 

W0L3 — = 0 

0)oC 3 

These equations may then be solved simultaneously for L3 and C3. 

As an example, the T network of Fig. 11-116 is to be modified to reject the 
second harmonic in the X 3 branch. From a previous problem, on page 416, 

Wtf = 2 X 10® radians/sec. 

(X 3 )d == —500 ohms, = 4 X 10® radians/sec. 

At o),j 

2X10«L,-2-^‘i^- = -r>00 

At (1)0 

4 X lO'La - 4 X 10603 = 0 

Solving by determinants, 

_ ^(4 X 10°) 

From Eq. (11-54) 

"" (TexYO^^TLs ^ (16 X 10i2)(0.833 X 10-®) "" 

More than one frequency may be rejected in a single branch by using 
circuits more complicated than a simple series or parallel combination 
of inductance and capacitance. The design of such branches is greatly 
simplified by the use of Foster^s reactance theorem and the synthesizing 
techniques of Chap. 4. 

11-20. Matching at Several Frequencies. The idea proposed in the 
last section of using a Foster network rather than a single reactive ele- 
ment in one or more branches of the matching network suggests the 
possibility of providing an impedance match at more than one frequency. 
This is quite possible and may provide a distinct operating advantage 
for short-wave radio transmitters, which often operate on markedly dif- 
ferent frequencies during the day and night in order to utilize the best 
propagation characteristics of the several available bands. The methods 
for designing the required networks are similar to those of the last sec- 
tion and may best be illustrated by a numerical example. 



(11-53) 

(11-54) 
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A single transmitter is to be operated on two different short-wave frequencies: 
on 11.91 Me (25-m band) during the daytime, and on 6.1 Me (49-m band) at 
night. It is desired to design a Tl network to match 800 ohms to a 50-ohm coaxial 
line at either frequency without retuning or switching elements. A 1.336-/L(h 
inductor is to be used as the series element if possible. Only the c branch will be 
designed tor purposes of illustration. 

By the specifications 

wi = 27r(6.1 X 10®) = 3.84 X 10^ radians/sec. 

0)2 = 27r(11.91 X 10®) = 7.56 X 10^ radians/sec. 

Gn = Hoo = 0.125 X 10-2 mho Gn = = 2 X 10"* mho 

GnGn = 0.25 X 10"® mho* 


Check to see whether the inductor is small enough so that > Gi\Gn 
At 0)1 


ft* 
At 0)2 


1 _ 1 
o),L 6 (3.84 X 100(1.336 X lO"®) 

(-1.95 X 10-*)* = 3.8 X 10-^ > GnGn 


-1.95 X 10-* mho 


ft 

ft* 


(7.56 X 100(1.336 X lO"®) 

(-0.99 X 10-*)* = 0.979 X 10-» > GnGi> 


—0.99 X 10“* mho 


Therefore, the specified inductor is satisfactory for the senes branch ft. 

Next find the values required for ft at the design frequencies Bv the dual of 
Eq. (11-22) 

B. = ± (B.* - GnGn) 

At 0)1 

<«•>' - ± ± ^ 

= 7.54 X 10-* 

But ft = — Bb 

-f root: — root: 

(Bc)i = (7.54 + 1.95) X 10-* (B,). = (-7.54 -f 1.95) X 10-« 

* 9.49 X 10-* mho - -5.59 X 10“* mho 

At 0)2 

± yloW5 ^ ± yjoh ^ ^ 

= ±3.42 X 10-* 

root: — root: 

(Be) 2 = (3.42 -h 0.99) X lO"* (Be)* = (-3.42 -h 0.99) X 10-* 

= 4.41 X 10“* mho = —2.43 X 10“* mho 


The remaining part of the problem is to synthesize the required c branch of the 
n section. The susceptance curves corresponding to the positive and negative 
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roots of Bg are shown at o and 6, respectively, in Fig. 1 1-20. It may be seen that 
three elements are required to syntliesize the curve at a, whereas only two ele- 
ments are needed for the curve at 6. Hence the latter solution will be used, 
corresponding to Lc and Cc in parallel. (The dashed curve at h shows an alterna- 
tive two-element possibility, that of Lc and Cc in series.) The parallel-element 



1 336 ^th 


0 313 


(c) 

Fig. 11-20. Design of a IT section to provide an impedance match at two frequencies, 
(o) Susccptance curve for positive roots of By. (6) Susceptance curve for negative 
roots of B,. (c) An antiresoiiant circuit is used in the c branch. 



branch may be designed by setting up two simultaneous equations to evaluate 
the two unknowns. 


COlC. - -V = W' 

<aiLc 

WjC, f- = (Bc )2 


(ii.)l 

ifi.h 

__ 1 

0)2 

_ ”* (I^c) l/ 0)2 “h (Be) 2 / 0)1 

1 

_ J_ 

-"0)i/0)2 4“ 0>2/o>i 

0)1 

1 

C02 

0)2 



_ l-3.84(-5.59) + 7.56(-2.43)l X 10‘ 
- to,* (6.71 - 1.47) X 10“ 
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_ (21.41 - 18.4) X 10‘ _ 3.01 X 10-* _ -J, . 

4.24 X 10“ 4.24 

r 1 = 1 

uilmCc - 3.84 X 10’t3.84 X 10’(0.711 X lO"*) + 5.59 X lO"*] 

“ 3.84 X 10’(2.73 + 5.59) X lO"* “ 3.84 X 8.32 X 10‘ “ 


The resulting network is shown in Fig. 1 l-20c. The Ba branch may be designed 
in a similar manner. 


Tuned Radio -frequency Transformers. In an earlier section 
it was pointed out that a tuned rf transformer as shown in Fig. 11-21 



FiCi. 11-21. A tuned-transforiiHT impedaiH c‘-tianstoriniiig netwoik 


may be designed by the use of Eqs. (11-20) to (11-22). Xp in these 
equations represents the total primary reactance including any in Zg^ 
while X, represents the total secondary reactance including any in Zl. 
Xp can be adjusted by Cp and X, by C,. It is usually necessary to add 
capacitive reactance {Cp and C,), but occasionally the design equations 
dictate the addition of inductance in one side or the other. An example 
showing the design of such a network on a lossless basis with no phase 
shift specified is shown in Fig. 11-llc. Where the transformer network 
must be designed for a specified phase shift as well as a given impedance- 
transformation ratio, a T section may first be designed by means of Eqs. 
(11-35) to (1 1-37) and then converted to the transformer by the identities 
preceding Eqs. (11-1 9a). 

It should be observed that more freedom of design is afforded by the 
transformer than by the T section because it involves five parameters 
{Lp, Lsj M, Cp, and Cs) rather than three. The coil assembly comprising 
Lp and L„ with M often variable, may be chosen from available stock 
subject only to the restriction that oil/ be of sufficient value. Cp and 
C, may then be adjusted to give the design values of Xp and X,. The 
extra degrees of freedom afforded by the tuned transformer also admit 
greater variations in the frequency-response curve. This is discussed in 
a later section. 

11-22. Input Impedance of Tuned Transformer. While the last 
section outlines the method for designing lossless tuned-transformer 
matching networks, additional insight into the behavior of these circuits 
may be had by investigating their input impedance in general form. 
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Since the tuned transformer, generator, and load of Fig. 11-21 comprise 
a two-mesh circuit, the input impedance of the transformer will be 

(11-55) 

>0 22 


where Zn — loop primary impedance not including Zg 
= jXp 

Z 22 = loop secondary impedance 

— Ra jXs 

Z 12 = mutual impedance 

= ±jXm = ±jo}^f 

The sign of Zn depends upon the winding polarities of the trans- 
former and the assumed positive current directions. Substituting and 
rationalizing, 


^in — jXp — 


(±jXm)^ 
Ra + jXa 


XJRa 
R.^ + Xa^ 


-^j(Xp 


_^^Xa \ 

Ra^ + Xay 


(11-56) 


It should be observed that the sign of Xm has no effect on the input 
impedance since it appears only as the square in Eq. (11-56). Notice 
also that the secondary reactance is reflected or coupled into the pri- 
mary with a change of sign. 

11-23. Insufficient Coupling. Equations (11-21) and (11-22) specify 
the values of Xp and X, for an impedance match where XrJ equals or 
exceeds the critical value Xm^ — RnRjz. Equation (11-56) allows the 
determination of Xp and A"', for the case of insufficient coupling, i.e., where 
Xtn^ < Ri\Ri 2 - In order to make the notation consistent, let Zg = Rn 
in Fig. 11-21, and let Z/? = /?, = Rj^. Then in this case it is desirable 
to make the input impedance real and as large as possible, since it can- 
not be made sufficient to equal Rn. Thus, to maximize the real term of 
Eq. (11-56), set 

A. = 0 (ll-57a) 

Then Z,„ = ^^+jX^ X. = 0 


This quantity may be made real by setting 

(11-576) 
(11-58) 

The student should observe that, if Xm^ can be increased to 

Am® = Ri\Ri2 


Ap = 0 

Y 2 

and Z,n = ^ 
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Ztn — Riif confirming previous results for critical coupling. He may 
also verify Eqs. (11-21) and (11-22) for the sufficient coupling case 
(Xm^ > RiiRn) by suitable manipulation of Eq. (11-56). 

11-24. Control of Impedance Match by Circuit Parameters. Equa- 
tions (11-21) and (11-22) and also Eqs. (ll-57a) and (11-576) are pairs 
of equations which give, for the cases of sufficient and insufficient cou- 
pling, respectively, the best adjustments for primary and secondary react- 
ance, when both adjustments are made. If Xp cannot be adjusted, then 
Eqs. (11-22) and (ll-57a) do not give the best value of if the latter is 
the only value which can be selected at will. Similarly, if X, must 
remain fixed, Eqs. (11-21) and (11-576) will not give the best values 
of Xp. 

In general, in a matching network, if there are two adjustments which 
can be made, for example, Xp and X„ or Xp and X^, or X, and X^, both 
the magnitude and phase of the generator and load impedances may be 
matched. On the other hand, if only one of the three variables can be 
adjusted, only one of the complex components of generator and load 
impedance can be matched. 

11-25. Partial Resonance. It is apparent that, when it is possible to 
adjust only Xp, all other reactances being fixed, the best value of Xp 
(which has no effect on the real part of Z»„) is such as to make the total 
reactance of the equivalent series circuit, as viewed from the generator, 
equal to zero. This will give the largest value of |/i| obtainable with 
this adjustment and hence the largest amount of power delivered to the 
load which is possible under the conditions laid down. Therefore, when 
Xp only is adjustable, from Eq. (11-56) it can be seen that the following 
condition should be met: 

Equation (11-59) has been termed by Pierce ‘‘partial resonance 

If, on the other hand, X, is the only variable, the best adjustment is 
not readily apparent from Eq. (11-56) because X* affects both real and 
imaginary components of Z,n. The situation may be handled, however, 
by Th^venin^s theorem. On this basis a coupled circuit supplying a sec- 
ondary resistance P, can be considered as a generator with an internal 
impedance equal to the impedance looking back into the network from 
the load. If, then, it were possible to adjust only X„ the best value 
would be such as to make the total equivalent reactance equal to zero 
and a condition similar to Eq. (11-59) would be obtained, with the excep- 
tion that primary and secondary values would be interchanged. This 

* G. W. Pierce, ‘‘Electric Oscillations and Electric Waves, McGraw-Hill Book 
Company, Inc., New York, 1920. 
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has been called by Pierce partial resonance and is obtained when 


Rp^ + Xp2 


(11-60) 


If the conditions for partial resonance F and partial resonance S are 
satisfied simultaneously the condition is called ‘^optimum resonance/^ 
The requirements to satisfy this condition are found by treating Eqs. 
(11-59) and (11-60) as simultaneous equations, and it will be found that 
this gives the same relations as Eqs. (11-21) and (11-22). 



(a) ib) 

Fiq. 11-22. Equivalent circuits showing the condition for partial resonance P. 



(a) (6) 

Fio. 11-23. Equivalent circuits showing the condition for partial lesonance S. 

The condition where Xp only is adjustable is illustrated in Fig. 11-22, 
the equivalent load as viewed from the primary lying to the right of the 
dotted line ab. The problem is to deliver as much power as possible to 
the equivalent load, and hence to the actual load. It is apparent that 
the resistive components cannot be matched by any adjustment of Xp, 
and so the best that can be done is to match the reactive components to 
resonance as discussed in the derivation of Eq. (11-59). 

On the other hand, the circuit may be the one shown in Fig. ll-23a. 
The equivalent is illustrated in Fig. 11-236, as far ns secondary current 
is concerned. 

In Fig. 11-236 the portion to the left of the line cd is the equivalent 
circuit obtained from Th^venin^s theorem. Again an adjusment of X, 
cannot match the resistive components and so can be used only to neu- 
tralize the total reactance and thus produces a maximum current in 
when Eq. (11-60) is satisfied. 

If Xm is the only adjustment, a matching of magnitude may be obtained 
but the phase cannot be changed at will. 
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In Fig. 11-22, the magnitvde of the impedance to the right of the line 
ah is 

Y 2 


\Zot\ = , 

VR.^ + x.^ 

while the magnitude of the impedance to the left of ab is 


(11-61) 


= VRp^ + x,^ 


(11-62) 


These magnitudes can be made eciual by a proper selection of Xv,- 
For this condition, 


Vr.^ + x.^ 

= 


VRp^ + 
IZpi iz.l 


(11-63) 


The principles just discussed can be applied to a more complicated cir- 
cuit by reducing the latter to an equivalent series circuit. 

11-26. Primary and Secondary Currents for Optimum Resonance. 

When the matching network of pure reactances is adjusted in accordance 
with Eqs. (11-21) and (11-22) (sufficient coupling), the input impedance 
of the network will be /?ji if the load is equal to Rr 2 ^ If the generator 
resistance is also Bn, the input current will be 


h 


2Rn 


ai-64) 


The power delivered to the network will be 

P - l/J-A. - 


This power will be delivered to the load without loss, since pure react- 
ances have been assumed. 


_ 1 r 1 2 » — \EoV 

P - \h\ Rn - 

Therefore I-i = ■■ ^ (11-65) 

2 V RiiRt2 

If the coupling is sufficient, Eqs. (11-64) and (11-65) show that the 
currents are independent of the value of Xm provided that optimum reso- 
nance conditions are satisfied. 

If the transformer has resistance and the resistance of the primary is 
included in Rn while the resistance of the secondary is included in Rj^, 
Eqs. (11-64) and (11-65) will still hold. 
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In the case of insufficient coupling it has been shown that 
adjustment is to make Xp = 0 and JT, = 0. In this case 

J ^ EgRl2 

Zii — Zi2^/Z22 RiiRi2 “f" 

j Z12E0 EgijtjM 

^ 11^22 — Zi2^ R11R12 ” 1 " 

The currents tor the case of insufficient coupling will be less than if the 
coupling is sufficient and optimum resonance conditions are met. 

11-27. Multiple Resonance in Tuned Transformers. Figure 11-21 
shows that the tuned-tranhformer circuit involves two series resonant cir- 
cuits, and it is apparent that there are two resonant points for such a 


the best 

( 11 - 66 ) 

(11-67) 


A B C B A 



Fig. 11-24. Resonance curves for the tuned-transformer circuit of Fig. 11-21. 


combination. Equations (11-21) and (11-22) can be satisfied if Xp and 
X, are made either capacitive or inductive, but they must both be of the 
same type in order to satisfy Eq. (11 -20a) at the design frequency. 

If a response curve of I/ 2 I vs. frequency is plotted for the circuit of Fig. 
11-21, it will have the general shape of curve A in Fig. 11-24. 

If the mutual inductance in the circuit is reduced, the peaks of Fig. 
11-24 (curve A) will be moved closer together as shown in curve B. 
This double resonant characteristic of tuned coupled circuits is sometimes 
used in rf transformers to obtain a so-called BP filter. 

In adjusting Xp and Xg to satisfy the conditions expressed by Eqs. 
(11-21) and (11-22), if the negative values are used, the lower peak of 
Fig. 11-24 will be set at the frequency of operation, while if the positive 
or inductive values are used, the upper peak will be set at the frequency 
of operation. 

At critical coupling Eqs. (11-21) and (11-22) call for an adjustment of 
Xp and Xg equal to zero. There is only one setting which will give best 
results and the peaks of Fig. 11-24 (curves A and B) will merge into one 
peak, as shown in curve C. 

11-28. Response Curves. The calculation of general response curves 
of the type shown in Fig. 11-24 for the tuned-transformer circuit is 
extremely difficult because of the large number of variables. It has 
already been pointed out that Eqs. (11-21) and (11-22) specify Xp and 
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Xt at only the design frequency fd- Since both these reactances consist 
of inductance and capacitance in series, the design values may be satis- 
fied by an infinite number of combinations of Lp, Cp and L„ C,. To 
complicate matters further, a general set of curves would necessarily 
include still another parameter relating Xm to the critical value, and often 
the circuit resistances become frequency-dependent over a wide frequency 
range. For these reasons only a special case will be considered, that in 
which the primary and secondary circuits resonate at the same frequency 
fry that is, 


Wr 


2 


1 

LpCp 


J. 

L.C. 


( 11 - 68 ) 


The specific problem will be to determine the frequencies at which \I 
becomes maximum or minimum. 

The secondary current of a two-mesh circuit is 


U 




ZiiZ^i — 


From Fig. 11-21 

Zli = + J = R„ + jwrL, 

Z 22 = Rj2 + J ^Lg — ^ = Ri2 + JO)rLg 

Z 12 = ±jojM 


Substituting and collecting terms, 

r _ Tjf^MEg 

i2 = 

R 11 R 12 “I" (coil/)* — (ar^LpLg 

+ jo>r{RnL. + RiiL^) 

\Wr OJ/ 

This result may be further simplified by noting that RnRr 2 is the square 
of the mutual reactance at critical coupling. By Ecjs. (11-21) and (11-22) 
Xp = Xg — 0 at the design frequency. For this special case where 
Xp = X, = 0 at COr, 

R 11 R 12 = ((»)rMe)^ 

where Mo is the critical value of mutual inductance By factoring 
Wr^LpLg from the denominator, Eq. (11-69) reduces to 



u = 




(ar^LpLi 


A. 


Mc^ 

LpL, 


+ 


/« Y ill _ (« _ 

\«,/ LpL, \«r «/ 

. • ( Rll . Ri2\ ( <0 


(11-70) 


COr 


M 
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In the interest of further simplification it is noted that at the design 
frequency 



Then, dividing and introducing Eq. (11 -20a), 

{Xp)d _ ^ _ ^il 

{Xg)d La 


Therefore 


^ OirLp 0 )rLg 

Rll Ri2 




Ri\Ri2 


]_ 

kc 


(11-71) 


Introducing the definition of the coupling coefficient and Eq. (11-71), 
Eq. (11-70) becomes 

•■1^. |[fc " + f - (2 - ^-y] + fit. - ^)j 

(11-72) 


Where Q is sufficiently high, the frequency variable w/wr — Wr/w may 
be replaced by the arithmetic symmetry approximation described in 
Chap, 4. Thus let (co — ofr)/cor = x. Then 


« _ ^ ^ x(^x) ^ 2:r for x « 1 

OJr J -h X 

03 = Wr(l + X) ^ COr for X 1 


(11-73) 


Then Eq. (11-72) becomes 


and 


±jkEg 

OJr y/LpL,{k^ -h kc^ — 4x2) ^ 

kEg 

a,. y/LjJg y/jp + “ 4x2) 2 >'16^7^2 


(ll-74o) 

(11-746) 


As stated before, the problem is to find the values of normalized frequency 
difference, x, at which \l 2 \ is maximum or minimum. This may be done 
by differentiating the denominator squared of Eq. (11-746) with respect 
to X and equating the derivative to zero. This procedure shows that 
1 / 2 1 either maximizes or minimizes at the following values: 


Xft = 0 or /& = fr 

Xa= - k? fa = Ml - H (ll-75a) 

X. = +yz Vk^ - fc.* /. = /r(l + Vi fc.*) (11-756) 
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It is clear, then, that the type of response depends upon the relative 
magnitudes of k and fee, i.e. upon the degree of coupling. 

Case /. Sufficient Coupling^ > ke^. The values of frequency given 
by Eqs. (11-75) are all physically realizable when k^ > kc^. It is easy 
to show from physical considerations that I/ 2 I maximizes at /a and fc and 
minimizes at fb (=/r). Since the coupling is by mutual inductance, 
I/ 2 I is zero at zero frequency. It is also zero at infinite frequency because 
of Lp and L,. By definition the current magnitude is always positive; 
therefore, as frequency is raised from zero to infinity, the response must 
maximize first, then minimize, and maximize again. Since fa < fb < fc, 
the maxima occur at /« and /c, while fb = fr defines a minimum. The 
bandwidth between the peaks will be 

{BW)p k‘^ > (11-76) 


The response at the peaks may be obtained by substituting Eq. (11-756) 
into Eq. (11-746). 


o>r \/LpLif^kc 2 y/Ri\Ri2 


(11-77) 


The response at the minimum occurs at fr and is 


\h\r 


_ _k\E,\ 

o)r \/LpLt{k- + kc^) 


(11-78) 


The student may show that the bandwidth between the two points on 
the skirts’^ of the response curve at which I/2I = \h\r ife given by 


(BWU - \/2 {BW)p 


(11-79) 


These results are summarized in Fig. 11 -25a. 

It should be noted that the design equations (11-21) and (11-22) 
specify values for Xp and X, at either of the two peaks corresponding 
to fa and fc. If the broad-banding properties of the overcouplcd circuit 
are to be realized, the design frequency is chosen to be fr and maximum 
power will be delivered to the load at /« and fc. 

Case II. Critical Coupling, k^ = /Cc^. The values of frequency given 
by Eqs. (11-75) all coalesce into a single value /« = fb ~ fc — fr for the 
critical case; hence the response curve exhibits a single maximum as 
shown in Fig. 11-256. From Eq. (11-746) the response at the peak is 


u)r 2kc 2 


** = ( 11 - 80 ) 


and the normalized response is 

= 1 

JiJr y/i+ A{x/Ky 


fc* = fc.* 


( 11 - 81 ) 
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The student may show from Eq. (11-81) that the half-power bandwidth 
for the critical case is 

BW^y/2k4r (11-82) 

It may be observed that the frequency variable appears as the fourth 
power in Eq. (11-81), while it appears as the square in the universal 




Fig. 11-25. Rrsponse of the tinied-transformer circuit when the primary and secondary 
circuits are both resonant at/r and the conditions of arithmetic symmetry are assumed. 
(a) Sufficient couplinjr. (b) Critical coupliriK. 

resonance curve of a single resonant circuit (Fig. 4-10). Hence for small 
values of a* Eq. (11-81) is flatter than the universal resonance curve. 

Case III. In^ujjicunt Coupling^ < kc^. The two values of fre- 
quency specified by Etj. (11-756) become complex when k^ < k4 and so 
must be ruled out from physical considerations, complex frequency in 
this sense not being realizable. Thus the undercoupled case gives a 
response curve exhibiting a single maximum at /r. The student may 
demonstrate that, for this case, the normalized response is 


\H k^ + ke^ 

f/slr y/lk^ + - ixY + 16fcc*a:» 


fc* < V (11-83) 
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and that the half-power bandwidth is 


BW = fr + k/) - (kc^ - fc*) fc* < k,^ (11-84) 


11-29. Tuned-transformer Efficiency. Under the assumption of low 
circuit losses the efficiency of the tuned-transformer circuit may be deter- 
mined on the same basis which was used in Sec. 11-17, viz., that the 
currents may be computed as if no losses were present. On this basis 
the power lost in the two inductors in Fig. 11-21 will be 


Qp ^ Q~ 


Under matched conditions and for small losses, |/i|‘^7^/i = |/ 2 |^/^/ 2 ; hence 


P 


luflt 



RixXlX 
RizQ. ) 


(ll-85a) 


Further investigation of this equation for the general case is difficult 
because of the large number of circuit parameter combinations which 
can give the required match. A special case of interest, however, is that 
in which the coupling is critical so that 


X„r — kr'XjpXig = RnRiz 
Then, on eliminating Xip, Kq (ll-85a) becomes 


p — j- * Y 

.n RnQj 


(11-86) 


(11-856) 


Now by Eq. (11-86) the product krXjpXj^ is fixed for a given match. 
The question then arises. “What ratio Xlp/Xlb will minimize the loss*'^^’ 
In other words, “How shall the two inductances be chosen to minimize 
the loss?^^ Assuming constant Q’s and fixed input power. 


whence 


dP\,^x _ p ( — Rn j 1 \ 
dXu “ \k;^QpXLs^ ^ Rj,Qj 


= 0 


KXj. 



Ri2 


(11-87) 


Substituting into Eq. (11-86), 


= ?IlRp n 9 p 
Xl. Qb 


( 11 - 88 ) 


Equation (11-88), then, gives the inductance ratio for minimum loss at 
critical coupling. 

For comparison with the T and IT networks considered earlier, it is 
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interesting to define a loss function drains Thus, substituting Eq. (11-87) 
into Eq. (11-856), 


or 


(■P lost) min 


2P,n 


kc \/ QpQa 


i (PioBt)mln //-V 2 

dmin P V WpV* — XT 

-t tn 


(11-89) 

(11-90) 


It is of interest to note that, for the minimum-loss condition, the loss 
function is independent of the impedance-transformation ratio. 

The value of kc will never he much greater than 0.5 and usually is less. 
Hence it is apparent than 5,„,„ has a magnitude of the order of 4 or greater. 



across Lp. Application of Th6vcnm’s theorem gi-sc's the equivalent circuit of b. 
Compare with Fig. 1 1-21 


When this is compared with the values for an L section shown in Fig. 
11-17, it will be seen that, unless the impcnlance ratio is quite large, the 
L section is inherently more efficient than a tuned transformer. 

11-30. Tuned Radio -frequency Transformer with Shunt Cp, The 
tuned rf transformer circuit of Fig. 11-21, which utilizes a capacitor in 
series with Lp, provides an impedance-transformation ratio which is 
limited by the available value of mutual reactance Xm. Since Xm^ ^ 
RiiRi 2 is necessary for an impedance match, 


n = 



(11-91) 


An alternative type of tuned-transformer circuit is provided by shunL 
ing Cp across Lp as shown in Fig. 11 -26a. It will now be shown that 
this alternative circuit inherently can provide a greater transformation 
ratio which is limited by Xp rather than by Xm* 

One means of analyzing the circuit consists in replacing the circuit to 
the left of the primary inductor by its Thdvenin equivalent circuit as in 
Fig. 11-266. The equivalent generator voltage is 


jXc p jp 

Rii+jXc 
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and the equivalent generator impedance is 


Ze = Re jXt 

_ jXcpRii _ RjiXcp^ I jRii^Xcp 

Rn + jXcp Rn^ + Xcp^ Rn^ + Xcp^ 


(11-92) 


It can be seen, then, that the shunt Cp circuit of Fig. ll-26a has been 
reduced to the series capacitor form of Fig. 11-21 except that Rn of the 
series form has been replaced by From Eq. (11-92) Re may be 
written 


Re 


Rii 

i^{Ri7/^py 


(11-93) 


Since {Rn/XcpY is always positive, it follows at once that Rn > Re\ 
hence for the same circuit parameters the shunt Cj, circuit is capable of 
giving a greater transformation ratio than the series capacitor form. 

As a specific example of this effect, let the secondary circuit of Fig. 
ll-26a or its equivalent h be adjusted to resonance such that X, = 0. 
Then by Eq. (ll-20a) Xp, the total series reactance of the primary cir- 
cuit, must be zero, or 

Xce = -Xlp (11-94) 

Substituting from Eq. (11-92) and solving for Rj^Xcp/ {Rn^ + Xcp^), 


RiiX(jp _ _ Xlp 

RiY + Xcp* Ri\ 


(11-95) 


Then from Eqs. (11-92) and (11-95) 


Rn = 


X LpXcp 

r:~ 


But, for the condition where Xp == X, = 0, ReRn = X,„^, whence 


n — 


Rn 

Rn 


X LpX Cp 

x::f~ 


(11-96) 


In typical circuits it is often true that Rn is much greater than Xcp 
so that RiY ^ Xc-p^. Where this is true, from Eq. (11-92) 


and from Eq. (11-94) 


Xr« « 


Xcp 


Xcp ^ Xlp 


Therefore, if X, = 0 and Xcp « Xlp, 


n 


Ri\ Xlp^ 
Rn " X«2 


(11-97) 

(11-98) 


(11-99) 
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These equations may be used to design the network of Fig. 11-26. It is 
interesting to note that the results here corroborate the results of Chap. 4, 
where it was shown that parallel resonance is preferred to series resonance 
when the source impedance is high. The foregoing results will now be 
used in an illustrative example. 

Design the network of Fig. 1 l-26a to match 10 ohms to o.OOO ohms at 
w = 2 X 10® radians/ sec 

The available inductors are Lp = 100 /ih. L, = 50 juh with a maximum coupling 
coefficient of 0.7. 

Xlp = ojLp = (2 X 10‘') X lO--* = 200 ohms 
_ 5,000 _ rtc 
Xlp 200 

By Kq. (11-99) 


Check to see whether k is within the specified limit. 


/_^= / 

\Xl^Xu yj'. 


2 “ 0-. - »•»“ 


This is satisfactory. B}" Eq. (11-98) 

Cv = ^ 


I 


= 2,500 MMf 


coXlp (2 X 10®) (2 X 10*) 

(2 X io«)(i X 10*) “ ''''' 


The student should notice that the same inductors used with a series Cp would 
provide a maximum Rn of 


Rii = 


Ri2 


kJX^ = 0i9 X 200 XW ^ 980 

/t/2 10 


PROBLEMS 

11-1. The network of Fig. 11-56 is to provide simultaneously conjugate impedance 
matches at terminals 1,1' and 2, 2'. Set up equations stating this fact, and use them 
to verify Eqs. (11-8). 

11 - 2 . (a) Design two L sections to match a 306-ohm resistive load to a generator 
whose impedance is 81 -h j22 ohms. The frequency is 1 Me. (6) In what respects 
will the performance of these two networks differ? (c) Calculate the efficiency of the 
two L sections. Assume an inductor Q of 100 in each case. 

11 - 3 . Calculate and plot a curve of normalized load-current magnitude vs. fre- 
quency for the network of Prob. ll-2a which utilizes a series inductor. Cover a fre- 
quency range of 10 kc on each side of 1 Me. 
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11-4. (a) Starting with Eq. (11-15), derive an expression for the upper and lower 
half-power frequencies of an L section in which X 3 is inductive. (6) Plot curves of 
the half-power frequencies vs. n for n » 2 to n « 10. 

11-5. Design an L section by means of Eqs. (11-8) to match two equal resistances. 
Comment on your result. 

11-6. (a) Design a T section to match 100 4- j2() ohms to a 600-ohm generator at 
732 kc Use an SOO-ju/xf capacitance for the shunt arm, and choose Xp to be capacitive. 
(b) What is the phase shift between the input and output currents? 

11-7. (a) Starting with Eq. (11-25), derive an expression for I/ 2 I/I/ 2 U vs. for 
a T section having inductive series arms. Use — RiiRn, and let 

a = \/n + 

V n 

(b) Figure 11-12 shows that the T-section response displays arithmetic symmetry for 
a limited frequency range near fd. Simplify your equation to account for this fact 
(see Chap. 4). (c) How is the resulting equation related to the universal reso- 

nance curve? (d) Plot a curve of half-power bandwidth vs. n. Assume arithmetic 
symmetry. 



Fig. 11-27. Diagram for Prob. 11-8. 

11-8. In Fig. 11-27, the current in antenna 2 is to lead the current in antenna 1 by 
90° and is to have twice the magnitude of the current in antenna 1, that is, 1 2 =* j2Ii. 
The combined inputs of networks 1 and 2 are to match a 50-ohm line. All lines are 
to be flat. 

a. What should be the input resistances R\ and R 2 of the lossless networks 1 and 2? 

b. Design a minimum-element lossless network 1 to meet the specifications. 

c. Neglecting phase shifts along the transmission lines, design a T section to meet 
the requirements for network 2. 

11-9. Design a reactive n section to match a load of 500 ohms shunted by 100 
to a 100-ohm line at « 1 X 10® radian/sec. The current in the 500-ohm resistor is 

to lag the input current by 60°. 

11-10. Derive the dual of Eq. (11-25) for a II section having shunt capacitances. 

11-11. (o) Verify that Eq. (1 1-45) defines the loss function for the type 3 T and II 
networks, (b) Verify that Eq. (11-51) defines the loss function for the type 2 T and 
n networks. 

11-18. Investigate the feasibility of cascading L matching sections to improve 
efficiency. If only two sections are cascaded, should they both be designed for the 
same value of n? 
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11-18. Design a network which can be used to couple two transmitters to the same 
antenna. One transmitter operates at 1,210 kc and is designed to feed into a 600-ohm 
line balanced to ground. The other transmitter operates at 1,430 kc and is designed 
to feed into a 70-ohm line with one side grounded. The impedance of the antenna at 
1,210 kc is 242 — j70 ohms, and at 1,430 kc it is 92 — j48 ohms. Compute the effi- 
ciency of the coupling system at each frequency if the Q of the coils is 200. 

11-14. A radio amateur plans to operate on 7.15 Me in the 40-m band. Design a 
n section to match a 600-ohm line to a 2,000-ohm source with a shift of B « +70°. 
The second harmonic lies in the 20-m band and must be suppressed. Modify the 
series branch of the II network to accomplish this. 

11-16. Design a single n network to match 600 ohms to 2,000 ohms at frequencies 
of 7.1 and 14.3 Me. Critical coupling should be used at the higher frequency. The 
resulting network should be a minimum-element structure. 

11-16. In Fig. 11-21 Lp = 12 ^lh, L. = 2 ^h, M = 1.5 ^h, Hn = 4 ohms. The 
resistances of the primary and secondary inductors are Ri « 0.5 ohm, /?2 - 0.4 ohm. 

а. What is the maximum purely resistive value of Z,„ at co = 5 X 10* radians /sec? 

б. What is the efficiency of the impedance-transforming network with the circuit 
adjusted to give the condition of part a? 

11-17. In Fig. 11-21 Lp ~ L, ~ 100 /ith, Rn — 10 ohms, and Cp is shorted out. 
What values of the coupling coefficient and C, are required for Z,„ = 100 + jO ohms 
at « = 5 X 10* radians /sec? 

11-18. (a) Redesign the network of Prob. 11-17 accounting for inductor Q’s of 100. 
(b) What is the efficiency of the network? 

11-19. An antenna whose impedance is 72 — j5 ohms is to be matched to a 500-ohm 
generator at w = 2 X 10* radians/sec by means of a tuned transformer. The antenna 
current is to lag the input current by 90°. Lp - L, - 500 /ih. Calculate the neces- 
sary values of Cp, C,, and k, 

11-20. Calculate the efficiency of the tuned transformer designed in the last illus- 
trative example of the chapter. 



CHAPTER 12 


IMPEDANCE MATCHING WITH STUBS 


It was stated in Chapter 10 that the use of lumped inductors and capac- 
itors is not practical at higher radio frequencies (say, 50 Me or above) 
because of the small values of L and C required and that it is common 
practice in this frequency range to use stubs, i.e., short segments of trans- 
mission line, as reactors. This chapter will consider the use of stubs in 
impedance-transforming networks. The work will be carried out on the 
assumption that the stubs are lossless, i.e., that al is so small as to be 
considered negligible. In many instances it will be found that a stub 
matching network may be identified with a lumped constant counterpart 
covered in the last chapter. 

12-1. Single -stub Matching. In the sections on the L section it has 
been shown that, if one is concerned only with the transforming of one 
resistance Rn into another value JfB/j, with no regard whatsoever to phase 
shift, only two adjustable elements are required in the impedance-trans- 
forming network. In the L section the adjustable elements were induc- 
tors and capacitors. An analogous situation will now be considered 
where the reactors are replaced by short transmission-line sections. It 
will be found that a line segment serves in place of the series reactor of 
the L section and that the shunt reactor is replaced by a shunt short-cir- 
cuited stub. Because of the latter stub, the problem is handled more 
easily in terms of admittance than of impedance. 

As a starting point, say, a conductance Gr (resistance /?«) is to be 
transformed to a conductance (resistance /?tn). Let Gr be connected 
to a lossless line of characteristic impedance Ro = \/Go and of adjust- 
able length I as in Fig. 12-la. Then the normalized input admittance 
Vxn = Ytn/Go may be calculated by Eq. (10-28a). The real and imagi- 
nary components of ym are plotted in Fig. 12-16 for gr = 0.5. Inspec- 
tion of the Qtn curve shows that, by a suitable choice of Z, gr may be trans- 
formed to any value lying between 0.5 and 2. By way of illustration 
let the required value be gtn = 0.674. Then from the curve, or Eq. 
(10-28a), I = O.IX*, or jSZ = 36° and 6,„ = 0.475. Therefore, if asuscep- 

* The student will observe that ^,n ■* 0.674 at I *« 0.4X also. The shorter value is 
ordinarily used because it is cheaper and has less actual loss. 
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tance of normalized value —0.475 is shunted across the input terminals, 
as in Fig. 12-lc, the total susceptance will be zero and the required trans- 
formation will be accomplished. From a theoretical standpoint the addi- 
tional susceptance required across the input terminals may be furnished 




V - 0 674 ^^70 
J' in =* — ► 


(0 

Fig. 12-1. The transmission-line equivalent of the L impedance-transforminR section, 
(a) yxn may be changed by varying Z. (6) Normalized input admittance for t/t« as a 
function of Z. (c) A shunt stub of length s is added to make the input admittance real. 

by either an open- or a short-circuited stub. Practical considerations 
rule out the former; the shorted stub is invariably used because it radi- 
ates less energy, and its effective length may be varied by means of a 
sliding, shorting bar. The length s of this shorted stub may be found by 
Eq. (10-10). 

Z»^, = jRo tan /8s 

or 6,c = — cot jSs 

Then assuming the stub to have the same Ro as the original line segment 
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4S3 


to which Qr is connected, 


iSs 

8 


= arccot 0.475 = 64.6° 

A 

^).- 0.1798X 


While the foregoing discussion considered a case where the termina- 
tion is a pure conductance, the method of single-stub matching is by no 



Fig. 12-2. Solution of a single-stub matching problem by means of the bicircular chart 

means restricted in this manner; the basic idea may be extended to yield 
an algebraic solution for I and s where the termination is complex. 

By suitable manipulation of Eq. (10-46), the student may show that 
for any termination described by p 

,, = (1 - | p|^) - j2|p| sin ( y - 201) 

1 + 2|p| cos (v - 2/3Z) + IpI^ 

This equation contains sufficient information for the calculation of I and 
6,n for a required value of |p| and <p may be determined from stand- 
ing wave measurements and Eqs. (10-17), (10-13), and (10-15). 

An easier method of solution is afforded by either the bicircular or the 
Smith chart. Consider the situation shown in Fig. 12-2a. The section 
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of line (characteristic admittance to the left of the stub is to be termi- 
nated in Go in order that reflections may be eliminated. The problem is 
to find I and s. Figure 12-26 shows a bicircular chart on which the com- 
plex value of normalized is located. As I is increased from zero, the 
input admittance (exclusive of the stub) will vary on the constant— S 
locus; therefore one rotates clockwise (i.e., toward the generator) until 
the real part of y^n = 1, corresponding to the condition that the termina- 
tion for the left-hand portion of the line shall be Go- From the dia- 
gram an electrical length of = 145® — 130® = 15® is required. Thus 
I = 157^ = 15X/360 = 0.0417X. 

The susceptive component of y^n is read to be +0.7; hence, for the 
total susceptance to be zero, a shunt short-circuited stub having a sus- 
ceptance of —0.7 is required. From Fig. 10-10 the required stub length 
is Ps = 55®, s = 55X/360 = 0.1528X. The student should compare Figs. 
12-126 and 11-7 in order to see the close similarity between the single- 
stub and L-matching sections. 

The same results can, of course, be obtained from a Smith chart, but 
the analogy to Fig. 1 1-7 is less apparent. Furthermore, the actual value 
of yr need not be known provided only that the standing wave ratio and 
the location of a voltage maximum (or minimum) be known. 

A parallel-wire line is terminated in an unknown impedance. Standing wave 
measurements yield the following data: S — 3. The first voltage minimum is 
54 cm from the termination, and the first voltage maximum is 204 cm away from 
the termination. Design a single-stub matching section so that the line will be 
“flat’^ (that is, /S = 1) to the left of the stub. The notation of Fig. 12-2a will 
be used, and V will designate the distance between the stub and the first voltage 
minimum. 

Draw a circle for aS = 3 on a Smith chart (Fig. 12-3). Since an admittance 
maximum and a voltage minimum coincide, locate on the chart at 3 on the 
real axis. The basic procedure is to rotate on aS = 3 until the real part of 2/,n = 1 . 
Consider, first, rotation toward the load (counterclockwise) to point a. From 
the chart (inner scale) 


V = (0.333 - 0.25)X = 0.083X 

Since a voltage maximum is spaced a quarter wave from an adjacent voltage 
minimum, 

^ = 204 - 54 = 150 cm 
4 

X ~ 600 cm 

or V = 0.083 X 600 = 49.8 cm 

Note that this solution is possible because the load is 54 cm from the first voltage 
minimum. 

At point a the normalized susceptance is +^1.16; hence the stub must have a 
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Fig 12-3 Solution of a &iiigle-stub matching problem by means of the Smith chart 


susceptance of —j\ 16. Using a shorted stub, the requiied stub length is read 
from the chart as 

5 = (0.364 - 0.25)X = 0.1 14X 
- 0.114 X 600 = 68.4 cm 

Therefore one solution is to locate a short-circuited stub 68. 4 cm long at a point 
49.8 cm toward the load from the first voltage minimum (that is 

Z = 54 - 49.8 = 4.2 cm 

from the load). 

Another solution is possible by placing the stub on the generator side of the 
voltage minimum, point h m Fig. 12-3. From the chart 


V * (0.333 - 0.25)X = 0.083X = 49.8 cm 
-1.16 
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Hence a stub susceptance of 4-1.16 is required. «, the length of the required 
short-circuited stub^ may be obtained from the chart. 

8 = (0.136 + 0.25)X = 0.386 X 600 = 231.6 cm 
and Z = 54 + Z' - 64 -h 49.8 = 103.8 cm 

Of the two solutions given above, the former is preferred on two accounts: (1) it 
results in a longer section of the transmission line being flat; (2) it utilizes a stub of 
shorter length. 




Fig. 12-4. The double-stub irnpedance-matching system (a) Coaxial Ime. (6) 
Parallel line. 

In practice the methods just described are used for locating the approxi- 
mate length and position of the stub. Minor final adjustments are made 
by changing the stub length and moving its position along the line. As 
a general rule the adjustment is satisfactory when the standing wave 
ratio on the generator side of the stub is 1.1 or less although the actual 
acceptable value will vary with the application. 

12-2. Double-stub Matching. While the single-stub matching system 
is quite adequate for open-wire lines, it is not adaptable to coaxial lines 
because of the difficulty encountered in moving a stub on a coaxial struc- 
ture. To circumvent this difficulty, two stubs of adjustable length but 
fixed in position may be used. Since two variables are provided, an 
impedance match may be obtained in general but no control of the phase 
shift is provided. The basic structure is illustrated in Fig. 12-4, and the 
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method of solution will be explained by means of the Smith chart, which 
in this case is much more adaptable than the bicircular chart. 

The basic method of adjusting the double-stub section consists in vary- 
ing the length of stub 1 so that V22 = 1 + 7^22 and setting stub 2 to can- 
cel out 622. With these conditions satisfied, the line to the left of stub 2 
will be terminated in Go and hence will be ^‘flat.^' Because of the diflS- 
culty in adjusting the stubs expeiimentally, it is desirable to find their 
approximate lengths by analytical means. 

Consider the philosophy behind these adjustments. In Fig. 12-46 
y%n = 2/22 + 3^2 must have the value 1 + jO for the line to be flat. Since 
stub 2 can contribute only susceptance (^2 = 0 under the lossless assump- 
tion), 2/22 must be some point on the locus gf = 1 on a Smith chart, 
must lie toward the load d wavelengths away from 2/22, where d is some 
arbitrarily chosen but fixed value. It will be shown presently that2/d 
must therefore lie on a particular circular locus on the Smith chart, deter- 
mined solely by the value of d. This locus will be designated L. Then 
since 2/d = 2/ii + i6i, hi must be adjusted to transform yn onto this par- 
ticular locus. 

It will now be shown that the locus gr = 1 is transformed by a section 
of line d long into a circular locus, of the same radius and whose center is 
rotated d wavelengths toward the load (counterclockwise) on the Smith 
chart. By way of example, let d = 0.2X. Then in Fig. 12-5 the arbi- 
trary point a lying on the g = I locus (whose center is c) is rotated about 
the origin, on a circle of constant 0.2X toward the load to point a'. 
Another arbitrary point 6 on the ^ = 1 locus is rotated in the same man- 
ner 0.2X to 6'. The same procedure can be carried out for other points, 
such as d and e. If, then, the locus L is drawn through all the primed 
points, it will be found to be the circle shown, whose center c' lies 0.2X 
counterclockwise from c. A similar transformation exists for any other 
value of d; in each case g = I maps into a circle of the same radius, whose 
center lies d wavelengths counterclockwise from c.* 

With the fact established that a match at points 2-2 requires 2/d to lie 
on the locus specified in the last paragraph, the method of computing the 
stub lengths for a double-stub section may be illustrated by an example. 

* For the student familiar with complex-variable theory the following points may 
be of interest: For the line section of length d write Eq. (10-28a) in terms of the nota- 
tion of Fig. 12-46. 

_ yd 3 tan gd 
1 4- 3 yd tan jSd 

Solving for y<i, 

* yaa + J tan 

“ 1 + jya* tan (-/Sd) 

This equation is a linear transformation that maps a given circle of y%i into another 
circle, yd — &d degrees away (toward the load) and having the same radius. 
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Fig. 12-5. Demonstrating that the g = \ locus is transformed by a line section, d 
long, into a circle whose center is d wavelengths away from the ^ = 1 locus. Each 
point is rotated d wavelengths on a circle of constant S to its corresponding primed 
point. 

Calculate the stub lengths required in a double-stub matching system where 
the normalized load admittance is yr = 1.23 — y0.51. In the notation of Fig. 
12-4, I = O.IX, d = 0.4X. 

In Fig. 12-6 draw the circular locus lying 0.4X toward the load from the 
g ^ \ circle. Locate yr. Rotate clockwise I = O.IX on a circle of constant S to 
find 2 / 11 . Read yn = 0.7 — yO.3. Now, for a match, yd must lie on the locus at 
the intersection with the g = 0.7 circle. Therefore stub 1 must add a susceptance 
corresponding to bi = +(0.3 — 0.14) = +0.16. Since stub 1 is short-circuited, 
enter the chart independently at 2/r = and rotate clockwise around the 
periphery of the chart to 6i = +0.16, and read 


$i « (0.50 - 0.25 + 0.025)X * 0.275X 


IMPEDANCE MATCHING WITH STUBS 


450 



The line length d transforms yd into i/ 2 *> = 1 — jO 4, hence stub 2 must add a 
susceptince of -4-0 4 To find 52, enter the chait at = » (the stub is short- 
circuited), and rotate to 6 = +0 4, and read 

52 - (0.50 - 0 25 + 0 0G)X = 0 31X 
Thus 2/22 IS transformed to 2/»n = 1 + jO, and the match is obtained 

The student is warned that for given values of d and I a match may not 
be obtained for certain values of i/r In such cases I or d must be changed 
In general, d must not be an integral number of half wavelengths The 
proof of this statement is left as an exercise foi student 

12-3. The Quarter -wave Transformer. The results of the preceding 
chapter showed that a lossless symmetrical T or IT section may be used 
to match two unequal image resistances pfrovided that the network phase 
shift is ±90® A similar situation is present when the lumped-constant 
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network is replaced by a lossless line of length X/4. This may be demon- 
strated by means of Eq. (10-4a). 

„ _ P Zr + iRo tan 

^ tan 

Dividing numerator and denominator by tan and substituting = 90®, 
Ztn becomes 

Z.n = l = l (12-1) 

Then, if Z« is a pure resistance Rr, Z,n is a pure resistance /?*«; and the 
section is designated a quarter-wave transformer. Use of Eq. (12-1) may 
be made in designing an impedance-transforming system. 




Fig. 12-7. Quarter-wave transformers (a) Parallel line. (6) Coaxial line. 

A 600-ohm resistor is to be matched to a parallel- wire line constructed of No. 
0 A.W.G. wires (diameter = 0.3249 in.) spaced 2 in. on centers. Design a 
quarter-wave transformer to make the necessary transformation. 

From Prob. 8-2 the characteristic impedance of the main transmission line is 

8 2 

Ro — 120 arccosh — = 120 arccosh^— ^ 

2iT U.o24l7 

= 120 arccosh 6.15 = 120 X 2.503 = 300 ohms 
Then the quarter- wave section must have a characteristic impedance R!o given by 
R!o = \/30b X 600 = 424 ohms 

As a practical matter, the spacing between the wires of the quarter-wave section 
should be the same as for the main line. Thus 





Fig 12--8 Solution of a quarter-wave-transformer problem The Smith chart is 
used to find the location of the quarter-wave transformer w ith respec t to Zr. 


(Number 9 A.W.G. wire has a diameter of 0.1144 in. and might prove satis- 
factory.) The final configuration of the matching system is shown in Fig. 12-7a. 

The use of a quarter-wave transformer is not restricted to applications 
where Zr is a. pure resistance. For example, m Fig. 12-76 the quarter- 
wave section may be displaced a distance I from the load so that Zr is 
transformed into a pure resistance Ri. The design is then reduced to 
that of the last problem. Consider an illustrative example. 

A 70-ohm coaxial line, having an outer conductor whose inner radius is 1 in., 
is to be matched to a load of 126 — ^28 ohms. Find the location and inner con- 
ductor diameter for the required quarter-wave transformer. The notation of 
Fig. 12-76 is used. 


462 


COMMUNICATION ENGINEERING 


Normalizing Zb with respect to Ro of the main line, 


Zr 


126 - j2S 
70 


1.8 - iO.4 


Locate Zr on the Smith chart (Fig. 12-8), and rotate toward the generator until 
the input impedance is real. Read n = 0.51 . The distance rotated is 

I - (0.500 - 0.276)X = 0.224\ 

Multiply ri by Ro of the main line to convert to ohms. 

Ri = riRo = 0.51 X 70 = 35.7 ohms 


The quarter- wave transformer must therefore match 35.7 ohms to 70 ohms; 
hence by Eq. (12-1) it must have a characteristic imf>edance 

R'o = V70 X 35.7 = 50 ohms 

From Prob. 8-1 

R’o = 138 log 1^' 


where 2 r 2 = inner diameter of outer conductor 
2ri = diameter of inner conductor 

Then 


2r2 Ro 50 

log = 0.362 

2r, 138 138 


9 r — *^'2 _ 

- 2 . 3 - 


2.3 


== 0.87 in. 


The student should realize that practical limitations on line dimen- 
sions restrict the values of Ro that may be obtained with coaxial lines to 
150 ohms or less and with parallel- 
wire lines to 800 ohms or less. By 
virtue of Eq. (12-1) these values 
impose a limitation on the values of 
Rtn and Ro that may be transformed 
by a quarter- wave line section. 

12-4. The Baiun. Another form 
of quarter- wave transformer is 
called the “ bazooka/' or ‘‘balun" 
because of its ability to transform 
from a haZanced (or ungrounded) 
line or load to an unbalanced (or grounded) line or load. One form of 
balun, shown in Fig. 12-9, consists of a short-circuited quarter-wave-long 
sleeve mounted concentrically about one end of a coaxial cable. The 
outer surface of the coaxial line is grounded. Since the balun sleeve has 
a length X/4 and is short-circuited, Z,n, the input impedance between 
points h and c on the middle and outer conductors, is infinite; hence b 



Fig. 12-9. Cross section of a simple form 
of balun or bazooka used to convert 
from a grounded coaxial cable to an 
ungrounded or balanced load. The load 
is connected between a and 6. 
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is isolated from ground, and points a and h are balanced with respect 
to ground and may be connected to a balanced load or line. The 
impedance-transformation ratio of the balun shown in Fig. 12-9 is unity. 
Other forms of baluns may provide a change in impedance level. ^ 



Fig. 12-10. Use of a transposed half-wave line section for feeding two antenna elements 
in phase. 

12-6. The Half-wave Transformer. A line section of length X/2 also 
has useful impedance-transforming properties. In this case the electri- 
cal length 01 = 180®, and by Eq. (10-4a) the input impedance is 

2.. = z* I = \ (12-2) 

Thus the half-wave transformer behaves like a 1 : 1 transformer in so far 
as impedance is concerned. Consider its effect on current and voltage. 
From Eqs. (10-2) and (10-3) 

Ex = Er cos 0y -[- JIrRo sin 0y 
Er 

Ix = /« cos ffy +J-^ sin fiy 

Substituting = 180®, E, = Es, = I si, 

Es=-Eh Is=-Ir l = l (12-3) 

Thfus the half-wave transformer also transforms current and voltage on 
a 1 : 1 magnitude basis, but with a phase shift of 180®. If the 180® shift is 
not desired, it may be eliminated by the simple expedient of transposing 
the two sides of the line. (This corresponds to the reversing of output 
leads on a lumped-constant transformer.) For these reasons the half- 
wave section serves admirably as a device for connecting two points in 
a system with no change in current, voltage, or impedance. 

An example of its use is illustrated in Fig. 12-10. The two center-fed 
antenna elements are spaced a quarter wavelength apart in the vertical 

‘See, for example, Staff, MIT Radar School, “Principles of Radar,” chap. 7, 
McGraw-Hill Book Company, Inc., New York, 1946. 
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plane. They are to be fed in phase from a common transmission line. 
As shown in the diagram, the two elements are connected by a half-wave 
section which is curved to fit into the required quarter- wave space 
between the elements. The lines are transposed to satisfy the inphase 
condition. 

12-6. Tapped-line Matching. A case of intermediate interest is one 
in which power is to be delivered to a length of transmission line. (A 
case in point is the rf transmission line connected to the ^^dees^’ of a 



Fio. 12-11. Impedance matching by means of taps to excite a line with low dissipation 
an odd number of quarter wavelengths long. 

cyclotron.) The principle is illustrated in Fig. 12-11. Consider a trans- 
mission line which is an odd number of quarter wavelengths long, short- 
circuited at one end and open-circuited at the other. Two input termi- 
nals are secured by tapping either side of the line at the same distance 
from the ends. Then at this tap there are two branches in parallel, one 
being the short-circuited line to the left in Fig. 12-11 and the other the 
open-circuited line to the right. The impedance of these two branches 
would be given by 

Z,c = Zo tanh yl 
Zoc — Z„ coth yl 

In Chap. 10 it was shown that when the attenuation is small the reactive 
component of the open-circuited impedance could be written 

Xo^ — — Ro cot = — Ro cot ^ 

A 

Similarly, it may be shown that the reactance of the short-circuited line 
can be written 

X^e = tan == -fi?o tan -- 


As applied to Fig. 12-11 the equations would become 
X., Ro cot 


2TrX 

X 


Xto ~ ~\~Ro tan 
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If I is made an odd number of quarters of a wavelength long, then 2icl/\ 
would be some odd multiple of 7r/2 and 

= eot f(2!L^ _ 2^] = tan?j5 

Hence, in this case the reactance of the short-circuited end would be 
equal and opposite to the reactance of the open-circuited end. This 
condition is independent of the point at which the tap is connected. 
The proper length of line may be determined experimentally by con- 
necting an ammeter in the line on either side of a tapped point, applying 



incoming line 

(fr) 

Fig. 12-12. Matching of antennas by movable taps. 


voltage to the input terminals, and adjusting the length of line until the 
currents are equal in the two ammeters. The most convenient adjust- 
ment of length is usually made by moving the short-circuiting bar. 

Since the reactances of the two branches on either side of the taps are 
equal, the condition for antiresonance will be set up and a resistive load 
will be presented to the tap. If the line is subject to dissipation, the 
magnitude of this load can be adjusted by moving the position of the 
tap, as this would vary the magnitude of the reactance of each branch 
while keeping them ecjual and opposite, just as the moving of a tap on 
the inductance of an antiresonant circuit was shown in Chap. 4 to vary 
the magnitude of the effective resistance of the load. 

The principle of Fig. 12-11 can be used when the open end of the line is 
opened out into an antenna as shown in Fig. 12-12a for an antenna of any 
length or in Fig. 12-126 for an antenna which has a total length which is 
an odd number of half wavelengths long (end to end). The dissipation 
is then largely due to the radiation of the antenna portion. The physical 
length must be slightly less than would be computed, assuming propa- 
gation at the velocity of light, but can be found experimentally by the 
method described. In this case the taps are usually adjusted so as to 
terminate the incoming line in its characteristic impedance. Such an 
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adjustment may be made by measuring the current along the line with a 
meter (which may be shunted across a constant portion of the line if it is 
inconvenient to enter the line) and determining the position of the taps 
which will eliminate standing waves on the line. If the current rises on 
the incoming line as one proceeds away from the tap back toward the 
source, then the termination of the incoming line is less than that of the 
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Fig. 12-13 Adjustment of taps to obtain correct termination of supply line. 


characteristic impedance and the taps should be moved away from the 
center. Conversely, if the current in the incoming line drops as one pro- 
ceeds away from the tap, the terminating impedance is too high and the 
taps should be moved toward the center. This is illustrated in Fig. 12-13. 


PROBLEMS 

12 - 1 . (a) Following the method of Fig. 12-1, sketch curves of and 6,n for a gen- 
eral termination j/r. Use ^ — 2^1 as the abscissa, (b) Derive equations for the 
values of I and s in terms of p and t/mmx, assuming the input impedance is to be Ro. 

12 - 2 . In Fig. 12-2a Zr » 2iSo. Calculate I and a for the longest run of flat line to 
the left of the stub. Use a minimum stub length. 

12 - 3 . Repeat Prob. 12-2 for * 4 -f jO.S. 

12 - 4 . In Fig. 12-4a yr — 1.21 4-^0, I = 0.116X and d = 0.33X. Stub 1 is to open- 
circuited and of the shortest possible length. Stub 2 is short-circuited. 

o. Find Si and S 2 for the main line to be flat. 

b. What is the standing wave ratio between stub 1 and the load? 

12 - 6 . In Fig. 12-4a if d « 0.2X, I =* O.lX, and j/r * Pr + jbr, what range of values 
of Qr cannot be matched by the double-stub system? 

12 - 6 . In Fig. 12-46 Ro * 200 ohms. The line to the left of stub 2 is flat when 
$l « 38% #5d = 120% psi = 81.5% and /Ss* * 30.6^ What is Zr? 

12-7. Standing wave measurements on a line indicate that the first minimum of 
voltage is 30° from the load and <8 = 4. Design a double-stub matching system. If 
possible, use I — O.lX, if not, use I — 0.2X. Use d » 0.4X. 

12 - 8 . A 70-ohm coaxial cable is terminated in an unknown load. 5 « 1.7, and 
the first voltage minimum lies at 0.1 74X from the load end. The outer pipe of the 
line has an inner diameter of 1 in. Find the location and inner conductor diameter 
for a matching quarter-wave transformer. 
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12-9. In Fig. 12-10 each antenna element has a driving-point impedance of 72 + jO 
ohms. The main feed line has a characteristic impedance of 100 ohms. Find the 
length and position for the single matching stub. 

12-10. Discuss the feasibility of tapping in on the resonant stub of Fig. 12-14 such 
that R tn a Ro of the stub. 



Fig. 12-14. Tapped resonant coaxial stub for Prob. 12-10. 

12-11. An oscillator tank circuit is to be made from a coaxial line a quarter wave 
long. The coaxial elements are copper tubing, for which ri = 0.5 in., - I in. The 
frequency of operation is to be 10* cycles. 

а. Locate the tap position for the oscillator tube to work into a load of 30 kilohms. 
Use <f = 5.75 X 10^ mhos/m, and assume a relative velocity of unity. 

б. What is the reactive component of input impedance at the tap? 

12-12. A 50-ohm quarter-wave section is used for matching a resonant (that is, 
p 1) line to a 12-kilohm load in a radar antenna system. The resonant line is to 
work into a 5-kilohm load at a wavelength of 1 m. Locate the tap positions if the 
quarter-wave section has a loop resistance per unit length of 1.38 ohms/m at the 
operating frequency. 



CHAPTER 13 


BROAD-BAND IMPEDANCE 
TRANSFORMATION 


The several impedance-transforming networks described in the last two 
chapters are inherently narrow-band devices Relying on the behavior 
of simple reactive elements, they are sharply frecjiiency-selective and give 
the required impedance transformation at a single frecjuency only. (An 
exception is shown in Fig. 11-20.) The curves of Figs. 11-9 and 11-12 
indicate how the response of such circuits varies with fre(iuency. 

A number of communication applications, however, require essentially 
uniform response over a relatively wide bandwidth; for example, a typi- 
cal television transmitter must work into an essentially constant load 
over a 4.5-Mc range! This chapter is concerned with these broad-band 
systems. 

Two inherently different types of broad systems are encountered in 
practice: (1) Audio and video fre(]uency, where the frequency band begins 
at or near zero frequency. (2) Radio frecpiency, where the broad band 
extends on either side of a “center/’ or “carrier,” freciuency located far 
above the limits of the audio range As a (‘onsequcnce these may be 
considered as two virtually distinct problems. 


AUDIO SYSTEMS 

13-1. The Audio Transformer. The basic impedance-transforming 
device in the audio range is the audio transformer. In contrast to the 
tuned rf transformer where the primary and secondary inductors are sup- 
ported in air, at audio freciuencies it is common practice to use ferromag- 
netic materials such as iron or permalloy as a core upon which the pri- 
mary and secondary windings are placed, this core guiding to a large 
extent the path of the magnetic flux which links with the two coils. In 
this type of operation it is usually desirable to make as large a proportion 
as possible of the flux which links with one coil link also with the other 
coil. In this case the coefficient of coupling k is nearly unity. 

When two coils are wound on a common ferromagnetic core, the 
reluctance of the paths for the magnetic fluxes which they set up will be 
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practically identical and the ratio of their inductances will be propor- 
tional to the ratio of the square of the number of turns on the coils, i.e., 


L. 


( 13 - 1 ) 


A given flux would induce a voltage in each coil which would be pro- 
portional to the number of turns. If this flux were produced by current 
in coil 1, then the ratio LJM would be the ratio of the voltage induced in 
coil 1 to that induced in coil 2 by the current in coil 1. If all the flux 
set up by one coil linked with the other coil, then the mutual inductance 
would be related to the self-inductances by the relation 

^ A 1 h 

M Ni M Ni 

Since k represents the proportion of flux set up by one coil which actually 
links the other, the true equation is 

M = = k^^L, ( 13 - 2 ) 


From Eq. (13-2) it is apparent that 

M ^ k \/LJ7. (13-3) 

Equation (13-3) also holds for any arrangement of inductances, while 
Eqs. (13-1) and (13-2) apply only when the reluctances of the flux paths 
of the two coils are equal and hence are not applicable to the tuned rf 
transformer. 

The study of the audio transformer is greatly simplified by means of 
suitable equivalent circuits. Two basic forms of equivalent circuit will 
be considered. The mesh equations for the circuit of Fig. 13-lo are 

Ziili + Z12I2 = Eg Zii = + Rlp JtaLp 

Z 12 I 1 + Z 22 I 2 = 0 Z 22 = Zr + Rl» + jwL, (13-4) 

Z\2 = — Jwii/ 

These equations may be rewritten in the following manner without 
affecting the currents: 

l{Zii — Z12) + Zi 2 ]Ii + Z12/2 = Eg 
Z 12 I 1 + I(Z22 - Zi2) + Zi2]/2 = 0 

Equations (13-5) yield the equivalent T circuit of the transformer which 
is shown in Fig. 13-16. 

Now if the value of the mutual impedance is multiplied by any factor a 
and the secondary impedance Z 22 is multiplied by a*, then the primary 
current will remain the same as before, while the secondary current will be 
changed by a factor 1/a. 
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This may be shown by inserting aZu for Z 12 and a^Z 2 ^ for Z 22 in the 
expressions for the driving-point and transfer impedances. 


(2l2)new — 


Fnew — ^ — ^11 ~ V*' 

CL /j 22 ^22 

CL^ZiiZ22 — a^Zi2^ G(ZiiZ22 — Z^12^) 

— clZ 12 — Z12 


= 0 ( 212)0 


It may be seen that the value of 211 , and hence the value of primary 
current Ii, has not been altered, but zu has been increased by the factor a, 



Fig 13-1 Transformer and equivalent circuits 


and so the current 1 2 has been reduced by a factor equal to the reciprocal 
of a. The driving-point impedance of Fig. 13-lc is, therefore, the same 
as that of Fig. 13-16; hence Fig. 13-lc is often called the equivalent circuit 
referred to the primary side. 

It is common practice in the design of audio transformers to make the 
reactance of the transformer primary large in comparison with the imped- 
ance to be presented to its input terminals and to make the reactance of 
the secondary large in comparison with the load impedance. The rea- 
sons for this will be discussed in detail later. Hence in Fig. 13-lc the 
reactance of the branch aM is usually large in comparison with the 
impedances a^Ru and o^Zi?. Under these circumstances, if a is so 
selected that the reactance of — aM is small in comparison with 
the reactance of aM, then the branch aM could be neglected for a good 
approximate solution and the equivalent circuit would be a simple series 
one. One such value of a would be obtained by setting a*L, — aM equal 
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to zero, which would give the equation 


p 

II 

(13-6) 

From Eq. (13-2), Eq. (13-6) could also be written 


a = krj^ 

N 2 

(13-6a) 


The inductance Lp — aM in Fig. 13-lc would then become, by the use of 
Eqs. (13-2) and (13-6a), Lp(l — and the equivalent circuit would be 
that shown in Fig. 13-ld. In solving for the currents the branch k^Lp 
can usually be neglected. 

Since k is usually nearly equal to unity, a value of a which is more 
commonly used for equivalent circuits is to make 


N, 


\1Ls 


(13-7) 





Fig. 13-2. Equivalent 
of Fig. 13-lc when a 


circuit 

NWN^ 


For this value of a the arms Lp — aM and a^L, — aM are both equal to 
(1 — k)Lpy and the equivalent circuit is 
that shown in Fig. 13-2. Notice that, 
while a value of a equal to the turns ratio 
is a common and convenient one to choose, 
it produces only one out of an infinite va- 
riety of possible equivalent circuits. 

13-2. Ideal Transformers. An ideal 
transformer is one which will modify the 
magnitude of the load impedance, as viewed 
from the sending end, without changing its 

angle and will not introduce any additional losses. From a considera- 
tion of Figs. 13-lc and 13-2, it is apparent that such a transformer would 
have the following requirements: 

1. Infinite primary and secondary inductances but a finite ratio Lp/L,. 

2. Coefficient of coupling equal to unity. 

3. No resistance in primary and secondary windings. 

At audio frequencies one can approximate these conditions. For all 
practical purposes condition 1 is satisfied if Xn? \ZgZR\y and this can 
usually be realized if cores of high permeability are used and are wound 
with a sufficient number of turns. Condition 2 can be approximated by 
using cores of high permeability and arranging the windings so that the 
flux produced by one coil will link with the other coil to as great an 
extent as possible. Condition 3 can be approximated if the resistance of 
the primary is small in comparison with the resistance to be presented at 
the input terminals and if the resistance of the secondary is small in com- 
parison with that of the load. 
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13-3. Conditions for Impedance Match. Equations (11-21) to 
(11-23) state the general requirements for a purely reactive T section 
to give a specified impedance transformation. At af the network must 
operate over a very wide band measured in octaves. For example, the 
range of 30 to 15,000 cycles represents about nine octaves. Hence, it is 
not feasible to build a T section which uses inductances and capacitances 
and which operates over this range. That is why the matching network 
is usually built of inductances alone in the form of an iron-core trans- 
former. Under these circumstances a perfect impedance match is impos- 
sible at any frequency. The requirement set by Eq. (11-23) cannot be 
met, because in a transformer with purely inductive coupling 

XJ = 

where k = M/\/LpL^ < 1. 

However, if the coefficient of coupling can be made nearly equal to 
unity and if Xp ^ Rlp^ X, ^ Ru (conditions approximating the ideal 
transformer), then the second terms under the radical of Eqs. (ll-23a) 
and (11-236), viz., 

= ± - RnRn 

= ± - RnRn 

become negligible and the equations become practically 

yjwi " 

If this condition is true, then if Xm, or Xp, or A, be selected first, the 
other values are determined only by the magnitude of the impedance- 
transformation ratio, and not by the individual impedance magnitudes, 
and it would be possible to alter any terminating resistance by the ratio 
Xp/X^ with one network. 

While such a network does not give a perfect match at any frequency, 
it does give an approximate match over a wide range of frequencies and 
so is more suitable than the T network containing capacitive elements. 

The requirement of a transforming network that one of the equivalent 
arms must have a type of reactance opposite to Xm is met by the trans- 
former, for, with k nearly equal to 1, Xm will be greater than either Xp 
or Xt but not both (except in the 1 : 1 transformer, in which case it can 
be greater than neither), and so either the series arm Xi, which is equal 
to Xp — Xm in Fig. 13-16, or the series arm X 2 , which is equal to 
X, — Xm, will have a negative value. The advantage of obtaining the 
negative reactance in this way is that Eq. (ll-20a) may be made to hold 
over a vnAo frequency range, whereas if a capacitance were used to obtain 
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the negative reactance required for Xi or X 2 , this equation (U-20a) 
would hold at only one frequency. 

13-4. Image Impedances of an Ideal Transformer. The character- 
istics of the ideal transformer were discussed in a preceding section. In 
an ideal transformer the input impedance on open circuit is infinite, 
and the input impedance on short circuit zero, when measured from 
either pair of terminals. Hence the image impedances would be indi- 
vidually indeterminate as indicated by an application of Eqs. (3-102). 
However, the ratio of the image impedances would have a definite value 
given by Eq. (ll-20a), for in the ideal transformer there is a definite 
ratio of primary to secondary reactance equal to the ratio of the square 
of the turns. 

13-6. Comparison of Reflected Resistance in Iron-cored and Timed- 
transformer Circuits. Another interesting comparison may be made 
between the reflected resistance in the circuits using iron-cored trans- 
formers and those using tuned circuits. The driving-point impedance of 
a two-mesh circuit is given by 


Zii — Zii 


hi 

Z 22 


In the tuned rf transformer, if the primary and secondary reactances 
are made equal to zero, this equation would become 


Zii = -f- 


R22 


The resistance reflected into the primary circuit by the coupling to the 
secondary circuit would be given by the term and would be 

inversely proportional to the secondary mesh resistance. 

On the other hand, if an iron-cored transformer is used which approxi- 
mates ideal conditions, then Xn^ Rn and X 22 » R 22 and if the react- 
ance external to the transformer is negligible, X 11 X 22 = Xu^, Then the 
equation becomes 

+jX^, + 

= (13-9) 

/l22 “T A 22 


R 22 ^ may be neglected in the denominator in comparison with X 22 ^ which 
reduces the equation to 


Zn = Rn + jXii + R22 — jXn 

A 22 


= Rn + 


m 


Rn 


(13-10) 
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The resistance reflected into the primary is given by the term {Ni/N 2 yR 22 
and so is directly proportional to the secondary mesh resistance. 

Other circuits may fall between these two extremes, in which case the 
situation can be examined by the fundamental equations. 

13-6. Frequency Response. Figure 13-2 must be regarded as a first- 
order-approximation equivalent circuit when the frequency response and 
efficiency of the transformer are to be considered. A more accurate rep- 
resentation of the transformer would show shunt capacitance across the 
input and output terminals and “mutuaF^ capacitance between the two 
windings. Furthermore, a conductance G should appear in parallel with 
the mutual leg kLp in Fig. 13-2 to account for the eddy-current and hys- 
teresis losses in the core material. As a general rule this equivalent con- 
ductance depends upon frequency and varies rionlinearly with primary 
current and so may introduce frequency, delay, and amplitude (nonlin- 
ear) distortion. 

As a practical matter,, the large majority of iron-core audio trans- 
formers (with the exception of interstage vacuum-tube transformers) are 
used to match impedances in the range from a few ohms to a few thou- 
sand ohms. In this type of service the shunt and mutual capacitances 
are usually so small that their reactances have little measurable effect in 
the audio band. When the impedance level of one or both windings 
becomes high, say, above several thousand ohms, the winding capaci- 
tance must be taken into account at the higher audio frequencies. In a 
well-designed transformer the core losses are small enough so that G 
draws negligible current. Hence the first-order approximation shown in 
Fig. 13-2 is often adequate for the calculation of frequency response. 
(This may not be true in inexpensive units, where the behavior of the 
core may become significant.) 

In typical high-quality audio impedance-matching transformers, kLp 
will have a value 50 to 500 times as great as the total leakage induct- 
ance, 2(1 — k)Lp, Because of this difference in magnitudes the behav- 
ior of the transformer may be considered in three distinct frequency 
bands, yielding a greatly simplified analysis. At the lower frequencies 
the voltage drop across the leakage reactance is negligible, and the sim- 
plified equivalent circuit of Fig. 13-3a results. At the higher frequencies 
the drop across the leakage reactance is significant, and (akLp is so large 
that negligible current is diverted through this shunt branch. Then 
the high-frequency equivalent circuit of Fig. 13-3c is adequate. In 
the band of frequencies intermediate between these two extremes the 
series, and shunt reactances may both be neglected, so that the simplified 
equivalent circuit of Fig. 13-36 may be used. The student may calcu- 
late the voltage or current response as a function of frequency quite 
readily from these equivalent-circuit diagrams (see Prob. 13-1). 
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Inspection of Fig. 13-3 shows that the low-frequency response is 
improved by raising kLpj while the high-frequency response is improved by 
lowering (1 — k)Lp. If the primary inductance Lp is raised by increasing 
the number of turns in order to improve the operation at low-frequencies, 
the transmission at high-frequencies will be affected adversely. Hence 


R, R, 



Fig. 13-3. Equivalent circuits for the iron-core impedance-matching transformer 
(a) Low-frequency circuit, (b) Mid-frequency circuit, (c) High-frequency circuit. 


values of Lp and k should be so selected that the inequalities 

a)(l - /b)Lp « ^ \Zk\ « wfeLp (13-1 1) 

L/t 

will hold over as wide a range of frequencies as is possible. It is appar- 
ent that k must be made as near unity as possible in order to secure this. 

In order to ascertain approximate limits for the values of Lp and k, 
consider the two simplified circuits shown in Figs. 13-3a and c. Since 
k nearly equals 1, it may be assumed as such in the arm kLp but not in 
the inductance (1 — k)Lp. The resistance of the two windings is neg- 
lected, and it is assumed that the transformer is matching two resist- 
ances so that the reflected resistance of the load equals the resistance of 
the generator, that is, g^Rr = Rg. Then if a perfect, or ideal, trans- 
former were used, the power delivered to the load would equal Eg^/4tRg. 

In Fig. 13-3a the output current would be 

r _ Eg{Rg + joiL^ 

^ Rg^ + 2j(»)LpRg 

1 2 

a Rg^ + 2j<aLpRg 


(13-12) 
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Suppose that at the lowest frequency of interest Rg = wLp. Then the 
current in the load would be 

^ - Eg 
a \/5 Rg 


The power delivered to the load would be 


2 " 5Rg 


(13-13) 


From Eq. (13-13) it is seen that the ratio of the power delivered to the 
load of Fig. 13-3a, for the case where wLp = Rg, to the power delivered 
to a load by an ideal transformer would be or 0.8. This would corre- 
spond to a loss of about 1 db. 

If, at the high-frequency end of the band where 2(1 — k)Lp is of 
importance, 2w(l — k)Lp should equal Rg, then the current in Fig. 13-3c 
would also be given by the relation 


|/i| 




and the power delivered to the load would again be 

P = 

5Rg 


(13-14) 


This would also correspond to a loss of about 1 db as compared v/ith an 
ideal transformer. 


As an example of the use of these relations, suppose that a transformer is 
to be designed to match a 600-ohm line to a 5,400-ohrn load over a range of fre- 
quencies from 30 to 15,000 cycles. Neglecting winding resistances determine the 
primary and secondary inductances and the required coefficient of coupling if the 
loss of 1 db is allowed at the low- and high-frequency ends of the band. 

Then 27r X 30Lp = 600 

Lp = 3.18 henry 8 
4ir X 15,000(1 - k)Lp = 600 
1 - A; - 0.001 
k = 0.999 

It should be observed that this value of k depended only on the frequency 
range and the tolerance at the extreme frequencies and was independent of 
the terminating resistances. However, the required value of Lp does depend on 
the impedance wffiich is to be presented to the source. 

Since the ratio of the secondary load impedance to the primary supply net- 
work impedance is 9: 1, the transformer should have a turns ratio of 1:3. This 
means that the secondary inductance should be 

9 X 3.18 = 28.62 henrys 
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It should be realized that these are rough values since the winding 
resistances and the core losses have been neglected. One important point 
that must be stressed is the following: When the transformer is used to 
match a load to the plate circuit of a vacuum tube, the d-c component 
of plate current flows through the transformer winding. Thus Lp is the 
incremental primary inductance, i.e., the inductance taking into account 
the saturation of the transformer core caused by the direct current. 
More about this will be said later. 



Fig 13-4. Curve of measured relative response of an inexpensive non-core transformer. 

Push-pull operation of active circuit elements will remove unbalance 
in the d-c components but may introduce another problem because the 
leakage reactance between the two sections of a push-pull primary may 
prove troublesome. 

Figure 13-4 shows the measured relative response curve for an inexpen- 
sive (manufacture’s price, approximately $1) transformer connected 
between the nominal generator and load resistances and with 1 watt 
delivered to the load at 1 kc. The d-c primary current is 60 ma. The 
relative response is 

= -20 log 

The transformer is optimistically rated for 5 watts into a 3.5-ohm load 
when fed from a 2,000-ohm generator. The readings on the dashed por- 
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tion of the curve below 70 cycles are questionable because of distortion 
introduced by saturation of the small by in.) cross-section iron 
core. A similar curve was run for an output level of 2 watts. It was 
identical to that in Fig. 13-4 above 130 cycles. Below that frequency 
the waveform became so poor as to make voltmeter readings meaningless. 
The measured efficiency of the transformer at 1 kc and 1 watt output 
was approximately 75 per cent. 

The student should note that the output power decreases at the lower 
frequencies because the shunting susceptance of Lp becomes important. 
It is apparent that the input impedance of the transformer loaded with a 
resistance begins to have an appreciable reactive component as the fre- 
quency is reduced at about the same frequency as that at which the 
power delivered starts decreasing. When the transformer is driven by 
a vacuum tube, this complex impedance causes the path of operation of 
the vacuum tube to become elliptical rather than linear, which either 
causes nonlinear distortion or requires a reduction in the maximum out- 
put of the tube. This use of the load line in analyzing distortion in 
combinations of vacuum tubes and loads is discussed in most electronics 
texts. It may be expected, then, that frequency and nonlinear distortion 
begin to show up in approximately the same frequency range when the 
tube is driven to or near its maximum output. Since the power at the 
higher frequencies is usually small, a similar effect at the upper frequency 
limit may be neglected. 

13-7. Design Considerations for Iron-core Transformers. At low- 
frequencies the transformer can be represented by the equivalent circuit 
of Fig. 13-3a. Hence the core volume and number of turns must be large 
enough to give the desired winding inductance. In addition, the magne- 
tic core should be operated only in the linear portion of the magnetiza- 
tion curve if waveform distortion is to be avoided. The arrangement 
of the primary and secondary coils is relatively unimportant at low- 
frequencies. 

At high-frequencies the transformer equivalent circuit is that of 
Fig. 13-3c. As has been pointed out, in some cases it is necessary to 
include the effects of winding capacitances in addition to the resistances 
and inductances. There is a fundamental conflict between the require- 
ments for low leakage inductance and low winding capacitances. For 
low leakage inductance the primary and secondary turns must be wound 
very near each other. A separation of windings is necessary, however, 
to reduce interwinding capacitance. A compromise between these con- 
siderations is necessary in order to obtain a good design. 

In high-impedance windings the capacitance between layers may 
greatly affect the high-frequency operation. Transformers may include 
many layers of small wire with very little separation between layers. 
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The interlayer capacitance may be reduced by using thicker insulation 
between layers or by winding the coil in a number of sections. Wind- 
ing the coil in a number of short segments reduces the voltage gradient 
between successive layers and thereby reduces the effective capacitance. 

The efficiency of impedance-matching transformers is a function of 
transformer size and core material. In a small inexpensive transformer 
the resistances of the windings may be a significant fraction of the imped- 
ances being matched. Winding resistances may be reduced by increas- 
ing core size, decreasing turns, and increasing wire sizes. The efficiency 
is also improved by using thinner laminations in the core and by the 
selection of core material with better magnetic characteristics. 

In winding coils in a given alloted volume the effect of changing the 
number of turns on the values of L and R is of interest. If the number 
of turns is increased by a ratio m, the cross-sectional area of each turn 
must be changed by a factor 1/m in order to keep the volume constant. 
If the volume occupied by the insulation is negligible, this would cause 
the resistance of the winding to be multiplied by a value m^. Under 
these conditions, since the inductance of a coil, whose geometry other- 
wise is unchanged, is proportional to the square of the number of turns, 
the value of L would also be multiplied by m^ Hence the ratio L/R 
would remain unchanged. 

However, unfortunately, as the size ot wire is decreased, the relative 
amount of space allotted to insulation must be increased. The thick- 
ness of the enamel insulation for fine wire is determined by the value 
necessary to resist abrasion in the winding process and cannot be reduced 
below a certain minimum on the hner wires. Hence, in practice, as the 
number of turns is increased in a given winding space, the value of the 
resistance will go up faster than and so the L/R ratio will drop. 

In an audio transformer, particularly when intended to be used with 
direct current flowing in one of the windings, an air gap is introduced 
to ensure that the inductance is linear and the reluctance of the mag- 
netic path is determined largely by the length of this air gap, the purpose 
of the iron being to ensure that as much as possible of the flux linking 
one coil also links the other (making k as nearly equal to 1 as possible). 

For convenience consider the case where all linear dimensions of a 
transformer are doubled except that the length of the air gap is kept 
constant. Then the cross section of the air gap will be multiplied by 4 
and the permeance of the magnetic path multiplied by 4. The cross 
section of the electrical winding will also be multiplied by 4, and the 
average length of turn will be doubled. Therefore, if the number of 
turns is kept the same, the resistance will be halved. Since the perme- 
ance has been increased by 4, the inductance for the same number of 
turns will be multiplied by 4. Therefore, the L/R ratio will be increased 
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by 8, which is also the ratio of the volumes and weights of the two trans- 
formers being compared. This would also be approximately the ratio of 
the two material costs. 

For a given volume the L/R ratio is nearly independent of the number 
of turns; so advantage of the improved L/R ratio could be taken in terms 
of higher L or lower R by redesigning the transformer. 

The effect of the larger volume with the same air gap would also be to 
decrease the leakage inductance. Furthermore, in the larger winding 
space, it is usually possible to provide more advantageous distribution of 
windings to reduce capacitances and leakage reactance. 

13-8. Resistance Pads. In all the impedance-transforming networks 
discussed to this point the design has been based on the use of reactive 

elements in order to minimize the 
losses. In certain applications, how- 
ever, fairly high losses may be toler- 
ated and in some instances may even 
be desirable. In these applications 
the matching networks may be built 
of resistors and hence are inherently 
broad-band devices, their behavior at high-frequencies limited only by 
inevitable shunt capacitances, which, like the poor, are with us always. 
Such resistive matching networks are termed ^‘pads’^ or ** attenuators^^ 
and may be designed by application of Eqs. (11-26), (ll-30a), (ll-32a), 
and (ll-33a). 

Consider the T section of pure resistances terminated in its image 
impedance Zj 2 as in Fig. 13-5. By Eqs. (11-26) and (11-34) the image- 
transfer constant of the network is given by 

- Vftf: 

e = A-|-jB (11-26) 

Since the network contains only resistance, E\ and E 2 are in phase, as 
are Ii and 1 2 ] hence 

0 = A nepers B = 0 

Furthermore, by Eq. (11-28), Zn and Z 12 are real and may be designated 
Rji and Rny respectively. Then by Eqs. (ll-30a), (ll-32a), and (ll-33o) 
the components of the T pad, to give a specified loss between known 
image resistances, are given by 


fl, = 

\/ RiiRn 
sinh A 


(13-15) 

Ri — 

Rii 

Rz 

(13-16) 

tanh A 

R 2 = 


Rz 

(13-17) 

tanh A 
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The student will observe that A is a real number; hence the hyperbolic 
functions of A are real and may be determined from the tables in the 
Appendix. 

Design a 10-db pad to work between 100 and 200 ohms. 

Converting decibels to nepers, 

A == 10 db = 0.115 X 10 = 1.15 nepers 

From the Appendix tables 

sinh 1 15 = 1.421 tanh 1.15 = 0.818 


From Eqs (13-15) to (13-17) 


B V{2 X 10^) X 10’ 

R, = 


1«.4 

1.421 


98.4 ohms 


- 98.4 = 244.2 - 98.4 = 145.8 ohms 

0.818 

Ri = - 98.4 = 122.1 - 98.4 = 2.3.7 ohms 

U.o 1 o 


The n resistance pad of Fig. 13-6 may be designed by applying the 
duality principle to Eqs (13-15) to 
(13-17). 

13-9. Minimum-loss Pad. If a 

resistance pad is to be built for the ^ 
primary purpose of obtaining a spec- ^ 
ified impedance transformation, it 
should be designed such that the loss Fio. 13-6. n resistance pad. 

A is minimum. When designed for 

this condition, the pad is known as a ‘‘minimum-loss pad.*' Equation 
(13-17) serves as the basis for finding the minimum-loss condition, 
namely, that Rz of the T pad be zero. 

For convenience, let Rn be the larger of the two image resistances, 
that is, Rii > Ri 2 , Multiplying by R 12 and taking the square root, 

Ri 2 < y/ R 11 R 12 (13-18) 



The Appendix shows curves of sinh A and tanh A for positive real values 
of A. From these curves and inequality (13-18) it may be seen that for 
A large 


Ri2 ^ y/ RiiRit 

tanh A sinh A 


(13-19) 


It may also be seen that, as A —► 0, sinh A tanh A; hence for A small 


Ri% ^ y/ RiiRii 

tanh A sinh A 


(13-20) 


Inequality (13-20) imposes an impossible condition on the resistance pad, 
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for by Eq. (13-17) it requires that R 2 be negative. Thus the minimum 
possible value of loss must occur at the crossover point between inequali- 
ties (13-19) and (13-20), i.e., at 


Ri\ _ a / RiiRn 
tanh Amin sinh A mm 


(13-21) 


corresponding to R 2 — 0. Equation (13-21) may be solved for Amm- 


cosh Amm 



(13-22) 


It is interesting to note that the minimum loss is a function of the trans- 
formation ratio Rii/ R 12 alone and does not depend on the absolute values 



load conditions. 


of Rii and R 12 . (It is also of interest to note that the loss increases with 
the transformation ratio, as was the case in reactive matching sections.) 
The student may derive simplified expressions for Ri and Rs of the mini- 
mum-loss pad in terms of Rn and R 12 by eliminating A in Eqs. (13-15) 
and (13-16). 

13-10. Isolation from Load Variations. The student might well 
wonder why a pad other than the minimum-loss type would ever be used 
as an impedance transforming network. One answer is that the losses 
of a pad tend to make the input impedance independent of the load. 
This property may be important when a generator works into a variable 
load. It will be shown that for a T pad the maximum deviation of Rtn 
from Rii is a function of the pad loss, A. 

Consider the T pad of Fig. 13-7a. i?i, J? 2 , and Rz have been designed 
to transform the nominal or rated load Rj 2 into the desired input resist- 
ance Rii. The load is subject to variation; so the input impedance will 
be checked for the extreme limits of this variation. If the load becomes 
a short circuit as in Fig. 13-76, the input impedance becomes 

R.C = ff, + (13-23) 

lt2 "T -^8 

Eliminating iJi, i22, and Rz by Eqs. (13-15) to (13-17), 

R»e == Rii tanh A 


(13-23a) 
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Then expressing the deviation of R»e from Rn as a fraction of fti, ' 

Rii — Ri 


Rji 


= 1 “ tanh A 


(13-24) 


The other extreme of load variation is an open circuit. For the open- 
circuit termination the input resistance of Fig. 13-7c is 


Roc = Ri + Rz 
_ Rii 
~ tanh A 

Expressing the deviation of Roe from Rn as a fraction of i?/i, 

Roc — Rii _ 1 _ ^ 

Rji tanh A 


(13-25) 

(13-25a) 


(13-26) 


For purposes of comparison, Eq. (13-26) may be rearranged. 

Roc — Rii __ 1 — tanh A _ R n ~ Rbc 

Rii tanh A tanh A Rn 


(13-26a) 


Since tanh A < 1 for any finite, positive value of A, it follows that the 
maximum possible deviation of input resistance from Rn is given by an 
open-circuit termination; hence Eq. (13-26) may be used to design a T 
pad to keep the input resistance to any specified tolerance regardless of 
the variations in load. 


An oscillator is subject to frequency change with load variations. It is 
designed to work into a 50-ohm load and is to be coupled to a nominal load of 
200 ohms. Design a T pad to make the required nominal impedance transforma- 
tion and to ensure that the oscillator load remains within 5 per cent of 50 ohms. 

Since the largest deviation occurs for an open circuit on the load end of the pad, 
use Eq. (13-26). 


tanh A = 


1 


1 

l-h0.05 1.05 


= 0.951 


From the table of hyperbolic functions in the Appendix, 


A = 1.84 nepers sinh A = 3.07 


By Eq. (13-15) 

p _ VRiiRrt _ _ 100 

* Binh A 3.07 3.07 


32.6 ohms 


By Eqs. (13-16) and (13-17) 

“ tefh ' A - *• “ oW “ 

- «• = S - - 10^ - 32-6 - 72.4 ohms 
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As n check, compute Roc by Eq. (13-25). 


Roc = iRi + Es = 52.5 ohms 

^ 52.5 - 50 

Per cent deviation = = 5% 

It should be noticed that the penalty paid for this isolation from load variation 
is a loss of 1.84 nepers, or 16 db, representing a ratio of output to input power 
of 0.0251 

The student should notice that, in asymmetrical pads where Rn ^ Rn, 
the decibels loss cannot he calculated as 20 log (Ei/E^ because of the change 
in impedance level. 



(a) 



13-11. Attenuators. In a number of applications it is necessary to 
introduce a specified loss between a generator and a matched load with- 
out upsetting the impedance relationship. Symmetrical T or IT pads 
may be used for this purpose and are then called ‘^attenuators.’^ If, 
however, the loss is to be adjustable in fixed steps, the T and n pads 
offer an uneconomical solution because of the number of resistors and 
switch contacts required. An alternate and more economical solution is 
afforded by the symmetrical bridged T pad of Fig. 13-8a. The loss may 
be varied by simultaneously switching the values of Ri and i? 2 . The 
student may verify that if R 1 R 2 = 

e“ = 1 + (13-27) 

tvo 

for the symmetrical bridged T section. 
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Still more economical from the viewpoint of switching is the4adder 
attenuator of Fig. 13-86, which consists of a cascade of symmetrical n 
pads terminated at both ends in The ladder attenuator has the prin- 
cipal disadvantage of providing a loss of 3 db in the minimum-loss posi- 
tion (m on the diagram). This comes about because the input current 
divides equally at the tap, only one-half going toward the load, and 
because of the 1:2 change in resistance level. In constructing the H 
ladder attenuator, adjacent shunt elements (circled on the diagram) are 
combined into a single resistor to reduce cost. 

RADIO-FREQUENCY SYSTEMS 

In the radio-frequency region there is no direct analog to the audio iron- 
corc transformer to provide a universal broad-band impedance-trans- 
forming device. As a result, each radio-frequency problem must be con- 
sidered on its own merits and a suitable broad-banding means derived. 
A few general principles may be stated, however, which are of consider- 
able help: (1) As a general rule broad-banding results when a given 
impedance-transformation ratio is accomplished in several steps rather 
than a single one. This leads to the concept of cascading impedance- 
transforming sections. (2) A graphical method of approach is prefer- 
able to a purely analytical method. The locus of the terminating imped- 
ance is plotted as a function of frequency on either the bicircular or the 
Smith chart. Since the specified transformation cannot be obtained 
exactly at every point within a broad band, a region lying within a circle 
of tolerable standing wave ratio may also be plotted. This region defines 
the limits of allowable input impedance. Then general procedures may 
be described for mapping the termination locus over the required band- 
width into this region. The remainder of the chapter describes some of 
these principles and methods. 

It should be realized at the outset that the term ‘‘broad band'' is rela- 
tive. Bandwidths in radio, as opposed to audio, systems are often only 
a fraction of a per cent of the “center" frequency, i.e., if/® and/^ are, 
respectively, the lower and upper limits of the signal spectrum and /o 
is the arithmetic mean, or center, frequency, the fractional bandwidth is 
(/& — /a)//o = A///o. As a general rule the term broad band is reserved 
for those systems where the fractional bandwidth is 0.05 to 0.1 (5 to 
10 per cent) or greater. Typical approximate maximum values for the 
three broadcasting services are listed below: 


Service A///o 

Amplitude modulation, AM 0.02 

Frequency modulation, FM 0.002 

Television, TV 0.1 
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It may be seen that the amplitude-modulation and frequency-modula- 
tion systems are narrow-band, whereas television falls within the broad- 
band definition. 

A frequency-modulation receiving antenna and transmission-line sys- 
tem, however, must be capable of working over the entire frequency- 
modulation band, which extends from 88 to 108 Me, so that 

A///o = 2%8 = 0.204 

This represents a broad band, but fortunately a greater standing wave 
ratio may be tolerated than at the transmitter. In certain cases, for 
example, in some aircraft radio systems which must be able to operate in 
many frequency bands, A///o may be 0.3 or even greater. It is fortunate 
that, in these “very^^ broad-band systems, a value of up to 2 may be 
satisfactory. 

13-12. Frequency Response of Quarter-wave Transformer. The 

concept of broad-banding by cascading impedance-transforming sections 
may be demonstrated by means of the quarter- wave transformer which 
was described in Chap. 12. As a first step, consider how the input imped- 
ance varies with frequency when a single quarter-wave section is termi- 
nated in a pure resistance. Say Rr = ^Ro is to be matched to a line of 
characteristic impedance Ro at frequency /o. Then by Eq. (12-1) the 
match may be obtained with a quarter-wave section of characteristic 
impedance /?' given by 

R'o = VRrRo = = 2R, (13-28) 


It is convenient to find as a function of frequency by using a Smith 
chart; hence normalize all quantities with respect to i?'. 

R’o 2R, 

, _ ^ _ 1 
° R'o 2 

A lossless transformer section is assumed; hence the phase velocity is 
independent of frequency and /X = /oXo. Then at any frequency / the 
transformer length as a fraction of the wavelength is given bv 


(13-29a) 

(13-296) 


X- - a - 


(13-30) 


Equation (13-30) is used to compute the electrical length of the trans- 
former in Table 13-1 over the range 0.5 < ///o < 1.5. 

Since Rr is given as being independent of frequency, enter the imped- 
ance chart (Fig. 13-9) at r' = 2, and rotate l/\ on the 5^' = 2 circle for 
each frequency to find the corresponding value of normalized input 
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4^7 

impedance Zi^, One such rotation is shown in the figure for f/fo == 0.5, 
l/\ = 0.125. The resulting values are tabulated in Table 13-1. By Eq. 

Table 13-1. Calculation of Zm fob a Quarter-wave Transformer 


///. 

i/\ 


Z%n 

1 5 

0.375 

0 80 4* JO 60 

1.60 -hjl.20 

1 4 

0 350 

0 675 -hJO 49 

1.35 -f-JO.98 

1 3 

0 325 

0 59 H-JO 36 

1.18 -hJO 72 

1 2 

0 300 

0 54 -f J0.24 

1 08 +J0.48 

1 1 

0 275 

0 51 +/0 12 

1 02 -f JO 24 

1 0 

0 250 

0 50 +y0.00 

1 00 -hJO 00 

0 9 

0 225 



0 8 

0 200 



0.7 

0.175 

Conjugate symmetry 

0.6 

0 150 



0 5 

0 125 




(13-295) it may be seen that the match is perfect at f/fo. The input 
impedance normalized with respect to Ro is obtained by 

= X = = 24 (13-31) 

Values of Ztn are shown in Table 13-1 and are plotted along the dashed 
locus in Fig. 13-9. From the figure it may be seen that, if a standing 
wave ratio of 2 or less on the line (not the transformer section) may be 
tolerated, the allowable bandwidth will be approximately 

^ = 1.3 - 0.7 = 0.6 

Jo 

That is, the frequency could swing roughly 30 per cent on each side of 
the design value /o without S exceeding 2. 

13 - 13 . Cascaded Transformers. Figure 13-9 may be used as the 
basis for showing that the bandwidth for an allowable standing wave 
ratio decreases with increasing transformation ratio. Let S' be the 
standing wave ratio on the quarter- wave transformer section. Then, 
for a given frequency range, the smaller the value of S\ the smaller 
will be the deviation of z[n from the real axis and the desired value of 
input resistance. Therefore it is desirable to keep S' on the transformer 
section small. 

Now S' is related to the impedance-transformation ratio Rr/Rih (or 
RxJRr depending upon which is greater than 1). By Eq. (12-1) for the 
transformer to match Rr to /?»n at the design frequency /o it must have a 
characteristic impedance 


Ro — y/Rn^n 
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Fig. 13-9. Frequency response of a quarter-wave transformer terminated in a constant 
resistive load. 


Dividing by and inverting, 

Now if > 7?tn, S* = r', or if < i2,n, = 1/rJ; hence 

S' = Rn > R,n 

S' = 


( 13 - 32 ) 


( 13 - 33 ) 


Therefore broad>band considerations dictate that the ratio of impedances 
transformed by a quarter-wave transformer be kept small. Any given 
transformation, then, may be broad-banded by performing the transfor- 
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mation in two or more steps, rather than in one, by means of cascaded 
quarter- wave transformer sections. (The student should note that this 
is quite consistent with the results of Chap. 11. Figures 11-9 and 11-12 
show that the response of the lumped-constant L and T sections becomes 
less selective as the transformation ratio is decreased.) 

Assuming, then, that two or more quarter-wave sections are to be con- 
nected in cascade to transform Rr to the problem is to determine 
/?', Ro, -R'", the characteristic impedances of these sections. A number 
of solutions have been proposed. Slater,^ among others, has suggested 
that the common logarithms of the impedance ratios at the junctions in 
the system follow the coefficients of the binomial expansion (a + bY, 
that is: 


No. of X/4 aectionSf n 


Logarithm of impedance ratio 


2 

3 

4 


12 1 
133 1 
1 464 1 


As an example, consider the design of a two-quarter-wave-section sys- 
tem. Reading from left to right in the inset of Fig. 13-10, the imped- 
ance ratios at the junctions are Ro/Ro, and Rr/R'o. Since the 

number of sections, n, is 2, 


log ^ = 2 log ^ = 2 log 

rCff Ko 


Rr 

Ro 


i.p., from left to right the logarithms of the impedance ratios foF 
low the rule 1 2 1 in accordance with the above table. Then, taking 
antilogarithms. 


T?' / ^ / 1? 

R’j \rJ \r:) 


(13-34) 


Solving for R^ and R!/ in terms of R. and Rn, 


K = or K = \/ltn^Ro (13-35a) 

K' = (13-356) 


‘J. C. Slater, ‘‘Microwave Transmission,” pp. 67ff., McGraw-Hill Book Com- 
pany, Inc., New York, 1942. Slater also explains the theory of broad-banding with 
cascaded sections by considering the cancellation of the waves reflected at each imped- 
ance junction in the system. More recent work has resulted in better solutions for 
adjusting the impedance levels. See, for example, R. E. Collin, Theory and Design 
of Wide-band Multisection Quarter-wave Transformers, Proc, IRE, vol. 43, no. 2, 
p. 179, February, 1956. 




Fig 13-10 Determination of tho input impedance of two cascaded quarter-wave 
transformers tc rminated in a constant resistive load 


The btudeiit may verify for this case that the impedance at the junction 
of the two quartei-wave sections is 

Hj = VRrR. (13-36) 

This information will now be used to design a double-section system 
for an over-all transtormation ratio of 4 1 The response will then be 
computed and compared with the results obtained in the last section 
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Thus let Rb = 4JJ,. Then by Eqs. (13-35) 


Ri = ^y¥R.* = 2.S3R„ 

47? 2 

P" = = 1 4147? 

zho — 2 837? — x.‘xx‘*xi/o 


As a first step, consider the right-hand section in the diagram, and 
normalize Rr with respect to 7?'. 


7 .' = 

" 2.S3Ro 


= 1.414 


By Eq. (13-36) the normalized input impedance should be 


2Ro 

2.SSRc 


= 0.707 


Following the method of the last section, enter the Smith diagram (Fig. 
3-10) at r', and rotate on a circle of constant S' the appropriate fraction 
of a wavelength at each frequency. The values of 2 ' are tabulated in 
Table 13-2, and the corresponding locus is shown in the figure. ^ 


Table 13-2 Calculations for oi* a Double Quarter-wave Transformer 


//fo 

l/\ 

1 

5 

0 

375 

1 

4 

0 

350 

1 

3 

0 

325 

1 

2 

0 

300 

1 

1 

0 

275 

1 

0 

0 

250 

0 

9 

0 

225 

0 

8 

0 

200 

0 

7 

0 

175 

0 

6 

0 

150 

0 

5 

0 

125 




0 94 + jO 34 
0 85 -f .;0 30 
0 78 -{-jO 24 
0 74 H-jO 16 
0 71 +.70 08 
0 70 + jO 00 




1 88 +j0 68 

1 70 -hjO 60 
1 56 -I-.7O 48 
1 48 -\-j0 32 
1 42 -f-jO 16 
1 40 -fjO 00 






0 

59 

+ ;0 

475 

0 

56 

+ /0 

29 

0 

58 

+ .;0 

15 

0 

625 

• +j0 

05 

0 

68 

4-;0 

01 

0 

71 

+ j0 

00 


2tn 


0 84 -hjo 67 
0 79 H-jO 41 
0 82 21 
0 88 -hjO 71 

0 96 +70 01 

1 00 +70 00 


Conjugate symmetry 


Now Zj is the termination for the left-hand quarter- wave transformer 
in Fig. 13-10. To handle this section on the Smith diagram, all quanti- 
ties should be normalized with respect to The double prime will 
indicate these quantities; thus 

// __ ^ _ / 2.83/?o ___ , 

~ 1.414/?, ““ 

These values are computed in Table 13-2 and plotted in Fig. 13-10. 
Since z'/ is the termination of the left-hand quarter-wave section, 2 '' is 
obtained by entering the chart at z'/ at each frequency and rotating 
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toward the generator on a circle of constant 8 " the appropriate distance 
indicated in the table. z,n is determined by 



K Ro 


1.414i?„ 

''tn D 

t\o 


= 1.414Z" 


Comparison of Figs. 13-9 and 13-10 shows at once the increase in 
bandwidth afforded by the two cascaded sections. It may be seen that 
almost the entire locus for 0.5 < ///o <1.5 lies within the S = 2 circle, 
as compared with the range 0.7 < ///o <1.3 for the single section. 
Stated differently, with a single section a fractional bandwidth of 60 per 
cent resulted in /S « 2. For the double section a fractional bandwidth 
of 60 per cent results in ^ « 1.4. 

The foregoing results apply in general to lumped-constant matching 
sections as well as to quarter-wave transformers. It is interesting to 
note, however, that with a 90°-phase-shift T section (the analog of the 
quarter-wave transformer) the conjugate symmetry of the foregoing 
example is not present. This point is illustrated later in conjunction 
with Fig. 13-16. 

13-14. Series and Parallel Networks. The second general principle of 
broad-banding consists in adding series or parallel networks to the actual 
load or in introducing line transformers between the load and the main 
transmission line so that the input impedance of the resulting combi- 
nation lies within a circle of tolerable standing wave ratio on the imped- 
ance chart. Bennett, Coleman, and Meier^ have presented a number of 
diagrams showing the effect of adding different types of elements. Their 
results are reproduced here in Smith-chart form in Figs. 13-11 to 13-14. 
These curves may serve as general guides to the choice of compensating 
elements to be used for different types of load loci. 

An interesting example of the use of a shunt compensating element is 
afforded by the following example, where a stub is combined with the 
proper choice of an antenna length to bring about the desired impedance 
transformation : 


' F. D. Bennett, P. D. Coleman, and A. S Meier, The Design of Broadband Air- 
craft Antenna Systems, Proc. IRE, vol. 33, No. 10, p. 071, October, 1945. Their 
curves are shown on bicircular charts where the impedance and admittance coordi- 
nates are rectangular. It is easier to get a physical picture of the effect of adding 
reactance or susceptance to a or Yr locus on these diagrams. The Smith-chart 
representation is used here because it permits easier location of the standing wave 
circle (see Chap. 10). 

A more analytical approach, which is beyond the scope of this text, has been 
developed by Nelson and Stavis. See Staff, Radio Research Laboratory, Harvard 
University, “Very High Frequency Techniques,” vol. I, chap. 3, McGraw-Hill Book 
Company, Inc., New York, 1947. The authors describe a means of setting up bound- 
ary curves for a given Zr locus from which the required transforming elements may 
be found. 
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Fig. 13-11. Effect of a series capacitor on a load impedance. (After Bennett^ Coleman^ 
and Meier.) 


A center-fed cylindrical antenna is to be matched to a 100-ohm line. The 
center frequency/ o is 42.5 Me. A shunt stub is to be used, and the standing wave 
ratio is to be within 1 .25 over a fractional bandwidth of 30 per cent. 

Now the input impedance (or admittance) of an antenna may be controlled 
within limits by adjusting the antenna length and radius.^ Since a shunt stub 
can modify only the susceptive component of the total admittance terminating 
the main line, the problem first consists in choosing the antenna dimensions for 
the correct value of conductance. The stub may then be used to cancel out the 
susceptance. The dashed locus in Fig. 13-15 shows the input admittance (nor- 
malized to i^o = 100 ohms) of a center-fed cylindrical antenna as a function 
of the electrical half length pl/2 for the case where the ratio of half length to 
radius is 60. Inspection of the curve shows that the electrical half length 

^ See, for example, E. C. Jordan, Electromagnetic Waves and Radiating Systems,” 
chap. 13, Prentice-Hall, Inc., New York, 1950. 



Fig. 13-12. Effect of a series inductor on a load impedance. {After Bennett, Coleman, 
and Meier.) 


Pl/2 = 1.36 yields a normalized conductive component of approximately 1 and 
hence is a satisfactory solution. The physical length of the antenna at 


fo — 42.5 Me 


must be 01/2 — tad /2c = 1.36, or 


j ^ 2c X_M6 ^ ^3 X 10») X 1.36 ^ 3 ^ ^ 

(jio 2ir X 42.5 X 10® 


and the antenna radius will be 


^ = 60 
2r 


»• 120 1 “• 


The second part of the problem then consists in choosing the proper stub length 
to cancel out the normalized antenna susceptance of 0.956 at/o. One method of 
doing this is to extend the 100-ohm line beyond the antenna as a stub, as shown 
at inset a in Fig. 13-15. The student may easily calculate the length required 
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m 



Fig. 13-13. Effect of a shunt inductor on a load admittance. (After Bennett, Coleman, 
and Meier.) 


for this stub. An alternative approach utilizes a coaxial, rather than a parallel- 
wire, stub which may be fitted inside the antenna. This is quite possible here 
because the antenna has a 2-in. diameter and hence would be constructed of 
tubing for economy. The basic scheme is illustrated at inset h in Fig. 13-15. 
It may be observed that there are two stubs in series in the arrangement; hence 
each stub should have a susceptance — 26r. 

A reasonable value of Ro for a coaxial line is 70 ohms. Then, if that value is 
used, the length of each of the short-circuited stubs at/o must be 


Bf — 2ibrfRo — cot ^ 


2 X 0.966 X 70 


- 1.34 


36.7 , 
360 ' 


0.102X = 28.3 in. 


The same result may, of course, be obtained from the Smith chart. 
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Fiq. 13-14. Effect of a shunt capacitor on a load admittance 
maUf and Meter.) 


{After Bennetty Cole- 


Assume the antenna tubing to have a wall thickness; then the diameter 

of the outer conductor for the coaxial stubs is 2 — 0.25 = 1 75 in., and the center 
conductor must have a diameter 


K = 138 log I 
I (^2 70 


d. 


di 

Oi 


1.75 

3.21 


0.507 

0.545 in. 


The calculations for determining are shown in Table 13-3, and the locus is 
shown by the solid line in Fig. 13-15. 



Fig 13-15 Design of a broad-band matching system using a shunt stub. 
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Inasmuch as the///o = 0.985 and 1.015 points lie within the S *=* 1.25 circle, 
the specifications are satisfied. It may be stated, however, that other choices of 
antenna length and radius permit an even better solution to the problem, 

13-16. Quarter-wave Transformers with Varying Load. In earlier 
sections the response of a quarter- wave transformer was considered where 
the load was a resistance independent of frequency. The quarter-wave 
section is also useful as a transforming device when the load varies with 
conjugate symmetry about the center frequency and lies outside the circle 
of tolerable standing wave ratio on the impedance chart. One type of 
load which varies in this manner is the resonant antenna. Typical values 
are shown in the normalized form ZrIRo in Table 13-4, where Ro is the 

Table 13 - 4 . Driving-point Impedance of a Resonant Antenna 


///a 

Zr 

0.8 

3 1 +jl 7 

0.9 

3 8 +jl 0 

1.0 

4.0 +j0 

1 1 

3 8 - jl.O 

1.2 

3.1 ~il.7 


characteristic impedance of the main transmission line. For a perfect 
match at /o the characteristic impedance of the quarter-wave line sec- 
tion will be 

R'o = VR^o = VW = 2R, 

The input impedance locus may be calculated by the methods described 
earlier and is plotted in Fig. 13-16. 

It is interesting to note the behavior of the lumped-constant analog of 
the quarter- wave line section, viz., the symmetrical T section which has 
a phase shift of ±90°. For such a section the design equations at/o are 


\X,\ = |X,| = |X,| = V~RaR, = 2ft. 


and, choosing Xi and ^"2 to be inductive and ^3 to be capacitive, 

X, = Xj = 2ft. ^ (13-37) 

Jo 

X» 2ft. (13-38) 

and Z,„ = jXi + j z^+f{X 2 + Xi) 

The input impedance locus for the T section may be calculated by direct 
substitution into Eq. (13-39) or by means of successive transformations 
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on the Smith chart. The resulting locus is shown by the dashed line in 
Fig. 13-16 and is labeled It may be observed that the conjugate 

symmetry obtained with the quarter-wave line is lost with the quarter- 
wave T section. For this reason in broad-band applications the T is 





Fig. 13-16. Effect of quarter-wave sections on a load impedance having conjugate 
symmetry about /o. The solid line shows resulting from a quarter-wave line 
section, the dashed line from a symmetrical T section 


designed for a perfect match at a frequency lower than /o. That is, a 
slight mismatch is tolerated at /o in order to force a greater portion of 
the 2tn locus into the required standing-wave-ratio circle. 

Returning to the quarter-wave line transformer, one notes in Fig. 
13-16 that the procedure of designing for a perfect match at /o is waste- 
ful of bandwidth: the Zm locus lies in only the right-hand portion of the 
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8^2 circle. A better procedure might be to sacrifice the perfect match 
at /o in order to pull the outer ends of the locus into the circle. For 
example, if the sec tion is designed to transform rr = 4 to r,n = 0.8 at /o 
by setting /?' = y/ 0.8 X 4 X Ro^ = 1 .79/?o, the z^n locus is shifted to the 
position indicated by the t's in Fig. 13-16. It will be observed that a 
small, but noticeable, increase in bandwidth results. 

13-16. The Line Transformer. In the last section it was shown that 
the quarter- wave line is useful for transforming loads whose loci display 
conjugate symmetry about the center frequency /o. For such loads the 
section is designed to transform a pure resistance into a pure resistance 
at /o. For loads not displaying this property of conjugate symmetry a 
better solution is afforded by a generalization of the quarter- wave trans- 
former, i.e., a line transformer for which I 5 *^ X/4. In the latter case the 
section may be used to transform a complex load into a complex input 
impedance at /o or any other frequency. 

Let Z,n = Rxn + jXtn and Zr = /?« + jXr] then the design equations 
for the characteristic impedance /?' and the length I of the line trans- 
former may be shown to be (see Prob. 12-13) 


K = 


Rh - X,nXn) 


{Xr 


Xx n){RKXin Rin X r ) 

R.n - Rh 


RrX,~+ R.nXn 


(13-40) 

(13-41) 


These equations may be used as a guide in designing the transformer sec- 
tion; experience is invaluable in making a good guess for the proper 
values of Z^n and for a particular situation. The general method to 
be used is illustrated by the following example: 

An antenna is to be matched to a 100-ohm parallel-wire tiansmission line. The 
normalized antenna impedance is tabulated in Table 13-5 and plotted in Fig. 
13-17a. Since the Zr locus does not show conjugate symmetry, it is decided to 


Table 13-5. Calculations fok Fig. 13-17 


///o ' 

Zr 

4 

l/\ 

/ 

Ztn 

0.8 

0.40 -jO 80 

0 989 - jl 975 

0 369 

0 89 + 7I 89 

0 36 +7O.77 

0.9 

0.45 -jO 50 

1 11 -jl 233 

0 415 

2 96 + 7O 50 

1 20 +7O 20 

1.0 

0.60 4-jO 00 

1.48 +j0 

0 461 

1.38 +7O 28 

0 56 +7O 11 

1.1 

0.75 +j0 50 

1.85 +71.233 

0 507 

2.20+7*1 20 

1 0 82 +7O.49 

1.2 

1.10 -l-iO.85 

2.72 +7*2 1 

0.554 

3 20 - 72 00 

1 30 - 7O 81 


design the transformer to transform Z« = 45 — j50 ohms to Z,„ = 120 4-^20 
ohms at/ = 0.9 /o. (Notice that this is a guess based on the general shape of the 
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(a) 

Fig. 13-17. Matching an antenna to a transmission line by means of a line trans- 
former. (a) Normalized load loci (b) Normalized input impedance loci 


Zr curve.) The constants of the line transformer are then calculated by Eqs. 
(13-40) and (13-41). 

I ' (-SOT- 20) [45 (20) +T20( -'Wl 

k; = ^120(45) - 20(-.'i0) - - ;20-r45 — 

= 40.5 ohms 

jjJ. ss ZrIRq is then calculated and plotted (see Table 13-5 and Fig. 13-17a). 

The line length at / = 0.9/o is 

tan |8J = — = -0-596 /Si = 149.2° 









f'Kj 13-17. (Continued) 


At any frequency other than 0.9/o the length expressed as a fraction of X is 

J_ _ 0.415 / 

X 0.9 fo 

These values are given in the table. The input impedance normalized to 72^ = 40.5 
ohms is then obtained by entering the chart at each point and rotating toward the 
generator on a circle of constant S the appropriate length. The resulting locus of 
is shown in Fig. 13-176 as is 2»n. The latter quantity is obtained by 

_ 4 ^ 

■ B. " B: B. - 100 


The figure shows that a good portion of the input impedance lies within the jS » 2 
circle. Choices of 72' and I other than 40.5 ohms and 0.415X may lead to an even 
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better solution. The spiral locus if quite typical of the line transformer whose length 
exceeds X/4. 

13-17. Combined Elements. In many instances a combination of 
two or more of the impedance-transforming devices which have been 
described result in a better broad-band transformation. The general 
procedure employed is to use the first element to set up the ideal locus 
for the second. The interested reader is referred to Coleman^s work for 
details. 

PROBLEMS 

13 - 1 . Using the equivalent circuits of Fig. 13-3, derive equations in polar form for 
Am, All Am, and Ah/ Am. In each case A = Eo/Eyf and the subscripts denote the 
appropriate frequency hand 

13 - 2 . The measured constant.s of the audio transformer whose response is .shown in 
Fig. 13-4 are: 

D-c piiinary current = 60 ma 

Primary inductance = 2.2 henry 

Leakage inductance referred to primary = 44.6 inh 

D-c primary resistance = 212 ohms 

D-c secondary resistance = 0.32 ohm 

Primary to secondary turns ratio — 28.5 

o. Calculate the response when the transformer is driven from a 2,000-ohm gener- 
ator and is feeding a 3.5-ohm load. Identify the half-power frequencies. Compare 
your results with Fig. 13-4, and account for any discrepancies. 

5. Neglecting core losses, calculate the transformer efficiency. 

c. What is the transformer coupling coefficient? State approximations used. 

d. Qualitatively, what would be the effect on the low- and high-frequency responses 
if the d-c primary current were reduced? Explain briefly. 

13-3. (a) Compute the elements of a T pad to connect a 600-ohm load to a 1,800- 
ohm line and give a loss of 20 db. (6) Design a minimum-loss pad to match the same 
load and line. 

13 - 4 . Equations (13-15) to (13-17) are sometimes difficult to use because they 
involve differences between two nearly equal numbers. Derive alternative design 
equations in terms of p = P%n/Pout in place of the neper loss A. 

13 - 6 . Derive the design equations for a TI pad. 

13 - 6 . Two identical symmetrical T pads, each having a loss of N db and designed 
to work between /2-ohm resistances, are connected in cascade. Compare the isolation 
from load variation afforded by this combination with that of a single symmetrical 
T pad having a loss of 2N db and designed to work between /?-ohm resistances. 

13-7. (a) For a n pad which is greater, \Roc — Rii\/Rn or \R,e — Rn\Rii*f (6) 
Design a II pad to match a nominal load of 500 to 500 ohms. The maximum devi- 
ation of Rtn from Rn shall be 10 per cent, (c) What is the input admittance if the 
500-ohm load resistance is shunted by a 500-ohm capacitive reactance? What con- 
clusions may be drawn from this answer? 

13 - 8 . A 600-ohm attenuator (Rn — Rti = 600 ohms) is to be designed to provide 
the attenuation steps of 0, 1, 2, 3, 4, and 5 db. 

a. Design a T attenuator to meet the specifications. Sketch the circuit diagram, 
showing the switching arrangement. Use a multiple-gang rotary switch with as few 
gangs as possible. 
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h. Repeat a, but use a bridged T configuration. 

c. Compare the relative costs of the two designs. 

13-9. Verify Eq. (13-27) for the bridged T pad of Fig. 13-8. Note that R 1 R 2 ■* ft*. 

13-10. (a) Design a ladder attenuator of II sections for Rn » 600 ohms and rela- 
tive steps of 0, 1, 2f 3, 4, and 5 db. Sketch the diagram combining adjacent resistors 
wherever possible, (b) Repeat a, but use a ladder of T sections, (c) Compare the 
two designs from the point of view of economy in construction. 

13-11. (a) For the load imjiedance in Table 13-4 design a series-L shunt-C L 
section for a perfect match at U. Plot Ztn on a Smith chart, (h) Repeat a for a 
series-C shunt-L network, (r) Modify the design of part a to broad-band the 
transformation. 

13-12. Design two cascaded L sections to meet the specifications of Prob. 13-1 la. 
Plot Zin on a Smith chart, and compare with the results of Prob. 13-1 la. 

13-13. Plot a curve similar to 2t»(T) of Fig. 13-16 for a T section using capacitive 
series arms and an inductive shunt arm. Use the load data of Table 13-4. State 
your conclusions. 

13-14. Using the ijr data of Fig. 13-15, choose the antenna length, and design a 
stub to match to an 85-ohm coaxial line. Sketch a diagram of the system, including 
a balun (see Chap 12). Show the performance (neglecting the effect of the balun) 
on a Smith chart. Use f„ - 42 5 Me. 

18-16. Using the Cr data of Table 13-5, design a line transformer to give better per- 
formance than that shown in Fig. 13-5. 

13-16. Using the data of Table 13-5, design a quarter-wave line section to give a 
perfect match at /o. Compare the response with Fig. 13-1 7/>. 

13-17. A certain load behaves in the following manner 

///o Z ohms 

0 8 310-fj390 

0 9 340 +J200 

1 0 360 -h /O 

The load displays conjugate symmetry. A half-wave line transformer with 

RI = 500 ohms 

is used to match the load to a 200-ohm line. Calculate the input impedance. 
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EQUALIZATION 


14-1. Fundamental Principle of Equalization. It has been shown in 
Chap. 6 that, for distortionless transmission of a signal consisting of two 
or more frequency components, all the components should be transmitted 
with equal attenuation (or amplification) and with equal group velocities 
(constant delay). Networks which have capacitive or inductive elements 
do not ordinarily meet these requirements. For example, it was shown 
in Chap. 8 that the attenuation and group velocity of an unloaded cable 
pair is approximately proportional to the square root of the frequency. 

One method of correcting frequency distortion (a not constant) in tele- 
phone cables which is described in Chap. 8 consists in introducing load- 
ing to the cable. Loading is becoming less common, however, particu- 
larly in intercity telephone facilities, because the filter action resulting 
from loading precludes use of the system for carrier transmission. 

Another method of correcting frequency distortion in a transmission 
network is to introduce an additional network having an a vs. frequency 
characteristic such that the total attenuation of the two networks in 
cascade will be substantially independent of frequency. Where it is 
desirable to do so, delay distortion may be similarly eliminated, the aim 
in this case being to obtain a combination in which the total time of 
transmission is independent of frequency. The problem of delay equal- 
ization is considered later in the chapter. In many cases of audio trans- 
mission an attenuation equalizer is sufficient, and delay distortion may 
be neglected. 

Figure 14-1 shows graphically how the attenuation equalizer accom- 
plishes its purpose. Curve 1 shows the insertion-loss characteristic of a 
cable terminated in a 600-ohm resistance. Curve 2 shows the insertion- 
loss characteristic of an ideal equalizer which would compensate for the 
frequency distortion of the cable, together with its termination. Curve 3 
is the total insertion loss of the cable and equalizer, showing a combi- 
nation in which frequency distortion has been eliminated over the band 
shown. Actual equalizers do not entirely eliminate frequency distortion 
since their loss can be made to coincide with the ideal values at only a 
limited number of frequencies. 
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In practical cases it is necessary to select a band of frequencies over 
which it is desirable to make the loss substantially constant. It should 
be noticed that the total loss of the combination at all frequencies must 
be greater than the maximum loss of the original network within the 
band selected. Therefore equalizers are ordinarily used in systems which 
also include amplifiers that can be used to compensate for the loss intro- 
duced by the equalizer. 

As applied to telephone cables, a contrast should be drawn between 

the use of equalizers and loading. 
The application of loading also re- 
duces the frequency distortion (be- 
low the cutoff frequency) and in 
addition reduces the attenuation in 
this frequency range. However, an 
equalizer can be designed to give a 
flatter response and can be applied 
at the terminals, whereas loading 
must be introduced at intervals along 
the line. Hence, loading is feasible 
Frequency only in permanent installations. It 

Fig. 14-1. Insertion-loss characteristic jg course, possible tO use equal- 

correction by an ideal equalizer. izers on loaded lines to obtain some 

of the advantages of both. Equal- 
izers are also of use in transmission systems other than lines, where load- 
ing is not applicable. 

Basically two different types of four-terminal attenuation equalizers’ 
are encountered in practice: (1) Those designed to work between equal 
resistances of the order of 50 to 600 ohms, i.e., in the range of transmission- 
line-characteristic impedances. They are ordinarily used to equalize the 
insertion loss of transmission lines. (2) Those designed to work from 
low-to-high or high-to-high, but not necessarily equal, resistances. In 
some instances equalization may be accomplished with a two-terminal 
corrective network. The constant-resistance network is the most versa- 
tile, has the most straightforward method of design, and will be described 
first, although historically it succeeded the use of two-terminal networks 
connected in series or shunt. The development of equalizers is largely 
due to to the work of Hoyt^ and Zobel,® and reference should be made to 
their publications for a more complete analysis. 

^ An attenuation equalizer is a corrective network which is designed to make the 
absolute value (or magnitude) of the transfer impedance, with respect to two chosen 
pairs of terminals, substantially constant for all frequencies within a desired range." 
[ASA C42 65.06.646 (1953).] 

* R. S. Hoyt, U.S. Patent 1,453,980. 

* O. J. Zobel, Distortion CJorrection in Electrical Circuits with Constant Resistance 
Recurrent Networks, Bell System Tech. July, 1928. 
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The simplest termination for a network is a resistor. Furthermore, 
the impedance of a resistor is independent of frequency except for minor 
variations due to capacitances and inductances inherent in its physical 
construction. Consider a network terminated in a resistance whose 
transmission characteristics, e.g., the insertion loss, have been deter- 
mined, either experimentally or analytically. These transmission char- 
acteristics will, in general, be functions not only of the attenuation of the 
network but also of any reflections due to impedance mismatches, which 



Fig. 14-2. Representative four-terminal constant-resistance networks. In each case 
ZiZ^ « i2o*. (a) Lattice, (b) Bridged T. (c) T. (d) II. 


may occur at either end. An equalizer may be designed which will com- 
pensate for variations, with frequency, in these reflections as well as in 
the attenuation. 

From the standpoint of simplicity, if an equalizing network can be 
designed which can be inserted without modifying the reflection con- 
ditions, then it can be designed with attention concentrated on its attenu- 
ation characteristic. This can be done by means of constant-resistance 
networks. 

It must be stressed that a constant-resistance equalizer will, in use, 
be terminated in its iterative impedance. As explained in Chap. 6, when 
a network is so terminated its attenuation a and its insertion loss become 
identical. This allows a great simplification in the design problem. For 
example, the insertion-loss characteristic of a cable terminated in a resist- 
ance may be measured. Then the constant-resistance equalizer may be 
designed to 3 deld a specified a characteristic for which equations are 
readily available. 

14-2. Constant-resistance Networks. Several types of constant- 
resistance networks are available, four of which are shown in Fig. 14-2. 
The one with the widest range of application is the lattice network of 
Fig. 14-2a, although the bridged T section shown at b is often preferable 
in systems having a common ground lead. The impedances Zi and Z 2 in 
all four of the networks must be chosen so that 

ZiZt = Ro^ (14-1) 

where Ro is a resistance which is independent of frequency. Pairs of 
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networks corresponding to Zi and Zi and which satisfy the relation of 
Eq. (14-1) are called “inverse networks,” and it will be shown later how 
they may be constructed. 

The characteristic impedance and propagation constant of the lattice 
network of Fig. 14-2a can be determined most readily through an exami- 
nation of its open- and short-circuited impedances. These can be readily 
obtained by inspection. 

Zo. = ^ ^ (14-2) 

Zi -h Z 2 


Therefore Zo = \^ZocZsc = \/ZiZ 2 (14-4) 

If Eq. (14-1) is satisfied, Zo = Roj that is, the characteristic impedance is 
a resistance which is independent of frequency, and the input impedance 



(a) (6) (c) id) 

Fio. 14-3. Simple inverse networks. 


of the network will be independent of frequency and etjual to Ro if the 
termination of the network is a resistance of magnitude Ro- It is this 
property which gives the structure the name of “constant-resistance” 
network. 

The complex propagation constant 7 may also be found in terms of 
the open- and short-circuit impedanc(*s by means of Eq. (6-22). Thus 
for the lattice section of Fig. 14-2a 


tanh 7 = 



^ ^ 2/eo 
Zoc Z\ Z 2 


e7 — ^7 _ e2Tr __ 1 ^ 
e7 -f ^7 - e27 _j- 1 


(14-5) 


Eliminating Z 2 by Eq. (14-1) and solving for 


ey = 


“ 1 - Zi/Ro 


(14-6) 


14 - 3 . Inverse Networks. It is now desirable to determine how two 
networks can be made inverse. This can be done if the impedance of 
one network has the general form of the admittance of the other, i.e., 
if the networks are duals (see Chap. 3), and if definite ratios are kept 
between corresponding elements in the two networks. Figure 14-3 shows 
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some examples of inverse networks. The simplest pair would be two 
resistors which satisfy Eq. (14-1). Next in order of simplicity would be 
an inductance and a capacitance. Since Zi = jiaLn and Y 2 ^ 

ZxZi = = ^‘ = (14-7) 

Next consider the case where one impedance of the pair is constructed 
from a resistance in series with an inductance, i.e., 

Zi = +J£uLii (14-8) 

The inverse network could be constructed by putting a resistor in parallel 



with a capacitor and selecting dimensions such that 



Ln n > 

G21 ■” C 21 "" 

(14-9) 

Now 

F 21 — G 21 -h jcoC 21 

(14-10) 

Hence 

^ till JOsLw 

(14-11) 

Substitute values of (x 2 i and C 21 obtained from Eq. (14-9 j. 



rj rj 1^ 2 

(14-12) 

which proves 

that Zi and Z2 are inverse networks. In a 

similar way 


more complicated structures may be constructed. The rule is that for 
each resistive element in Zi there should be a corresponding conductive 
(resistive) element in Z 2 , for each inductive element in Zi there should 
be a corresponding capacitive element in Z 2 , and vice versa. Further- 
more, when two elements are in series in Zi, their related elements in Z 2 
should be in parallel, while if they are in parallel in Zi, they should be in 
series in Z 2 . Corresponding elements should satisfy Eq. (14-9), which 
for general elements may be written 

As an example, consider Fig. 14-4, where a more complicated pair of 
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inverse networks is shown. The corresponding elements, i.e., the ones 
which are paired, have identical numbers for the second subscript. The 
equations are then 


jy T> T? 7? ^2i LiA -^25 p 2 

ltlirC2l — K\2lt22 — 7 y " — 7y 

U 13 U 24 U 15 


(14-13a) 


14-4. Design of Constant-resistance Lattice Equalizer. As explained 
earlier, when a constant-resistance equalizer is added to a transmission 
system, the only modification of the original transmission characteristics 
will be that due to the propagation constant of the constant-resistance 
network. If Zi is known, Z 2 is immediately derivable from Eq. (14-13). 
Hence the only problem is the proper selection of Zi by means of Eq. 
(14-6). 

If the attenuation constant of the constant-resistance lattice network 
of Fig. 14-2a is designated by a, then will be given by the square of 
the absolute value of the right-hand side of Eq. (14-6). If |i£i--kr11ie 
resistance compo nent of Zi (usually a function of frequency) and Xi is 
the reactive cofnponent Of Zi (also a function of frecjuency), and if F is 
an attenuation factor defined by the relation F = then E(i. (14-6) 
can be written 


- (1 + + {X,/RoY 

^ ^ (1 - R./RoY + (Ai/7?,)2 


(14-14) 


It has been explained in the early part of the chapter in connection 
with Fig. 14-1 how the ideal attenuation characteristic of the equalizing 
network can be found. As a general proposition, if there are n elements, 
such as resistance, inductance, or capacitance, in the impedance Zi, and 
if the expression for Zi is expressed as a function of frequency and these n 
elements, then Eq. (14-4) will have these n elements as unknowns. If 
the value of F is selected at n frequencies, then Eq. (14-4) will give a sys- 
tem of n simultaneous equations with n unknowns. From these equa- 
tions it is theoretically possible to solve for the required elements in Zi, 
and this solution constitutes the design of the equalizer. In any given 
problem it may happen that the solution will not give a physically real- 
izable structure, e.g., one or more of the Ry L, or C elements may come 
out-i^gative. 

The solution of a system of simultaneous equations is readily obtain- 
able only in the case where these ecjuations are in a linear form. Equation 
(14-14) can be reduced to a linear form by the introduction of auxiliary 
functions of the unknown impedance elements, whose number is often 
equal to the number of independent elements. 

A complicated network is built of simple elements connected succes- 
sively in series or parallel. The expression for impedance elements in 
parallel is Z^q ~ zlZh/iZa + Z^). 
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Since the simple elements have impedances which are equal to Rim, 
j2irfLinty or l//27r/Cim, the resultant expression for Z^q will have a numer- 
ator and a denominator each of which is a polynomial in jf, (A poly- 
nomial is a finite series with integral powers of the variable.) Successive 
combinations in parallel and series will similarly have numerators and 
denominators which are polynomials in jf, since either the sum or the 
product of two polynomials is a polynomial. Hence it is possible to 
write 


^ QiO/ ) + 

Ro 6o + + 


(14-15) 


For a given network, the a’s and 6's in this expression are constants 
which are determined by the arrangement and magnitude of the resist- 
ances, capacitances, and inductances in the network. The term 
means ai times and not a function of jf as is sometimes the case in such 
terminology. Both numerator and denominator have a finite number of 
terms determined by the configuration in any given case. 

A similar expression for e^, as given by Eq. (14-6), can be written 


py = 

h, + h,{j!) -b h2{jJ)^ + • • • 
This can also be written 


(14-1 6a) 


(^0 ~ • • •) + j{ g\ f ~ QzP + QbP + • 

(/lo - h2P + h,f^'+ • • •) + j{h,f - + • 


(14-166) 


From Eq. (14-166) the expression for F = can be obtained. It 
will be 


F = = 16^12 

- (^0 ~ + ff^P + ’ • 0^ + ( gif — g ^P + gbP + • * 0^ nA.i 7 ^ 

(ho - h2P + h,p + - •y + (hif - h,p + hp + - -y 


It is apparent that the scjuaring of the terms in the numerator and 
denominator of Eq. (14-17) will result in terms in both numerator and 
denominator which include only even powers of /. Therefore Eq. (14-17) 
can be written 


= ^0 + P^P + ^iP + ' — 
Qq + Q2P + QiP + • * • 


(14-18) 


Furthermore it is always possible to make one of the P’s or Q’s equal to 
unity by dividing the numerator and the denominator by a constant. 
As a rule there will then be as many P’s and Q’s as there are independ- 
ent elements in Zi. Equation (14-18) can be written 


F(Qo + QzP + QAf^ + ‘ -) ^ Po + P%P + Pif^ + - • (14-18«) 
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This equation is linear in the P's and Q's. As has been described, if 
the value of F is selected at as many frequencies as there are independ- 
ent elements in Zi, a corresponding number of linear equations may be 
set up from Eq. (14-1 8a) and the values of the P's and Q's determined. 
From these P's and Q's the dimensions of the network elements may be 
determined. 



i?ii Li 2 f 

Fig. 14-6 Lattice c*qualizer for use with unloaded telephone cable. 



As an example consider the case of Fig. 14-5. The attenuation con- 
stant will vary with frequency in the general manner shown. This net- 
work might be used therefore to equalize a cable since the attenuation 
constant of the latter would increase with frequency. In this network 


h 

Ro 


R\i + 

R\i , 27rZ/i2 

Ro Ro 


Jf 


(14-19) 


While it is possible to relate the circuit parameters to the P^s and Q's of 
Eq. (14-18) by going through the intermediate steps of defining the a's 
and h's of Eq. (14-15), the latter step is unnecessary and the required 
relationships may be determined directly. Thus by Eq. (14-6) 


and 


y — (1 Rii/Ro) -b 2TrLi2jf/Ro 

^ (1 - Ry^/Ro) - 2irLy23f/Ro 

J, _ . ,12 ^ (1 + Ryy/RoY + {2irLy2lRoyP 
‘ ' (1 - Rxi/RoY + (2irLy2/RoVP 


(14-20) 

(14-20a) 


which may be identified with the P and Q form of Eq. (14-18). As a 
practical matter to reduce the number of factors which must be eval- 
uated, it is convenient to divide through by the coefficient of p, yielding 


/Ro + PnV , ^ 

V 2xL,2 ) _Po+P 
/Po-PnV.. Qo+P 

V 27rLi2 / 

and the linear equation will be 

Po ~ PQo = P(P ~ 1) 
o (Ro + fliA’ « _(Ro- RnY 


(14-21) 


where 


(I4-2I0) 

(14-22) 
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Since Po and Qo are the two unknowns in Eq. (14-21a) their values may 
be obtained by substituting into the equation the numerical values of F 
and / at two frequencies. It must be stressed that the choice of the two 
sets of values for F and / is a matter of judicious guessing, guided by 
experience. If the response resulting from the first guess is not satis- 
factory, a second or even third guess will be required. 

When Po and Qo have been evaluated, they may be used with Eqs, 
(14-22) to evaluate the network unknowns, namely, and L 12 . R 21 

and C 22 may then be evaluated by Eq. (14-13). It should be observed 
that in solving Eqs. (14-22) for Rn and Ln four pairs of solutions are 
mathematically possible, of which only two are physically admissible. 
This may be demonstrated as follows: From Eqs. (14-22) 

Adding, 

2S7, = ± VPo ± VQo 

Thus the four mathematical solutions are 


Ij\2 

Ij\2 

L\2 

L\2 


Ro 

t('v/Po + V^) 

Ro 

ir(-\/Pi — y/^o) 

Ro 

t(— y/Po — V^) 
Ro 

x(— y/Pt! + 


(14-24a) 

(14-24l>) 

(14-24C) 

(14-24<i) 


As will be seen later, Fo > Qo; hence solutions (14-24c) and (14-24d) are 
physically impossible because they require either negative R, or nega- 
tive Lij. 

By subtracting Eqs. (14-23) it may be shown that the physical solu- 
tions for Rii are 


fill = gUL»{y/Po + v^o) = Ro 

* ~ V Qo 


(14-25a) 
,, (14-256) 


The pairs of solutions will give identical attenuation characteristics, but 
they will give different characteristics. 
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.2 1 


As an example consider 10 miles of cable terminated at each end in a 600-ohm 

resistor with an insertion loss given by 
the curve of Fig. 14-6. The problem is 
to design an equalizer which, when con- 
nected in tandem with the cable, will 
give substantially constant insertion loss 
from 100 to 3,000 cycles. 

First, select a total insertion loss 
which is somewhat greater than the 
maximum attenuation of the cable in the 
frequency range to be equalized. As a 
guess, let this insertion loss be 2.6 
nepers. Since the equalizer has two 
independent elements in Zi, the total 
loss can be chosen at two frequen- 
cies. These frequencies will be selected 
slightly inside the limits of the fre- 
quency band to he equalized. Let them 
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Fig. 14-6. Insertion-loss characteristic 
of 10 miles of telephone cable ter- 
minated in a 600-ohm resistance and 
fed from a 600-ohm generator. 


be 200 and 2,400 cycles, 
is as follows: 


The insertion lo.ss of the cable at these two frequencies 


/ = 200 cycles Cable loss = 0.494 neper 

/ = 2,400 cycles Cable loss = 1.949 nepers 

The required value of attenuation for the equalizer will be 

/ = 200 cycles Equalizer loss = 2.6 — 0.494 = 2.100 nepers 

/ = 2,400 cycles Equalizer loss = 2.6 — 1.949 = 0.651 neper 

The values of F will be 

F200 = 106 = 67 

F2.400 = = 3.68 


Substitute these values in Eq. (]4-21a) to obtain a pair of simultaneous equations. 

Po - 67Qo = 66 X (200)2 = 264 X 10' 

Po = 3.68O0 = 2.68 X (2,400)2 = 1,542 X 10' 


Solve for Po and Qo. 


Qo = 20.2 X 10' 

Po = 1,616.4 X 10' 


Then by Eqs. (14-24), (14-25), and (14-13) we have the following: 
Solution a 

= 478 ohms L12 = 42.8 mh 

Rn = = 754 ohms 

478 


C22 = 


42. 8 X 10-^ 
(600)2 


= 0.119 pf 
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Solution h 


Rn = 751 ohms L 12 = 53.3 mh 

j?„ = 480 ohm8 

751 


(722 = 


53.3 X lO-® 
( 600)2 


= 0.148 Mf 


The choice between the two solutions might be made on the basis of 
the phase shift. It would be found that Solution h has a tendency to 
equalize the delay distortion of a cable at low-frequencies. 

The attenuation of the equalizer can be computed at frequencies other 
than 200 cycles and 2.4 kc by means of Eq. (14-21). For the equalizer 
just designed the resultant curve is shown in Fig. 14-6, together with the 
total insertion loss of the combination. If this is not flat enough, another 
choice of over-all insertion loss and correction frequencies may be made 
or, failing this, a more complicated structure should be used so that the 
attenuation can be specified at more than two frequencies. Similarly, 
if the equalizer is to be used over a wider band of frequencies, it will 
ordinarily be necessary to use a structure with three or more independent 
elements. 

It is apparent from the symmetry of the lattice structure that Zi and 
Z 2 can be interchanged in position without affecting the characteristics 
of the constant-resistance network. Therefore, if an analysis is made for 
any configuration of Zi, an identical result will be obtained if the inverse 
configuration is used in the Zi position, except for a phase change of 
TT radians. 

Figure 14-7 shows some configurations of Zi together with sketches of 
the manner in which the attenuation constant will vary with frequency. 
The linear equation for attenuation is also given. The equations for the 
network elements, in terms of the and (?'s, can be derived in the 
manner which has been described. For more details reference should 
be made to Zobel,* from whose paper these were obtained. 

The student should realize that, while the foregoing equations have 
been developed for the lattice equalizer, the same general methods of 
approach also apply to the bridged T, T, and II equalizers of Fig. 14-25 
to d. 

14-6. Corner Plots. The results of the foregoing sections present an 
analysis of the lattice attenuation equalizer which is based on the solu- 
tion of an equation linear in Po and (Jo, namely, Eq. (14-21). By cal- 
culating the response at several frequencies for a typical structure the 
student may readily appreciate the amount of tedious, though not diffi- 
cult, algebraic work required. Another method of calculating the atten- 
uation response curve which is graphical, rather than algebraic, will now 


^ SSobel, op. cit. 
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be considered. The method is based on the concept of ‘‘corner plots” 
and is applicable to any network whose complex response characteristic 
T is of the general form^ 

Kn g ±^///o i)(l ±jf/fo2) • - ■ 

(1 ±Mxl)(l ±if//x2) • • • 

where a = jfy or 1 (14-26) 

K = scalar constant 


It will be found that many, though not all, common equalizers are amena- 
ble to the corner-plot method of response calculation, as are a number of 
other types of circuits.- 



(a) 



/ f 


-P^ + FQ^+f^FQ^=f^ P^-f^(F-l)P^ -FQ~ (F-l)/^* 
(6) (c) 



a 

o 

a 


^ 


f 


f 






i» -FQ^-f^{F-l)P^ = (F- l)/f^ -Fj ■^FQ^-f^{F^-F)Q^- (ij - F)/f^ 


id) (e) if) 

Fig. 14-7. Attenuation characteristics of constant-resistance lattice structures with 
different Zi configurations. 


The corner-plot method determines how each of the factors a, 1 ± 
jf/fon, and 1 ± jf/fxn affects the response and then graphically sums up 
the individual contributions to give the over-all response. Attention 
will be directed primarily to the amplitude response. As a matter of 
convenience /oi,/o 2 , . . . will be designated “positive corner frequencies,” 

^ G. E. Anner, Corner Plots, Radio Television News, Radio-Electronic Engineering 
Editionj March, 1954, p. 14. 

* For an extension of the corner-plot method which applies to equations involving 
more complicated factors than Eq. (14-26) see Research Council of the Academy of 
Motion Picture Arts and Sciences, “ Motion Picture Sound Engineering,’’ chap. XVI, 
D. Van Nostrand Company, Inc., New York, 1938. 
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orsimply ''positive corners/' while /xi,/x 2 , . . . will be designated "neg^ 
tive comer frequencies," or "negative corners."^ 

Consider the magnitude of Eq^. (14-26). 


iri = K\a\ 


yi + (/// .i)» yi + {f / uY ■ ■ • 

yi + (///x.)» yi + u/Uy • • • 


(14-27) 


Since amplitude response functions are frequently expressed in loga- 
rithmic units such as decibels or nepers, convert Eq. (14-27) to decibels. 


I TU = 20 log + 20 log |a| + 10 log 



+ 10 log 



(14-28) 


Consider, now, how each type of term in Eq. (14-28) affects the over-all 
response. 

Table 44-1. Data for Corner Responses 


f/f, 1 

or 

///. 


1 

Approx 


Approx 


1 Frequency 

1 ratio 

irLdb* 

response 
difference, i 

|7'|, nepers * 

response 

difference. 




db 


nepers 


0.10 

Decade 

0 043 

0 

^ I 

0 005 

0 

5.7 

0 125 


0 067 


1 0 008 


7.1 

0 25 


0 26 


0 030 


14.0 

0 50 

Octave 

0 97 

1 1 

0 112 

0 1 

27.0 

1.0 

Corner 

3 01 

3 

0 345 

0 35 

45.0 

2.0 

Octave 

7 00 

1 I 

0 805 

0 1 

63.5 

4.0 


12 30 


1 415 


76.0 

8 0 


18 10 


2 808 


82.9 

10 0 

Decade 

20 00 

0 

2 303 

0 

84.3 


Values are positive for a positive corner, negative for a negative corner, 
t Same sign as contained in the factor 1 ± jf/fo in Eq. (14-26), opposite sign as con- 
tained in the factor 1 ± jf/fx in Eq. (14-26). 


14-6. Positive Comer Response. Each of the positive corner fre- 
quencies /on appears in Eq. (14-28) in a term of the form 

\TonU = 10 log [^1 + (^)'] (14-29) 

1 The student will observe that the positive corner frequencies are real zeros and 
that the negative corner frequencies are real poles (see Chap, 2). The corner notation 
is used here as a matter of convenience. 
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Direct substitution of numerical values for ///on yields the values of jTonldb 
shown in Table 14-1 , These values are plotted (dashed line) against a 
logarithmic frequency scale in Fig. 14-8. 



0.1 05 1 2 1C 


f/fo 

Fig. 14-8. Corner plot of a positive corner. 

Now the heart of the method being developed lies in comparing the 
actual response, just considered, and the asymptotic responses at fre- 
quencies much lower — and much higher — than the corner frequency. 
Thus the asymptote at very low frequencies is given by 

-f- « 1 |ro„|db « 10 log 1 = 0 (14-30) 

Jon 

and the high-frequency asymptote by 

^ » 1 |r„„|db » 10 log (-/-Y = 20 log i (14-31) 

Jon \Jon/ Jon 

The low-frequency asymptote [Eq. (14-30)] is a horizontal line at 0 db; 
the high-frequency asymptote [Eq. (14-31)] when plotted against a logarith- 
mic frequency scale is a straight line with a positive slope of 20 db/decade 
(or 6.02 db/octave) of frequency and a frequency axis intercept of /©n (or 
of ///on = 1 when normalized frequency is used). These two asymptotes 
are shown by the solid lines in Fig. 14-8. The reason for the designation 
‘‘positive corner'^ is at once apparent: the asymptotes meet to form a 
corner at /©« with a positive high-frequency asymptote slope. 

In comparing the actual and asymptotic responses in the figure, one 
notes that they differ by approximately 3 dh at the corner ^ by approximately 
1 dh at an octave above and below the corner , and by essentially 0 db at a 
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decade above and below the corner. This, then, is the basis for the comer- 
plot method of sketching responses: given the positive corner frequency, 
one may draw its asymptotes and then sketch the actual response from 
the known differences at five particular frequencies, the corner and the 
octaves and decades on either side of the corner. 

The same basic method may be applied where the response is desired 
in nepers rather than decibels. Taking the natural logarithm of Eq. 
(14-27), 

in.. - In X + 1„ |a| + 1 1„ [. + (£)’] + 1 In [l + (^J] 

+ ■ ■ ■ - -2 ‘ + {£)] - 2 [' + iiJ] - ■ 

The student may show that the slope of the high-frequency asymptote 
is 2.3 nepers/decade (or 0.694 neper/octave) and that the differences 
between the actual response and the asymptotes at the five critical fre- 
quencies have the values listed in Table 14-1. 

It is apparent from Eq. (14-26) that the angle contributed by a positive 
corner factor, 1 ± is 

Oon = ± arctan -f- (14-32) 


Values of don are tabulated in Table 14-1. 

14-7. Negative Corner Response. Each of the negative corner fre- 
quencies /xm appears in Eq. (14-28) in a term of the form 


I xm|(lb 


-10 log 



(14-33) 


Since Ecjs. (14-33) and (14-39) arc identical except for a change in sub- 
script and sigUy it follows that amplitude response data of Table 14-1 
also apply to a negative corner, provided that a negative sign is inserted 
before each value. The actual response and the asymptotes for a nega- 
tive corner are plotted in Fig. 14-9, and it is evident that the previously 
stated rules for sketching the response rnaj" be carried over to a negative 
corner with a shift in sign. 

It may he seen from Eq. (14-26) that the angle contributed by a nega- 
tive corner factor 1 ± jf/fxm is 

6xm = T arctan ^ (14-34) 

J xm 


Hence the angular data of Table 14-1 also apply to the negative corner 
provided that the proper sign is associated with each value. 
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14«8« External-factor Response. The external factor a in Eqs. (14-26) 
and (14-28) may have any one of the three forms jf^ 1/j/, and 1. The 
effect of these three forms on the over-all response will now be considered. 
1. a = jf. From Eq. (14-28) 

\TaUu = 20 log/ (14-35) 

Thus the actual response is a straight line of +20 db/decade, crossing the 
logarithmic frequency axis at unit frequency. On a neper plot the corre- 
sponding slope is +2.303 nepers/decade. From Eq. (14-26) the angular 
response will be 6a = +90°. 


0 

*“5 

“10 

-15 

-20 


0.1 0 5 12 10 

f/u 

Fig. 14-9. Corner plot of a negative corner. 



In many instances it is convenient to combine the external factor jf 
with the first negative corner factor to give a modified corner factor. 
For example, considering these two factors in Eq. (14-26) and rearrang- 
ing by multiplying through by -jUi/f, 


jf 

1 +Jf/Ui 




1 


1 “ Jf^y/f 


(14-36) 


The modified factor on the right-hand side of Eq. (14-36) involves 
an inverted frequency variable and may be termed a *4ower negative 
corner.'' The amplitude response may be obtained from the left-hand 
member of the equation and is obtained as shown in Fig. 14-lOa. As a 
first step, the asymptotes are combined as shown and then the final 
response drawn by using the amplitude data of Table 14-1. It will be 
of advantage to the student to be able to recognize the lower negative 
comer factor and to plot its response directly. It will be of use in the 
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Fio 14-10 Modified corner plots (a) Lowei negative corner resulting from com- 
bining an external factor jf and a negative corner The total asymptote follows 
20 log / up to fxi At higher frequencies the two asymptotes cancel The actual 
response is drawn from the differences listed m Table 14-1 (6) Lower positive comer 

resulting from combining an external factor 1 /jf and a positive corner 


next chapter The angular response of the lower negative corner is 
tan (/.i//) = cot (///.i) 

2 a = l/jf. From Ec| (14-28) 

|r.U = 20 log 1= -20 log/ 


(14-37) 
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Hence the response is identical to that for case 1 except for a change in 
the sign of the slope. From Eq. (14-26) the angular response will be 
6a = “90®. The external factor l/jf may be combined with the first 
positive corner factor to give a ‘‘lower positive corner.^' Considering 
these two factors in Eq. (14-26) and multiplying through by —jfoi/fj 

— f- t) 

The resulting amplitude response is shown in Fig. 14-105, and the angular 
response is — arctan (foi/f) = — arccot (///oi). 

3. a = 1. In this case, a has no effect on either the amplitude or the 
angular responses. 

14 - 9 . Over-all Response. Equation (14-28) indicates that the over- 
all amplitude response \T\ is a linear combination of the individual 
responses contributed by the several corners and the external factors a 
and K; hence \T\ may be found by graphically adding the individual 
responses. 

From Eq. (14-20) the over-all angular response may be shown to be 

0 = 0a + 0ol + ^o2 + * * ‘ + 0x1 + 0x2 + • • * 

and hence may be plotted by graphically by summing up the individual 
angular responses. 

To illustrate the method of summing up responses, consider the follow- 
ing problem : 

The response function T of a network is given b\ 


where 


K = 0.5 


u = 0.2 kc 

/o = 1 kc 


Plot |T| in decibels. The work of sketching the response is shown in Fig. 14-11. 
The asymptotes for the lower negative corner are drawn in, the corner being at 
/, = 0.2 kc. Then the actual response for this factor is plotted by joining the 
points at 0.2 kc, 0.1 and 0.4 kc, and 2 kc, which lie, respectively, below the asymp- 
tote by 3, 1, and 0 db. 

The asymptotes for the upper corner are also shown, the corner lying at 


/o = 1 kc. 

The actual response is sketched in a similar manner. The relative over-all 
response \T\/K is obtained by graphically adding the two dotted curves. 

As a last step, the scalar constant K is taken into account. Since 


20 log X = 20 log 0.6 = —20 log 2 « —6 db, 
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K has the effect of lowering the over-all response by 6 db. This is shown by the 
corrected ordinate scale on the right-hand margin of the figure. 



Fi(t 14-11 Corner plot of the function 


here K = 0 5, /x = 0 2 kc, /o = 1 kc. 


\±2f/fo 

1 -j/x// 


14-10. Response of Lattice Equalizer. Another example which may 
be used to illustrate the cornei-plot method is the lattice equalizer in 
Sec. 14-4. The numerical values of Solution h will be used. The basic 
equation for the response is Eq. (14-20). Rearranging to get e'^ in the 
corner-plot form of Eq. (14-20), 


where 


= + Rn\ I ^ /?. + fin 

\Ro — R\\) \ 1 _ - 2irLi2 

y ^ Ro- Rn 


27rLi 




fo — 

/. = 


fo{l±jf/fo\ 

fx \1 + jf/fx) 

Ro + 


(14-39) 


600 -I- 751 


27rLi2 

R\\ ~ R q 

27rLi2 


271(53.3 X 10-0 
751 - GOO 
27r(53.3 X lO-"*) 


= 4.04 kc 
- 0.45 kc 


The student may notice that /© = and /* = where Po and Qo 


Ut.db 
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are the design parameters used in Eqs. (14-22). Solving Eq. (14-39) for 
a in nepers, 


a = In \e'^\ 






(14-40) 


The determination of a by corner plots is illustrated in Fig. 14-12a. 
The individual response for each corner factor is determined from the 
asymptotes and the values of differences shown in Table 14-1. The 
over-all response is obtained by adding the two corner responses with a 
pair of dividers. 

The student should notice that the neper ordinate scale on the left- 
hand margin is for a — In (/©//x), that is, for the corners alone, exclusive 
of the scalar factor K = /©//x. The scale on the right-hand margin is 
obtained by adding In (///©) to give a. 

Observe that at high-frequencies the over-all response approaches 0 
nepers asymptotically. This fact may be verified from Eq. (14-39) as a 
check on the graphical method. Dividing numerator and denominator 
by / and taking the limit as / -^ oc , 


lim e' = Urn ^ 
f—*oo /— > «o J X 


{ 1/f + J/ fo\ 
// + .;■//»/ 


1 


Then lim a In I — > 0 nepers. 

/-» QO 

From Eq. (14-39) the phase response of the lattice equalizer may be 
seen to be 


^ = arctan 


— arctan^ = 


-|- 6x 


The values of 0© and dx may be obtained from Table 14-1 and are plotted 
in Fig. 14-126, as is /S, which is obtained by adding the two 6 curves with 
dividers. 

14-11. Lattice Design by Corner Plots. ^ Contrary to first appearance, 
the lattice-equalizer design procedure of Sec. 14-4 is not a *‘cut-and- 
dried^^ one; an element of intelligent guessing is involved in the choice 
of the over-all insertion loss of the line and equalizer and in the choice 
of the frequencies at which the equalization is to be exact. An alterna- 
tive design procedure consists in guessing the values of the corner fre- 
quencies fo and /x (tantamount to guessing the values of Po and Qo). 
The choice is guided by a knowledge of the a-curve shape (Fig. 14-1 2a) 
and the fact that at low-frequencies a « 2.3 In (/©//x) nepers above 0 
as indicated in the figure. This fact, in essence, sets the ratio of /© to 

^ For an extension of the method outlined here, see A. D. Bresler, On the Approxi- 
mation Problem in Network Synthesis, Proc, IRE, vol. 40, no. 12, p. 1724, December. 
1952. Bresler presents means for matching slopes so that a large degree of guessing 
is removed from the design problem. 
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/x, fo niay then be chosen to place the a curve properly along the fre- 
quency axis. 

It must be stressed that this “corner” method of equalizer design is 
no more arbitrary, and, in fact, may be faster to use, than the algebraic 
method, at least when Zi = Rn + jooLn. The graphical design proce- 
dure is greatly facilitated by the sacrifice of a sheet of semilogarithmic 
paper to the construction of a template based on the data of Table 14-1. 
Such a template simplifies the drawing of the response curves. 



Fig. 14-14, Equivjilont networks for determining; the insertion loss of two-terminal 
shunt equalizers. 

14-12. Two -terminal Equalizer. Another type of equalizer is the 
two-terminal type in which a network is connected in series or shunt 
with the sending or receiving end of the network to be corrected. One 
of the configurations most widely used is shown in Fig. 14-13. By 
inspection it is apparent that the loss it will introduce would be negli- 
gible at the antiresonant frequency of the LC combination, and the loss 
would increase as the frequency is varied away from antiresonance. If 
this structure is to be used to equalize a cable, the antiresonant frequency 
would be set at or above the highest frequency which it is desirable to 
transmit. 

If the system is originally terminated in an impedance Z^, the equal- 
izer will modify this termination and this modification must be taken 
into account in determining the characteristics. Consider the case where 
the structure is connected in shunt at the receiving end. By Th6venin*s 
theorem the original network can be considered as a generator in series 
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with an impedance, as shown in Fig. 14-14, where the equivalent systems 
are shown with and without the equalizer Z* in shunt. Zz 4 is the imped- 
ance looking to the left of terminals 3, 4, while F 34 is the open-circuit 
voltage at the terminals 3, 4. The insertion loss introduced by the equal- 
izer can be determined by computing the ratio IriIIr 2 - By inspection it 
will be seen 


Therefore 


Iri = 
/' = 

1 H2 ~ 


Ez 


Z34 + Zr 

Eza 

^ , Z^Zr 

+ Z74~Z« 


EzA^Ze H~ Zr ) 
ZzaZc + ZzaZr + ZeZft 

EzaZ. 


ZJ’ 

Zit ^ Zr Zz^Ze + ZzaZr + Z^Zr 
/ _ ZziZe + ZzaZr + ZeZR 
I R2 


= 1 + 


ZziZt + ZfZR 

Z zaZr 

Ze(ZzA + Zif) 


Let Zr be the impedance of Z 34 and ZrIii parallel. Then 

_ ZzaZr 
Z34 + Zi, 


(14-41) 


and to correspond to the notation in the case of the eonstant-resistan(*e 
equalizer, let 


J R2 


=: 


where, ol course, this 7 is not a true propagation constant. Then 
^ el = 1 + I* (14^2) 

This is the general equation for the two-terminal shunt equalizer which 
corresponds to Eq. (14-6) for the constant -resistance equalizer. Both 
Zr and Z* will be functions of frequency. The problem is to select 
dimensions for Z, so that the real part of 7 will equalize the variation in 
insertion loss which takes place in the original structure. 

In the configuration shown in Fig. 14-13 the value of Z, will be 

There are three independent elements, and hence the loss can be set 
at three frequencies. The first step is to make a selection of the anti- 
resonant frequency at which no loss will occur. Let this frequency be /|. 
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L.G, = 

and Eq. (14-43) can be written 

Z, = Re + 


(2ir/,)> 

JtaLe 

1 - fW 


Ze = Re jco'Le 


where «' is a function of freiiuency ^iven by the relation 

U>' - - — 

~ 1 -/V// 

Let 

Zi = R' +jX' 

7 = a + 

Then Eq. (14-42) becomes 


(14-44) 


(14-45) 


R' + Re+j{X ' ±yi^ 

Re + JOi'Le 

,2a ^ + Rer + {X ' + c'L.y 

Re^ + 


(14-4t>) 


Two frequencies may now be selected at which equalization is to take 
place. The values of R' and X' will be known at these two frequencies 
from the data on the original network. Therefore, two simultaneous 
equations can be set up from Eq. (14-46) in which and L« are the only 
unknowns. Unfortunately, in the general case, Eq. (14-46) cannot be 
reduced to a linear equation in two unknowns. If X' is negligible in 
comparison with R' (e.g., a loaded line properly terminated), Eq. (14-46) 
can be written 



{rjl:)^ + ( w ')^ 

Po + Ja,')_" 

Qo + W)^ 


(14-47) 


which is linear in Po and Qo, and can be readily solved for Po and (?o. 
and Le can be obtained from Po and Qo by the expressions 

“ v-p-r-- Wo 

‘ Wo - VQo 


(14-486) 
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If the attenuation can be specified at zero frequency, then Eq. (14-46) 
becomes 


^ _ (fti + R.y 

* 0 DO 


(14-49a) 


The subscript zero in this case indicates the value at zero frequency 
that is to be substituted. Equation (14-49o) can be solved directly 
for Re. 


Re 


Rq 

V^o- 1 


(14-4%) 


The equalizer network under discussion will have a low value of w'L at 
low-frequencies, and an approximate equation can neglect w'L. Let the 
subscript 1 indicate an evaluation at a low-frequency. Equation (14-46) 
then becomes 


_ {R[ + ReV + {X[y 


(14-50aj 


This can also be solved for R^ with the following result: 


Re 


R[ + VF^(R[y + (Ex - i )(X[y 

El - 1 


(14-506) 


After Re has been determined by Eq. (14-506) at a low-frequency, Eq. 
(14-46) can be used at another frequency /2 to solve forLe. Since every- 
thing is now known in Eq. (14-46) except Le, this equation is a quadratic 
in Le and can be solved directly. The solution will be 

X', + 

L, 

Equations (14-506) and (14-51) give first approximations for Re and L*. 
Where a more accurate solution is necessary, a second approximation 
could be obtained for Re by substituting in Eq. (14-46) the first approxi- 
mation for Le and a second approximation for Le could be obtained by 
substituting in Eq. (14-51) the second approximation for Re. 


As an example of the design of a shunt equalizer, consider the cable for which 
the constant-resistance equalizer was originally designed. The data for this 
cable, terminated in a 600-ohm resistor, are approximately 

/ = 100 Ze = 1,034 — jl,034 Insertion loss = 0.47 neper 

f = 1,600 Zo « 258 — ^258 Insertion loss = 1.53 nepers 

/ = 3,200 Zo = 183 — yi83 Insertion loss = 2.37 nepers 

Assume /a =» 3,200, /a = 1,600, and /i = 100. If the equalizer is adjusted 
so as to have zero loss at 3,200 cycles, it should have 2.37 — 1.53 = 0.84 neper 
loss at 1,600 cycles and 2.37 — 0.47 = 1.90 nepers loss at 100 cycles. Assume 
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the cable is long enough so that Za of Fig. 14-14 is approximatdy equal to Z* 
Then by Eq. (14-41) at / = 100. 


Zri — 

at / = 1,600 


(1,^34 jl.034)J< 600 

1,634 - jl,034 


442 - j99 = /?; + jX[ 


(258 — i25 8) X 600 viifi — /?' -i- vy' 

~ 858 — ;258 ~ — jilo — ti2 -r 3^2 

'Fi = = 44.8 

Fi = = 5.37 

Substitute these values in Eq. (H-50/>). Then 

442 + \/44.8 X (442)^ + 43.8 X (^)^ 


Re = 

= 79 ohms 


43.8 


From Eq. (14-45) 


27r X 1,600 

"2 1 _ (1,600/3,200)2 “ 


Next make substitutions in Eq. (14-51) for a frequency at 1,600 cycles. 

-116 + \/5.37 X (TT^2 ^-~47S7Ti2W+ 79)2~- 5.37 X (79)2] 


“ ■ 13,380 X 4.37 

= 7.45 X 10~* henry 

^ (27r X 3,200)2 X 7.45 X 10 


\x“rrV:ri = 0.332 X lO"* farad 



The effect of adding this shunt equal- 
izer to the cable is shown in Fig. 14-15. 

14-13. Experimental Line-up of 
Equalizers. It is sometimes de- 
sirable to line up an equalizer ex- 
perimentally. The two-terminal 
type is much easier than the con- 
stant-resistance equalizer to adjust 
in this manner, for four arms would 
have to be adjusted in the latter 
type. With the two- terminal type 
of Fig. 14-13 it is quite common to 
make L and C fixed and R adjust- 
able. In this case the insertion loss 
of equalizer and line is measured at 
a frequency near the antiresonant frequency of LC and at a low-frequency, 
and R is adjusted until the losses at the two frequencies are equal. A 
transmission-frequency run may then be made and the resistance of the 
equalizer slightly readjusted to obtain the best compromise results. 


rH C4 CO ^ 

Frequency 

Fig. 14-15. Insertion-loss characteristic 
of a 10-mile cable terminated in GOO ohms, 
and correction by a two-terminal equal- 
izer. 
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14->14. Non-constant*resistance Equalizers. A third type of equalizer 
to be considered works between unequal impedances and hence need not 
be designed on a constant-resistance basis, i.e., the input impedance may 
vary with frequency. Such equalizers are generally incorporated as part 
of the interstage coupling between two vacuum tubes so that the equal- 
izer works into the grid circuit of a tube which, to all intents and pur- 
poses, may be considered as an open circuit. A typical application is 
the equalization of the recording characteristic of a phonograph record as 
used in a good-quality audio amplifier system. A brief discussion of the 
basic problem may be desirable. 

The mechanical parts of a recording system comprise a motor-driven 
turntable which rotates a recording disk at a constant angular velocity. 
A recording, or cutting, head is made to traverse the record by a feed- 
screw mechanism perpendicular to the record motion so that the head fol- 
lows a spiral path over the record surface. 

The electrical system consists of a microphone, correcting network, 
amplifier, and the cutting head itself. (These are the elements of a basic 
system. In practice a magnetic tape system is used between the micro- 
phone and cutting head.) The microphone converts the original sound 
into a corresponding electrical signal which, in turn, is amplified and 
used to drive the cutting head. In this head an electromechanical sys- 
tem utilizes the amplified electrical signal to produce a lateral vibration 
of the recording, or cutting, stylus which contacts the disk surface. 
Then, under the influence of the sound signal, the stylus cuts a groove 
in the disk surface. For pickups which generate voltage proportional to 
the magnitude of the needle deviation, the wiggles in the groove should 
have the exact waveform of the sound intensity, i.e., the period of the 
wiggles should be proportional to the period of the sound signal, and the 
amplitude of the wiggles should be proportional to the amplitude (or 
intensity) of the sound. 

Mechanical problems in the cutter head, however, prevent the latter 
1 : 1 amplitude relationship. To illustrate, say that the stylus is to cut a 
sinusoidal wiggle, perpendicular to the direction of record rotation, and 
that the stylus motion is given by s = s sin s being the instantaneous 
displacement of the stylus from its “no-signaT* position. The velocity 
of the stylus will be t; = ds/dt = «§ cos Or, at any frequency «/2Tr, 
the maximum stylus velocity will be tJ = cos. Then, for a constant- 
amplitude sound signal, € increases linearly with frequency. At high 
audio-frequencies a typical cutting head would be unable to move the 
stylus fast enough to meet this requirement. To overcome this difficulty, 
the amplitude of the electrical signal is modified by a correcting network 
to decrease linearly with frequency so that v of the stylus is independent 
of frequency. This works satisfactorily for the higher audio-frequencies 
and results in ‘‘constant- velocity recording.^' 
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' At low audio-frequencies constant-velocity recording would result in 
large values of S, so large, in fact, that wiggles of adjacent grooves cut 
into the disk might overlap. To prevent this from happening, a tran- 
sition is made in the corrective network at the so-called ‘ turnover fre- 
quency so that at lower frequencies the 1:1 amplitude relationship is 
maintained. Below the turnover frequency, then, the recording charac- 
teristic is ‘Vonstaift-amplitude.’’ The two regions, constant-amplitude 
and constant-velocity, are illustrated by the dashed lines in Fig. 14-16. 



0001 01 1 10 100 

f, kc 

Fio 14-lb Basic record-cut ting charactei istic 


Thfs, then, is the basic recording characteristic which the correcting net- 
work must derive from a constant -amplitude electrical signal. 

Further modifications of this basic characteristic are introduced to mask 
noise which arises in the playback system. Phonograph turntables are 
subject to low-frequency vibrations of about 30 cycles. These are trans- 
mitted to the playback, or reproducing, head and are reproduced in the 
audio system as a ^‘rumble.” Furthermore, nonuniformities in the disk 
material and dirt particles in the grooves bring about spurious motion 
of the stylus during playback. These are reproduced by the audio sys- 
tem as sounds in the vicinity of 3 to 5 kc and are known as “surface 
noise.’’ To keep the signal above the rumble and surface noise, “pre- 
emphasis” is also introduced by the corrective network, i.e., the very low 
and very high signal characteristics are raised above the basic charac- 
teristic of Fig. 14-16. This “bass boost” and “treble preemphasis” are 
shown by the solid line in the figure.^ It should be noticed that the 
treble preemphasis is given in decibels of boost at 10 kc above the basic 

' See, for example, F. H. Slaymaker, Equalization and Tone Controls on Phono- 
graph Amplifiers, Trans. IRE, Professional Group on Audio, AU-3, no. 1, p. 5, 
January-February, 1955. 
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constant-velocity characteristic. While many recording characteristicB 
have been used in the past, some standardization resulted in 1954 when 
the bulk of the industry agreed to adopt the RIAA (Record Industry 
Association of America) characteristic, which is plotted in Fig. 14-17. 





Ez 



Fig 14-18 Double-L e(iualuers (a) IIC\ Victor 7/i = 330 kilohms, Rz =» 7.5 
kilohms, Ri *= 27 kiloliins, Ca = 0 03 txf, C, = 0 002 txf (b) Low-frequency equiva- 
lent circuit (r) Iligh-freqiiency equivalent circuit (c?) RIAA. 7^4—82 kilohms, 
Rb as 30 kilohms, r 4 = 0 01 /xi. Ri, 7?2, and same' as in a. 


The function, then, of the phonograph equalizer is to provide the 
complement of the recording characteristic so that the over-all system, 
from microphone to loudspeaker, is flat. This equalization may be 
accomplished for any of the recording characteristics that have been 
used by a double-L section containing only resistance and capacitance. 
The response of these equalizers is usually easy to obtain by the corner- 
plot method. 

14-16. Double-L Equalizer. A typical phonograph equalizer is shown 
in Fig. 14-18.^ Since the network works into essentially an open circuit, 

1 C. P. Boegli, New Developments in Phono Equalizers, Radio Television News, 
vol. 40, no. 4, p. 54, April, 1953. 
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the transfer function |r| = 1^2/J^il is generally considered, rather than 
as in the lattice equalizer. If the student sets up the nodal ecjuations 
for the network and solves for IT, he will find that the expression is not 
in the general form of Eq. (14-26) and hence is not amenable to the 
corner-plot method of solution. Suitable approximations, however, over- 
come this difficulty. 

The parameter values specified in Fig. 14-18 show that C2 = I5C3. 
As a result of this difference in capacitance values, C2 and C3 control T 
in different parts of the audio spectrum. At very low-frequencies th(^ 
branch containing C3 approaches an open circuit, and the approximate 
equivalent circuit is that of Fig. 14-186. By inspection the approximate 
low-frequency transfer function will be 

rp _ ^2 + l/jo)C2 _ 1 j 03021^2 

Rl + R 2 +'l/j03C2 1 Vj03C2(Rl + R\) 

m ^ 1 + jf/fol 

' l+jf/f^r 

where 

f = 1 == _ 

2irC2R2 2x(3 

"" 2TC2(Ri +R2) 


(14-52) 


1 


X 10-«)(7.5 X 10^) 
1 


= 709 cycles 


27r(3 X 10-8) (330 + 7.5) X 10 


3 = 15.7 cycles 


At high audio-frequencies, on the other hand, the reactance of C 2 
approaches a short circuit, and the approximate equivalent circuit of Fig. 
14-18c may be used. Using this diagram, the student may show that the 
approximate high-fre(iuency transfer function will be 


where 


Th = 

fx2 = 


^ 1_ 

R] 4- R 2 1 jf If x2 

1 


27rr; 



filR2 \ 

R\ + R 2 ) 


(14-53) 


Since Ri is much larger than 7^2, their parallel combination is approxi- 
mately equal to /?2, the smaller of the two values; hence 

2tC 3(«,T^) ^ X i¥-»)(27 + 7.5) X Y0» "" 

(14-53a) 

The corner-plot responses are shown in Fig. 14-19. It should be noted 
that the /,2 corner is plotted at a level of —33 db corresponding to the 
effect of the scalar factor R 2 /{Ri + R^ in Eq. (14-53). It may be 
observed that there is a break between \ Ti\ and \Th\ in the region between 
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200 cycles and 5 kc. This is the result of using the approximate low- 
and high-frequency equivalent circuits of Fig. 14-186 and c. Since the 
network will give a continuous response, the \Ti\ and \Th\ curves should 
be averaged out in this region. The response is usually'plotted on a rela- 
tive basis with the value at 1 kc as the zero-decibel reference level. 



0-^1 4i 0.1 1 4^ 10 

/-kc 


Fig. 14-19. Amplitude response of the equalizer of Fig. 14-1 8a 
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- Treble - 
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Fig. 14-20. Typical KC tone controls. 


14-16. Tone Controls. In audio reproducing systems it is often 
desirable to provide, by tone-control circuits, additional means of shaping 
the playback characteristic to allow for variations in the playback sys- 
tem, in the recorded material, and in the listening environment. Two 
typical RC tone-control circuits are shown in Fig. 14-20. 
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Circuit a* has the general form of a bridged T network hut is not 
designed on a constant-resistance basis. C 2 controls the turnover fre- 
quency, while the potentiometer Ri provides a variable treble boost. 

Circuit 6t in P^ig. 14-20 provides a greater degree of control in that 
bass and treble may be cut or boosted. The behavior of the circuit is 
easy to predict, given a set of switch positions, and the transfer function 
may be computed by means of corner plots. 

In some instances the RC tone-control network is incorporated into 
the feedback network of the audio amplifier. J In that event RC net- 
works are also used and the basic method of determining the response is 
the same as that which has been demonstrated 

In audio work the phase characteristic has little if any effect which 
may be discerned by the ear. As a conse(|uence, no attention is paid 
to the phase angles introduced by the equalizer and tone controls. 

14-17. Delay Equalizers. Transmission lines exhibit frecjnency- 
dependent phase-shift — as well as insertion-loss — characteristics. In 
applications where the preservation of the waveform of the input signal is 
important, e.g., in facsimile and television signal transmission over lines, 
a delay equalizer! may be inserted in the system to eciualize the group 
velocities in order that delay distortion shall be minimized. As is the 
case with attenuation equalizers, the delay equalizer should be a constant- 
resistance network so that its insertion in the system does not upset any 
of the impedance relationships. The lattice and the bridged T configu- 
rations are ordinarily used. In order to keep the ecjualization of the 
attenuation characteristic independent of the delay equalization, the 
delay equalizer should be an all-pass structure, that is, a = 0 for all 
frequencies in the desired band. 

It has been shown in Chap. 7 that a lattice structure in which Z\ and 
Z 2 are pure reactances and inverse with respect to Ro is such an ** all- 
pass” structure and so may be used as a delay eviualizer. The student 
may easily show that the phase shift of the network (Fig. 14-2 la) is 
given by 

= ±2 arctan (14-54) 

rCf, 

The general method of designing a lattice phase equalizer may be 

* Allan M. Feiics, A Bass-boost Control, Ftadio Television News, vol. 52, no, 1, 
p. 52, July, 1954. 

t Philip Cheilik, Audio Amplifier— Preamp for Home Use, Radio Television News, 
vol. 62, no. 5, p. 68, November, 1954. 

t See, for example, Arthur J. Rose, Simplified Design of Feedback Equalizers, Radio 
Television News, vol. 52, no. 3, p. 54, September, 1954. 

§ A delay equalizer is a corrective network which is designed to make the phase 
delay or envelope delay of a circuit or system substantially constant over a desired 
frequency range.” [ASA C42, 65.06.548 (1953).] 
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described as follows. Xi will generally be some combination, more or 
less complicated, of inductance and capacitance, and its behavior may, 
by Foster^s reactance theorem, be uniquely expressed in terms of its 
poles and zeros and a scale factor H, Then, given a desired 13 charac- 
teristic, the poles, zeros, and H may be determined. A Foster network 
to give the required Xi may then be designed by the procedures described 
in Chap. 4. X 2 may he determined from Xz = —Ro^/Xi, since Xi and 



Fi(}. 14-21. Lattici' (l<‘lav (‘(jualj/.c‘r h shows the /S ch.-iuH tei istic ior a particular Zi 
configuration. 



(a) (b) 

Fi<}. 14-22. liiidged T delay eciuahzer. 


X 2 are inverse networks. The phase response for a simple example is 
illustrated in Fig. 14-21fi. 

A suitably designed bridged T reactive structure may also serve as an 
all-pass equalizer. Consider the requirements on Fig. l4-22a for it to be 
a constant-resistance network: by evaluating Zar and F,c the student may 
show that 

y 2 Zoc _ XlXzi^Xz "F Xl) _ p 2 f-t A 

One possible solution is to make Xi and X 3 inverse so that 



or 


(14-566) 
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If, for example, Xi is chosen as «Li, the structure will have the form 
illustrated in Fig. 14-226. It is left as an exercise for the student to 
show that a = 0 and to derive an expression for 0 for the bridged T 
equalizer of Fig. l4-22a. 


PROBLEMS 

14 - 1 . Prove* that, in a constant -resistance lattice equalizer, a is unaffected if the 
positions of Zi and Z 2 in the lattice are interchanged What is the effect on /3? 

14 - 2 . Prove that the circuits of Fig 14-2/> to d exhibit the constant-resistance prop- 
erty if ZiZ 2 = 

14 - 3 . Draw a network containing eight or more elements including R, L, and C, and 
then draw the inverse network. 

14-4. Design a constant-resistance equalizer to ecpialize, up to 3,000 cycles, the 
insertion loss of 40 miles of 16-gage cable, unloaded. 

It is sometimes more convenient to use more than one equalizing section. 

14 - 6 . (o) Derive the design equations for the bridged T equalizer where 

Zi = Rii juiljti. 

(b) Sketch the shape of the a vs. frequenc}" curve, using corner plots, (c) Comment 
on the simplicity of the bridged T design equations as compared with those of the 
lattice. 

14 - 6 . A length of telephone cable is driven from a 600-ohm generator and is ter- 
minated in a 600-ohm resistance load. The measured insertion loss in decibels is: 


/ 

1 

30 

100 

200 

500 

1 ,000 

2,000 

2,400 

4,000 1 

6,000 

IjOSS. I 

3 8 

3 8 

3 9 

4 6 

6 6 * 

1 

10 5 

11 9 

16 4 

20 7 


Design a lattice network to equalize the cable within 2 db from 30 to 3,000 cycles. 
The over-all insertion loss of the cable and equalizer must not exceed 20 db. 

14 - 7 . Using the insertion-loss data of Prob. 14-6, design a suitable bridged T 
equalizer by means of the corner-plot method. As a starting point, assume fo is 
2 o^aves above fx. 

^4-8. A length of 75-ohm coaxial cable is to be used in a community television dis- 
-tribution system. The cable is terminated in Ro * 75 ohms. The attenuation of 
the cable is given by : 


/, Me 

1 "" 

100 

150 1 

200 ' 

1 

400 

a, db 

! 5 60 

9 50 

12.00 1 

14 25 ' 

21 75 


Desigiyan equalizer to work over the vhf television channels, 54 to 220 Me. Should 
a latMce or bridged T equalizer be used? Why? 

^■^4-9. A constant-resistance lattice equalizer has Zi *• Rn — j/wCha. 
a. If Rn ^ 1 kilohm, Rn » 250 ohm, Cn » 0.0212 ixf, and L22 5.3 mh, what is 

teristic impedance? 

a curve of insertion loss in decibels vs. frequency. 
iO. A bridged T equalizer is to be used to attenuate 60-cycle hum picked up on 
a long audio line which is terminated in a 600-ohm resistance. Z 2 consists of an 
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inductor and capacitor Css in series. Cu * 4.426 and L » 1.691 henrys, with 
a Q of 100 at 60 cycles 

a. Find the elements of Zi so that the equalizer is a constant-resistance network. 

h. Find the equalizer insertion loss at 60 cycles as compared with 600 cycles in 
decibels. 

14 - 11 . (o) Derive the design equations [similar to (14-20o) to (14-22)] for the Zi 
configuration of Fig. 14-7a. (6) For which of the Zi configurations of Fig. 14-7 may 
the corner-plot method be used? 

14 - 12 . Plot the ^ curve for Solution a of the lattice equalizer designed in the text 
(Sec. 14-4). 

14 - 18 . Repeat Prob. 14-4, using a shunt two-terminal equalizer. 

14 - 14 . Derive the design equations for a series equalizer to be placed in series with 
the load Zr in Fig. 14-13 but otherwise to have the same characteristics as the shunt 
equalizer shown in that figure. 

14 - 15 . Apply the equations derived in Prob. 14-14 to the design of an equalizer for 
the cable used in the examples in the text. 

14-16 Plot the response |5r| of the RIAA equalizer of Fig. 14-18d. Compare the 
curve with Fig. 14-17. Are they complementary? 

14 - 17 . Design an equalizer to give the complement of the curve of Prob. 14-16. 
What use could be made of this circuit in a recording system? 

14 - 18 . (a) Plot the transfer-function magnitude vs. frequency curve for the cir- 
cuit of Fig. 14-20a. Use Cj ~ 0.01 jxf and the tap at the left-hand end of Ri. (b) 
Repeat with C 2 = 0.2 ^f and with the tap at the right-hand end of R], 

14 - 19 . Plot 17"| vs. frequency for the circuit of Fig. 14-206 in both cut and boost 
positions. Assume the taps of both potentiometers are at the mid-position. 
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An amplifier is a device which, by enabling a received wave to control 
a local source of power, is capable of delivering an enlarged reproduction 
of the essential characteristics of the wave. [ASA C42 65.06.105 (1953).] 
Two basic types of linear vacuum-tube amplifiers which differ in their 
amplitude vs. frequency-response characteristics, will be treated here, the 
quasi-LP and the BP types. ^ In the former the amplifying property is 
exhibited from a low to some finite upper-frequency limit. In the BP 
type the amplifying property is exhibited over a more or less limited fre- 
quency band, centered on a frequency far removed from zero. (Compare 
with the LP and BP filters of Chap. 7.) Attention will be directed to 
the voltage amplification ^ or gain, which is defined as the ratio of output 
to input voltage, 2 i.e., 

A = (15-1) 

16-1. Linear Equivalent Circuit of Vacuum Pentode. In contrast to 
the circuits uhich have been discussed earlier, the vacuum-tube amplifier 
is an active unilateral, rather than a passive bilateral, circuit. Although 
the vacuum tube is not linear, in that the alternating component of plate 
current is not an exact linear function of the input-voltage signal, still if 
the amplitude of the signal is limited and if certain design precautions 
are adopted, the nonlinearity may be neglected. With these assump- 
tions an actual pentode as shown in Fig. 15-la may be replaced by the 
Norton equivalent circuit of Fig. 15-16, in so far as the alternating com- 
ponents of the signals are concerned, gm is the mutual conductance, 
or grid-plate transconductance, and Vp the a-c “plate resistance,^^ of 
the tube. 

The unilateral property of the vacuum tube under the assumed condi- 

' So-called d-c amplifiers can also be built which are true LP amplifiers, but they 
introduce consideiablc difficulties and so are used only where absolutely necessary to 
amplify very slowly changing unidirectional signals. 

* The student may observe that the definition of voltage amplification given here 
is identical to that for the transfer function in Chap. 14 and is also one form of the 
immittance function described in Chap. 2. It is common practice to use A for active 
networks in which |Eout|/|I^tn| > 1 and T for passive networks where, in general, 

|Eoat|/|-£^tn| < 1. 
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tions is apparent from the equivalent circuit (Fig. 15-16). A signal Eg 
applied between the grid and ground affects the plate circuit through the 
dependent current generator gmEg, but the plate circuit has no correspond- 
ing effect on the input or grid circuit. The importance of this unilateral 
property in isolating the load circuits of adjacent amplifier stages in a 
cascade will be discussed later in the chapter. 

It is a physically demonstrable fact that Qm and Vp are independent of 
frequency below the uhf or vhf ranges; hence it is evident from Fig. 15-16 
that the frequency response of the vacuum-tube amplifier is dependent 


K-Tube— ^ 
I I 



(a) (6) 

Fin 15-1 Basic pentode jtrrplifuT (a) Actual circuit It js assumed that Gi is at 
a-c cathode potential (/>) J-cpiivalent a-c (iKuit Jane.u opc ration is assumed. 

solely upon the linear passive circuit ehMiients comprising the load and 
the plate-to-cathode and grid-to-cathodo interelectrode capacitances 
{Cpk and Cgf,). For this reason, even though a vacuum tube is part of 
the circuit, the fretpiency-response (iJ| vs /) problem is one involving 
linear passive elements, and the methods of analysis used in the previous 
chapters may be applied. 

15-2. Basic RC Amplifier. The basic amplifier circuit is the familiar 
resistance-capacitance-couplod amplifier of Fig. l5-2a and also discussed 
in Chap. 2. Ce is the coupling, or blocking, capacitor which serves to 
isolate the output terminals from the d-c plate voltage. Co is the output 
capacitance of the vacuum tube plus the ever-present stray capacitances 
of the tube socket and plate lead to ground. C, is the input capacitance 
of whatever circuit is connected across the output terminals plus the 
stray capacitances between the output lead and Cc to ground. It is con- 
venient to define the total shunt capacitance as 

C. = a + C. (15-2) 

The equivalent circuit which results from replacing the tube by its 
Norton equivalent is shown at 6 in Fig. 15-2. 

In typical broad-band applications the circuit values are such that 
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Rl<^Ro < Tp and C, Cc. As was shown in Chap. 2, these differences 
in order of magnitude permit the circuit behavior to be analyzed in terms 
of three different frequency bands which are determined by the relative 
significance of the capacitive reactances. The mid-band region will be 
considered first because it serves as a basis of normalizing the response. 



Fig. 15-2. Basic RC amplifier, (a) Complete circuit. (6) Complete equivalent 
circuit. Approximate circuits: (c) Mid-band, (d) High-band, (e) Low-band. 


Mid-hand, In the mid-band of frequencies the reactance magnitude 
of Ce is negligibly small, and that of C, very large compared with Rl- 
Hence Cc may be considered as a short circuit and C, as an open circuit. 
Then since Rl Rg < the approximate mid-band equivalent circuit 
has the form shown in Fig. 15-2c, and by Eq. (15-1) the mid-band volt- 
age amplification or gain will be 



High-hand, At frequencies above the mid-band the reactance of Ce 
remains negligibly small, but the reactance of C, approaches Rl in mag- 
nitude; hence the approximate equivalent high-band circuit has the form 
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of Fig. 15-2d. The high-band gain will be 




Qm^L 


f high-bftod 1 jcaCtRh 

and, normalizing with respect to the mid-band gain of Eq. (15-3), 

Ah _ 1 _ 1 

A~ 


(15-4) 


where 


/2 = 


1 + jctyCaRi 
1 

2irC.RL 


1 +jf/f2 


(15-4a) 


Comparison of Eqs. (15-4a) and (14-20) shows that the former can be 
handled by the corner-plot method and that /2 is a negative corner fre- 



Fio. 15-3 N()rniali/(‘d response eurves for the IfC amplifier. 


queiicy. In the study of amplifiers /2 is often called the “upper half- 
power frequency'^ because it lies near the upper end of the response curve 
and becaUvse at /s the output voltage is 3 db below the mid-band value, 
corresponding to a voltage ratio of lly/2. Since power is proportional 
to the S(iuare of voltage for a constant Rl, the power delivered to Rl at 
IS one-half the value delivered in the mid-band. 

From E(i. (15-4a) the angle between and .1^ is 

0/i = ~ arctan y (15-46) 

h 

that is, the high-band output voltage lags the mid-band output voltage. 
The high-band normalized amplitude and phase responses are plotted in 
Fig. 15-3. 

Low-band, At frequencies below the mid-band the reactances of Co 
and C, become very large, while the reactance of Cc is of the same order 
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of magnitude as hence the approximate low-band circuit has the form 
shown in Fig. 15-2e. By the current-division theorem 


Eo — — IlRg 


QmEgRLRg 

(RgTTh) -j/<^Cr 


But RL<l^Rgi hence the low-band gain is 


Ai = 



Qt/iRl 

1 ^j/^c:r. 


Normalizing with respect to Am of Ecp (15-3), 


(15-5) 


where 


A^ _ 1 

Am ~ 1 -ifl// 

2irC,R„ 


(15-5a) 


Comparison with Kcp (14-30) sho^^s that A is a lower negative corner fre- 
quency; hence E<i. (lo-5a) may be handled by the corner-plot method 
In usual amplifier pai lance /i is called the lower half-power frequency. 
From Eq. (15-5a) the angle between .1/ and Am is 


Bi = arctan 


h 


(15-56) 


i.e., the low-band output voltage leadn the mid-band output voltage. 
The normalized low-band responses are showm in Fig. 15-3. 

16-3. Figure of Merit. The foregoing results show that the upper 
half-power frequency /2 and the mid-band gain magnitude |^„,| are inter- 
related through the plate-load resistance Rl and that, for typical circuit- 
parameter values, /i, the lower half-power frequency, is independent of 
Rl. As a consequence a figure of merit for the RC stage may be defined 
as the product of \Am\ aiid/ 2 . Thus from Eqs. (15-3) and (15-4a) 


\A4h = 2^c. 

As a practical matter for typical circuit values, fi <Kf 2 f hence, to a good 
approximation, the half-power bandwidth is 

BIF =/2 -/i «/2 (15-7) 

and Eq. (15-6) may be written as 

(16-6a) 

The practical consequence of this equation is that, by lowering /?l, one 
rnRy sacrifice mid-band gain for increased bandwidth, but the product 
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\Am\{BW) remains constant. Equation (15-6a) shows that for broad* 
band amplifiers a tube should be chosen that has a high mutual conduct- 
ance gm and a low value of C,. C, and whatever stray capacitances are 
present should be held to a minimum by careful wiring techniques. Some 
typical orders of magnitude may be obtained from the following example: 

A 6AC7 is to be used as a broad-band amplifier. Qm = 9,000 /zmhos, and 
Cm =* 20 /x/xf. Wliat Ri is required for /2 = 4.5 Me? What is |An.|’ 

By Eq. (15-4a) 

“ 2ir(4.5 X 10“r(2 X Ifl-") “ 


By Eq. (15-3) 

I Awl = q^Rl = (9 X 10 0 X 1.77 X 10® = 15.9 numeric 


It should be noted that, if /2 is doubled, |Awl is halved, oi vice veisa, by viitue of 
Kq. (15-0). 

Typical values for Ce and Rg might be 0.1 /xf and 100 kilohms, respectively. 
For these values the^oner half-powei fiequency is by Eq. (15-5a) « ' 


. _1 ^ _ 1 

2tC.R, 2ir X 10-’ X 10‘ 


15.9 cycles 


16-4. Effect of Self -bias Circuit. It is usual practice to use self-bias 
for the RC stage, the common circuit being the parallel combination of 
Rk and Ck in the cathode return as shown in Fig. 15-4a. The bias 
voltage is provided by the d-c plate and screen currents of the pentode 
flowing through Rk, which will generally have a value between 100 and 
200 ohms. Ck is generally made very large so that the a-c impedance 
between cathode and ground is small. Thus in typical circuits Ck ^ Cc 
and Rk < Rl- The presence of Ck introduces another frequency effect 
on the gain characteristic, confined to the low end of the band, because 
Ck is so large that, in the mid- and high-frequency-bands, the a-c imped- 
ance between the cathode and ground is essentially zero. The effect 
of the CkRk combination on the low-band response may be determined 
by setting up and solving the nodal equations for the equivalent low- 
band circuit (Fig. 15-45). The nodal equations for Fig. 15-46 are 


{Gk + = QmEg = gm(E, — Ek) 

{Gl j<Ji}Ce)Ep — jwCcEo — —gmEg == -'gmiEg “ Ek) (15-8) 
-j0>CcEp + {Gg + ji^Cc)Eo = 0 

Solution of these equations, simplified by the fact that Rg y> Rl, yields 
the result 

Ai _ 1 +j<aCKRK / 1 

Am (1 + \1 -- j/o)CeRg^ 


(15-9) 
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Comparison of £)qs. (15-9) and (15-5o) shows that the effect of the self- 
bias combination is to multiply the normalized low-band response by the 



factor {I + jo3CKRK)/[{^ + gmRK) + joiCKRK]^ This effect may be 
shown graphically by means of corner plots. Rearranging Eq. (15-9), 


where 


^ 1 /l 1 \ 

Am i + gmRK \1 + jJ/fxK/ \1 — jfi/fJ 

^ ‘ZtCkRk 
. _ ^ "I" g^RK 

‘ 2TrCKRK 

f =-i— 

2irCcRg 


(15-10) 


The resulting amplitude response is shown by the solid line in Fig. 15-4c 
for a case where /i < Jok < Jxk- The asymptotes for the three corners 
are shown by the dashed lines. It should be observed for the case illus- 
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trated that the lower half-power frequency is determined predominantly 
by the self-bias combination rather than by Rg and Ce* 

16-5. Cascaded Stages. Because of the isolation afforded by a 
vacuum-tube the over-all response of two or more amplifiers connected 
in cascade is the product of the individual responses. This may be shown 
from Fig. 15-5. By definition the over-all, or total, gain m At — EozfEti^ 
From the diagram 

A Eo 2 Eoi Eo2 . . /I K 1 1 \ 

^ = AiAt (15-11) 

rj,\ rjt2 


Furthermore the isolation property allows adjustments to be made on 
one stage without affecting the individual responses of any of the other 



Fig. 15-5. Circuit for calculating the gain of cascaded stages. 


stages in the cascade, even though the over-all response reflects a corre- 
sponding change. It is of interest to observe what happens to the band- 
width and mid-band gain when n identical stages are cascaded. By Eq. 
(15-11) the over-all mid-band gain will be 

\Am\T = \A„\^ (15-12) 


The effect on the over-all upper half-power frequency of cascading 
identical stages may be observed by the student if he will sketch the 
asymptotic high-band responses for, say, one, two, and three identical 
RC stages. The problem may be approached analytically in the follow- 
ing manner: From Eq. (15-4a) the magnitude of the normalized high- 
band gain for each stage is 


Ah 


J 


(15-13) 


where /2 is the half-power frequency of each individual stage. By Eqs. 
(15-11) and (15-13) the normalized gain of n identical stages will be 


* The effect of an inadequately bypassed screen grid is similar to that of the self- 
bias circuit. See, for example, F. E. Terman, ** Radio Engineered Handbook/e p, 358, 
McGraw-Hill Book Company, Inc., New York, 1943. 


[1 + 


(15-13o) 
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Now by definition, at the overfall upper half-power frequency, say, F 2 , 
the normalized response is down 3 db or is equal to 1/V5; hence, sub- 
stituting/ * F 2 in Eq. (15-13a) and inverting, 

[1 + ( F 2 // 2)^]"^2 = 2 W 

or F 2 = /2 - 1 (15-14) 

The quantity F 2//2 = — 1 is often designated the bandwidth 

shrinkage factor and is tabulated in Table 15-1. The student may 


Table 15-1. Bandwidth Shrinkage Factor JF 
For RC amplifier (F ** F 2//2 « {BW)t/BW 
For single-tuned amplifier 9= ** {BW)t/BW 


n 

1 

2 

3 

4 

5 I 

6 

7 

8 

9 

10 

^ 

1 000 

0 644 

0 510 

0 434 

0 385 

0 350 

i 

0 323 

0 308 

0 284 

0 268 


derive a similar factor for F 1 // 1 , Fi being the over-all lower half-power 
frequency and /i the lower half-power frequency of each stage in the 
cascade. In typical cascades of wide-band RC stages <5C ^ 2 ; hence to 
a good approximation the over-all bandwidth is given by 

(BW)t F2- Fi^ F2 

Then the gain-bandwidth product of n identical, cascaded stages is 

|.4.|r(i^ir)r = Mmh (BW) v/2^-"l (15-15) 

It may be observed that, as n increases, the gain increases faster than the 
bandwidth shrinks. 


An amplifier is to be designed to have an ovei-all upper half-power frequency of 
5 Me and an over-all voltage gain of at least 50 db. Determine the number of 
identical stages lequired in cascade if GAC7's are used = 9,000 /inahos). 
The shunt capacitance per stage is estimated to be 20 /Lt/xf. 

Converting the decibels gain to a numeric, 

|i4m|r = ]0’95o = 102 5 = 316 

A trial-and-erior piocess is used. By Eq. (15-6a) for n = 1 


1 ^. 1 /. - 

/a = 5 Me 


_9 X 10 ~^ 
2t( 2 X i0-») 
71.5 
5 


lAJ = 


71.5 Me 
14.3 numeric 


For n « 2 by Table 15-1 /a must be 

71.6 X 0.644 


5 

0 644 


\An 


9.2 


\An 


84.4 
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root is then the value of p fof which the polynomial is zero. Division of 
the polynomial by this factor reduces the degree to 2 so that the two 
remaining roots may be found by the quadratic formula.) 

S. Doba of the Bell Telephone Laboratories has recommended the 
values m = 0.218 and Q — 0.346 as giving a good transient response. 
The w-derived network with these values is frequently called Doha's 
network." Its transient response is sho\vn in Fig. 15-10. 

16-12. Four-terminal Compensating Networks. The two high-band 
compensating circuits of Fig. lo-6c and d are four-terminal networks since 
a compensating inductance maintains the input and output terminals at 
different potentials. It is important to notice that Co and C* no longer 
combine as a single element C, shunting Rl. As a consequence it may 
be expected that a higher mid-band gain may be realized for a given 
value of /2 = 1 1'licCJii . 

Consider the series-compensated circuit of Fig. l5-6c. Analysis of the 
circuit shows that the normalized high-band gain is given by 


1 


where 


1 — mC?i/V(l -f- m) -f — wC>//V(l -f m)2] 


m = ^ c. = r. + C. 


Q 


W 2 L / 

Rl ^ 


(15-36) 


(15-37) 


The corresponding magnitude squared and angle will be 


Ah 

An. 


and 


1 


1+1 


(' 


2rnQ_\ 
1 + m) 


y‘‘ + 


mQ 

(1 + m)- 


(mQ — 2)1/' -I- 


dh — arctan y 


I - mQy^/(l -I- m)- 
l - mQy-/(\ -f ffi) 


(”»<?)* 

(1 + mY ^ 

(15-36a) 

(15-365) 


It may be noted ‘that the roll oft above quite steep because of the y* 
term. The high-freciuency asymptote may be shown to be 

= 20 log - 60 log y (15-38) 

Thus the asymptote has a negative slope of 60 db/decade, and its start- 
ing point on the ordinate scale at /2 is a function of both m and Q, Hence 
the whole character of the high-hand response differs from that for the 
previously considered circuits. 
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The edge response to a negative step function of amplitude --Eg may 
be determined from the p-plane equation. 

Eo{v) = 

(1 + _ 

p® + (1 + m)o}2P^ + (1 + myo32^pfmQ 4- (f + inyo)2^/mQ ^ 

The problem here is similar to that of the m-derived stage because the 
factors of the third-degree polynomial must be evaluated. A satisfac- 
tory transient response is provided by Q = 0.467 and m = 2. This lat- 
ter value for the ratio Ct/Co is typical for usual circuits. 

Another four-terminal network, the series-shunt-compensated type, is 
shown in Fig. IS-Gd. Still another is Dietzhold^s network, which is a 
combination of Fig. 15-65 and a series-compensating inductance L 2 . The 
network is named for R. L. Dietzhold of the Bell Telephone Laborato- 
ries, who specified the optimum values for the circuit parameters. The 
design parameters and transient performance for these and the previ- 
ously discussed networks are summarized in Table 15-2. 


Table 15-2. Summary, Hioh-frbqijen(;y Compensation* 


Network 


Shunt 

Doha’s 

Series 

Series-shunt. . . . 
Dietzhold 


L 

C 

C. 

a 

c\ 

Co 

£1 

Co 




Parameter values 


TrWo 


*>, % 


0.388/^l 


0)2 


0.346/eL 


= 0 218, L = 

0)2 

OAQIRl 


0)2 


=^2,L = 


^ , 0 133/?l ^ 0.467/?!. 

= Z , 1 j \ = » />2 = 


= 2,-^ = 0.145 


1 27 
1 24 
0 99 
0 907 
0 888 


2 

1 

6 4t 
1 8 
0 34 


0.133/?!, , 

, 


0,467/?! , 

0)2 


* R. C. Palmer and L. Mautner, A New Figure of Merit for the Transient Response 
of Video Amplifiers, Proc. IRE, vol. 37, p. 9, September, 1949. 

t 6.4 is the magnitude of the first undershoot. The overshoot is signific.antly 
smaller. 


15-13. Low-band Compensation. It has been shown in the early 
sections of the chapter that the loss in gain in the low band of the basic 
RC amplifier stage is due to the effects of the RC coupling network and 
to the degeneration caused by inadequate bypassing by Ck in the self- 
bias circuit, Either of these effects may be reduced by the If compensat- 
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ing elements, Ci and Ri, of iFig. 15-11. In the following work it will be 
assumed that Rl Rg, the typical situation in broad-band applications. 

Neglecting the self-bias circuit for the moment, it is easy to see from 
physical considerations how the compensating elements function. In the 
high and mid-bands Ci effectively shorts out /2i so that the plate load is 




Fig. 15-11. Circuits for studying low-frequency compensation. Ri and Ci are the 
compensating elements 


Rl alone. At If, however, the current generator QmEg works into a higher 
load, Rl + /^i/(l + ji»}CiRi)j causing Ep, the plate voltage, to increase 
with lowered freciuency. Stated mathematically. 




OmEg + 

= -g^E,{R,. + R{) 


\ ^ _ 

• jioC iRi) 


QmE gRlj 


(1 -h R\/ Rl) 


1 “I” j(aC\R\ 


(15-40) 


1 + . 

1 + joi CiRiRi/^Ri + R\) 

1 -|- joiC \R\ 

Thus, as the frequency is lowered from the mid-band toward zero, \Ep\ 
rises from gmE^Ri toward gmEg{RL + ^i), giving the desired compensat- 
ing action. The student may show that the low-band output voltage 
including the effects of the compensating, self-bias, and coupling net- 
works is 

(1 + Ri/Rl) jojCiRi 1 -f- juiCKRK 


Eo = —gmEgRL‘ 


1 JoyC iRi 


(1 4- gmRK) 4- jcjCkRk 
1 

1 — jjoiCcRg 


(15-41) 
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Ai _ (1 + R\/Rl) 4~ j ^C\R \ 1 + joiCKRK 1 

Am 1 +ywCl/2i (1 + gmRK) + jifiC kRk 1 — j ! cRg 

b c 

(15-41a) 

15-14. Bias-circuit Compensation. Since the factors a and b in Eq. 
(15-41a) are reciprocal in form, the first and most obvious use of the com- 
pensating circuit is to cancel out the degenerative effect of the self-bias 
circuit. Thus, to make ab = 1, 

Rl = QmRKRL 

rt CkRk bias-circuit compensation (15-42) 

When Eqs. (15-42) are satisfied, the normalized low-band response 
is determined solely by the CcRg coupling network as described by 
Eq. (15-5a). 

Actually this condition gives reasonably good results in practice. For 
example, if Ce = 0.1 nf and Rg = 100 kilohms, by Eq. (15-5a) the lower 
half-power frequency will be 

It should be noted, however, that this value tends to be a lower limit 
on fi for the following reasons: Tube manufacturers specify 100 to 
500 kilohms as a maximum limit on Rg for most vacuum tubes. Also, 
increasing Cc above 0.1 /xf generally will increase the physical size of the 
capacitor to the point where its contribution to the total shunt capaci- 
tance to ground, has an adverse effect on the high-band response. 

It has been the usual practice to use an electrolytic-type capacitor for 
Ck, the value being 10 /xf or more, shunted by a paper or mica dielectric 
unit of capacitance ranging around 0.01 to 0.1 /xf. The need for this 
smaller unit is that the structure of the electrolytic units is such that in 
the high band they become inductive. The small shunt capacitor ensures 
adequate bypassing at the high-freiiuencies. Of course, in low-band cal- 
culations the small shunt unit may be neglected. Some idea of typical 
circuit values may be obtained from the following example: 

A 6AC7 is used in a wide-hand amplifier. Rk = IfiO ohms, and 

gm — 9,000 /xmhos 

Rl is chosen to be 3 kilohms from high-band considerations (maximally flat 
response with/J = 4.5 Me , /2 = 2.02 Me). Assume (7 a ~ 10 /xf. 
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The compensating-network elements are determined from Eqs. (15-42)« 


Ri 

Cl 


q^^RkBl = (9 X 10-*) X 160 X (3 X 10*) 
CkRk 10-* X 160 


4.32 X 10* 


0.37 fi{ 


4.32 kilohms 


It may be noted, in passing, that at O.I/ 2 , which effectively defines the upper limit 
of the mid-band, the reactance of Ci has a magnitude 

ic, ” 2 m( 0.262 X 10«)(0.37 X lO"*) “ 

This indicates adequate bypassing of Ri in the high band so that the plate load is 
effectively Rl alone. 

Professor M. H. Crothers of the University of Illinois has suggested 
that with bias-circuit compensation Ck need not be of so large a value 
that an electrolytic capacitor must be used. Since the compensating cir- 
cuit cancels the effect of self-bias circuit degeneration, Ci and Ck may be 
chosen so that Ri is adequately bypassed in the high band. This is 
essential because C, shunts the plate load and Rl is made small to satisfy 
the high-band design conditions. 

By way of illustration, a 5 per cent increase in plate-load impedance may be 
tolerated at O.I/ 2 . Then, using the figures of the last example, it is desired that 
l/27r(0.1/2)Ci < 0.05/2/. Substituting, 

io-»)(3 X io>) “ ® 

Let the next larger standard value be chosen so that 

Cl = 0.0039 nf. Then by Eq. (15-42) 

^ CiRi 0.0039 X 4.32 

^ 0l6- - =0-117 Mf 

The saving in capacitor size (and hence cost) is quite apparent from 
these figures. Crothers has also suggested that, for bias-circuit com- 
pensation, tolerances should be specified for the ratios Ck/Ci and Ri/Rl 
rather than on the values of the four components separately. 

15-16. Coupling-circuit Compensation. In amplifiers using fixed bias 
or very large values of Ck (say, of the order of 100 ni) so that no degen- 
eration occurs in the frequency band of interest, the compensating net- 
work RiCiof Fig. 15-11 may be used to partially cancel out the low-band 
response of the coupling network RgCe- Since cathode degeneration is 
out of the picture, the factor h in Eq. (15-41a) is unity and the low-band 
response becomes 

_ (1 + R\/Rl) j(*>C \R\ 1 

Am 1 jf/iClRl 1 + X/joiCcRg 


(15-43) 
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It may be observed that the two remaining factors are not inverse in 
form; hence complete or perfect compensation cannot be effected. For 
this reason a better idea of the compensating process may be had by use 
of comer plots. 

Rearranging Eq. (15-43) into suitable form, 


where 


Ai _/oi/ l +J//fol \/ _J \ 

U\i -jhU) 

. _ R\ + Rl 

2irCiRiRL 

f 1 

2irCcR, 


(15-44) 


(15-44a) 


The response, then, is characterized by three corners, two of which, /©i 
and/, 1 , are subject to control by choice of Ci and R\, the compensating 
elements. 

Say the design condition chosen is that /©i = /i. Then from Eqs. 
(15-44a) 


Ce 



coupling-network compensation (15-45) 


The response for this design condition is shown in Fig. 15-12a. It may 
be observed that/,i becomes the response-determining corner, so that/J, 
the lower half-power frequency with compensation, is identical to/,i. A 
low value of /( may be obtained by using a large value of Ci. It should 
be noted that Ci does not contribute to C, as does Ce] hence compensa- 
tion allows a better low-band response without adversely affecting the 
high band. 

Alternatively, Ci and -Bi may be chosen such that /,i < fi < /©i as 
illustrated in Fig. 15-126. It may be seen that, for this case, a hump 
appears in the response curve, and the network is often said to be ‘‘over- 
compensated,^* Considerable freedom is available in choosing values of 
foi and /,i relative to each other and to/i. As may be seen from the dia- 
gram, the height of the “hump** depends upon the ratio /©i//i. A study 
of the transient response will shed more light on this design condition. 

16-16. Low-band-compensation Transient Response. The transient 
response of the low-band-compensated amplifier may be obtained by 
replacing /« by the complex frequency variable p and Eg by a suitable 
step function in Eq. (15-41). A negative step function --EgUit) will be 
assumed. 
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Fig. 15-12. Corner plots showing the effect of If compensation, (a) foi *« /i. The If 
response is determined by the fxi corner. (6) foi > fi > fxi. The response curve 
exhibits a hump and is said to be overcompensated. 


With bias-circuit compensation [Eqs. (15-42)] two of the factors in Eq. 
(15-41) cancel, and the equation in p becomes 

Eoip) = g^aRL p(p + “1 = cTR, (15-46) 

It is apparent, then, that the transient response consists of a single expo- 
nential decay, 


€o{t) = (15-46a) 

which is characteristic of the basic RC amplifier (see Fig. 2-18c). 

Furthermore, if cathode degenerative effects are unimportant and 
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coupling-network compensation, in accordance with Eq. (15-45), is used, 
the p-plane equation reduces to 

Eo(jp) = gmE^Ri^ p(p + „.7) “ Cifli 


and the response is again a single decaying exponential. Since coxi <<*>!, 
the sag will be less than for the basic, uncompensated amplifier, indicating 
that compensation results in a better transient response. 

Much more interesting are the possibilities afforded by the ‘‘over- 
compensated’^ conditions described in the last section. Assuming no 
cathode-degeneration effects, the p-plane equivalent of Eq. (15-41) with 
an applied negative step function —EgUit) is 


K(p) 


Ft? I? “f" Rl)/CiRiRl]p 

p(p + \/(\R,)(p + l/CX) 


(15-48) 


As a matter of convenience, to relate the transient and steady-state 
responses, introduce Eqs. (15-44a). 




(16-480) 

Expanding by partial fractions. 



Eoip) = g^E,RL + ;rx^ ) 

\p + «xl P A- Wl/ 

(15-486) 

where 

^ ^ (Wol — C^xl) 

(tOj — 0)xl) 

2 _ (tool — «l) 

(o)i — a»,i) 

(16-49) 

Then 

eo{t) = g^E„RL{Ae-“"‘ 4- 

(15-50) 


Thus the response is characterized by the sum of two decaying exponen- 
tials. Now the problem in compensation here is to minimize the sag or 
the decay due to the exponentials. This may be done by making the 
initial slope of Eq. (15-50) zero at ^ = 0. To find the values of RiCi to 
satisfy this condition, set the time derivative of Eq. (15-50) equal to zero. 

= gmEgRL{ — <t3j,\A — 03iB) — 0 

i-O 

Substituting for A and B from Eqs. (15-49), 


deoif) 

dt 


— Q?xi) + ci>i(a?oi — 

(wi — a>,i) 

(tJi — c«?xi)(fa )i + 

(wi — Wxl) 

«Ol — «I — Wxl 


= 0 
= 0 


or 
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Substituting from Eqs. (15-44a}, 

CiRl = CcRg (15-51) 

Equation (15-51) places no design condition on Ri of the compensating 
network, i.e., the condition for making deo(t)/dt == 0 at < = 0 is inde- 
pendent of /?i. jRi is chosen to minimize the sag at < > 0. The student 
may readily show that the sag decreases if Ri/Rl increases. The practi- 
cal upper limit on Ri is determined by the rated d-c plate voltage for the 
pentode and the available plate-supply voltage 



(6) (c) 

Fig. 15-13. Square-wave testing of transient response (n) \ square wave generator 
feeds the network whose output is viewed on an oscilloscope (5) For edge response, 
T/2 of the square wave is chosen to be long enough for the ring to die out (c) For 
tilt or sag, T 12 is so long that the edge response is not visible. 

16-17. Square-wave Testing. In this chapter frequent reference has 
been made to the transient response of the quasi-LP amplifier to an 
applied step voltage. The (luestion arises: “How is this transient 
response determined experimentally?’^ Since the transient response 
consists of an output voltage as a function of fimc, the input being a 
step function, the cathode-ray oscilloscope suggests itself as an ideal 
device for displaying the output signal. One basic difficulty arises, how- 
ever: the oscilloscope should be driven by a repetitive function rather 
than a single, nonrecurrent signal. 

In testing, a compromise is made by replacing the step function (used 
in calculations) by a “repetitive step function'* or square wave as shown 
in Fig. 15-13a. The principal problem in making this substitution con- 
sists in choosing the proper half period, r/2, of the square wave to per- 
mit display of that portion, i.e., the edge, or sag, of the transient response 
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which is of interest during a particular test. This problem may readily 
be resolved. 

The results of this chapter and of Chap. 2 have shown that the edge 
response is governed by the same components of the circuit that deter- 
mine the high-band steady-state response and that the sag is governed 
by those circuit components which determine the low-band steady-state 
response. To observe the edge response, one chooses a high-frequency 
square wave, the restriction being that T/2 be sufficiently long so that 



(c) (flO 


Fig. 15-14. Single-tuned amplifier circuits, 

any ring dies out before the square wave changes amplitude (see Fig. 
15-136). The sag, or tilt, is dependent on the low-frequency response- 
determining components; hence the square wave is chosen to have a fre- 
quency so low that the edge response occupies an insignificant portion of 
the trace time and the sag becomes visible. 

16-18. Bandpass -amplifier Types. The remainder of the chapter will 
be devoted to three common types of BP, or tuned, amplifiers, i.e., those 
having a steady-state amplitude response which is approximately sym- 
metrical about some center frequency far removed from zero. The 
amplifiers will be grouped in accordance with their number of tuned 
circuits. 

15-19. Single-tuned Amplifiers. Two basic amplifiers which employ 
a single-tuned circuit and which are equivalent in behavior are shown in 
Fig. 15-14. The circuit shown at a is commonly called a ^‘single-tuned 
amplifier. At 6 the tube is replaced by its linear equivalent circuit, viz., 
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the current generator g^Mg shunted by its a-c plate resistance fp. C«, 
whose reactance is made negligible at the operating frequencies, is 
omitted. The inductance L, its equivalent shunt resistance Rp *= 
and the capacitance C are lumped into an antiresonant circuit labeled Z. 
From Chap. 4 Z may be written in the universal-resonance-curve form, 


Z = 


^ 

l+ia(///r-/r//) 


(15-52) 


where Qr = RpliarL 
COr* = l/LC 

Then the output voltage will be 


JP ^ OtnEg 

Y 1 . ± . 1 +jQr{f/fr-fr/f) 
Tp Rg (jirLQr 

Dividing by Eg and clearing to find the amplification, 


(15-53) 


>4 == — = - Qm^rEQr /IK 

^ Eg I + U^rLQriX/Tp + l/Rg) + iQ^iHSr ~ /r//) ^ 

At / = /r, the resonant gain, or amplification, will be 


where 


— gmO}rLQr 

1 + OJrLQri^/Vp -|- l/Rg) 



Q. = 


Qr 

1 -(- (jirLQr{l/rp -|- l/Rg) 


— gmO^rLQe 


(15-55) 

(15-56) 


By Eq. (4-29) the bandwidth of a resonant circuit is given by the expres- 
sion BW = fr/Qn where Qr is the value at resonance. Hence for this 
case 


“ 2irC(RlV) (15-55o) 

The effective Q, of the entire circuit is defined as a matter of con- 
venience. 

In a number of broad-band applications, Rg r^, and Qr ^ Rg/cOfL, 
in which case Q, reduces to 

(?. = -%= <»rCR, r, » R, Qr » A 

"^gmRg 


and 


(15-56a) 

(15-556) 
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The normalized gain of the single-tuned stage is obtained by dividing 
Eq. (15-54) by Eq. (15-55); thus 


^ _ 1 
Ar l+jQ.(f/fr-fr/f) 


(15-57) 


It may be seen at once from Eq. (15-57) that the normalized response 
follows the universal resonance curve (see Fig. 4-10) and that the half- 
power bandwidth is 

^ (15-58) 

In this chapter it will be assumed that the conditions for arithmetic 
symmetry prevail (see Chap. 4) so that Eq. (15-57) may be written 


where 


Ar 

5 


1 

1 + /2Q.S 
"fr 


(15-57a) 

(15-576) 


For the single-tuned amplifier the gain bandwidth product is, by Eqs. 
(15-55) and (15-58), 

^ (15-59) 


It may be noted that this is identical to the corresponding quantity for 
the quasi-LP amplifier [Eq. (15-6a)]; hence gain may be traded for band- 
width, and vice versa, their product remaining constant, if Q* is changed. 


The student may see here another example of the LP-BP analog which was 
used in Chap. 7. From Eqs. (15-576) and (15-58) 

2Q.a = (16-60) 

Hence Eq. (15-57a) may be written 

X “ 1 +j(J^-fr)/BW/2 

The analogous LP amplifier would have the form shown in Fig. 15-1 5a, and its 
normalized gain would be 

A 1 
A. ■" 1 H-J///2 

But for this LP case /2 = BW = l/27r(7,i2i,, therefore, 

A 1 

Ar " 1 -i-jf/BW 


(15-61a) 
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The amplitude responses of Eqs. (15^1) and (15-61a) are plotted in Fig. 15-156 
and c. It will be observed that, if the resonant frequency fr in Eq. (15-61) is 
'^transferred to zero/^ the two responses become identical except for a 2:1 ratio 
in half-power bandwidths. For analogous behavior, (7« should be chosen so that 

2(BW)lv = (BT7)bp 

whence C»Rl = 2CRg (15-616) 


This LP-BP analog will be of use in a later section. 

As a general rule, the method of tuning used in the single-tuned stage 
of Fig. 15-14a varies with the frequency range. Up to a few megacycles, 



(a) (6) (c) 

Fig 15-15. Low-pass bandpass analog, (a) Low-pass amplifier which is the analog 
of Fig. 15-1 4a (6) Amplitude response of the LP amplifier. Negative frequencies 
are included for symmetry (c) Amplitude response of the BP amplifier. 

C is made variable. At higher frequencies where L gets quite small, the 
tube and stray capacitances make up C, no external capacitance being 
added. Where this condition prevails, tuning is accomplished by vary- 
ing L, often by means of a movable high-permeability slug. 

Another circuit having a response identical to that of the single-tuned 
stage is shown in Fig. 15-14c and is often designated the untuned-primary, 
tuned-secondary (UPTS) amplifier. In the physical circuit, Lp will be 
shunted by C„, the output capacitance of the vacuum tube, as shown in 
the figure. In typical applications, however, Lp is chosen to be small 
compared with L, and C large relative to Co, such that 

It has been shown in Chap. 4 that under this condition the parallel combi- 
nation LpCo will behave like an inductance Lp at frequencies near fr ; hence 
in the equivalent circuit of Fig, 15-14d, Co may be omitted. It may be 
seen, then, that the UPTS amplifier effectively involves only one tuned 
circuit and for typical circuit values may be shown to have the same 
type of response as the single-tuned amplifier of Fig. 15-1 4a. The cir- 
cuit may be analyzed by means of the equivalent two-mesh circuit of 
Fig. 15-14d. 

_ 1% _ '—ZiiE 

^ ju»C jcoCZii{Z2i ~ Zi2^/Zii) 


E, 


(15-63) 
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E = QmTpEg 

Z 22 = Rt + j 
= 7 ?, + jc»)rLt 


(15-64) 


-'Lie 

^12 = ±3(aM 

Z\\ = Tp Rp j(t)Lp 

As a practical matter, in typical circuits Vp will be of the order of 
1 megohm, Rp of a few ohms, and aLp of a few hundred ohms; hence to 
an excellent approximation 

Zu = Tp (15-64a) 

Substituting Eqs. (15-64) and (15-64a) into Eq. (15-63), 


E — ^ 

C 




(15-65) 


Now 1/C = cor^L,] thus, substituting and factoring R, -|- {u)My/rp from 
the denominator, 

= +r- O’nE^rMurL. 

fu . r, . O-rL. // A ' 


J L + («>M)Vrp V/. //J 


(15-66) 


That this equation may be reduced to the universal-resonance form by 
defining a suitable effective figure of merit will now be shown. Let 


R. + («iW)Vr, 


(15-67) 


Substituting Q, into Eq. (15-66) and dividing by Eg to find the gain, 


A = T 


g„0)rMQe 


(15-68) 


^ ^ 1+ jQ.if/fr - fr/f) ^ 

At / = /r the resonant gain will be 

Ar = T9mO>rMQ. (15-69) 

and the normalized gain will be 

X “ l+jQ.(f/fr-fr/f) 

It may be observed, then, that, subject to the assumption that Co is 
negligible and that Zn « r^, the UPTS and single-tuned amplifiers have 


(15-70) 
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identical responses of the universal-resonance type. As stated before, it 
will be assumed in the remainder of the chapter that is sufficiently 



(a) 



Fig. 16-16. Curves of Q,, \Ar\, and selectivity for a typical UPTS amplifier. 


high that the approximations of arithmetic symmetry may be used, so 
that Eqs. (15-57) and (15-70) may be written as 


Ar 


6 = 


1 

1 -h j2Q.B 
f-fr 

fr 


normalized response of UPTS 

and single-tuned amplifiers, (15-71) 

arithmetic symmetry assumed 


The UPTS amplifier of Fig. 15-14c is often incorporated as part of a 
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broadcast-band radio receiver. In this application its resoTtance-^esponae 
curve is important as well as its selectivity curve. In the broadcast band 
each transmitting station is allocated a total bandwidth of 10 kc, cen- 
tered on a “carrier’’ frequency. Consider three stations: 


Station 

Carrier /, Me 

Band limits, Me 

A 

0 600 

0 595^ 605 

B 

1 000 

0 955-1 005 

C 

1 600 

1 595-1 605 



Fig. 15-17. Tuned amplifier employing 
capacitive coupling to flatten the res- 
onance response characteristic, \Ar\ vs. 

/r. 


For the receiver to operate properly, it must be able to “tune” to any 
one of these stations, that is, fr must be made to coincide with any one 

of the carrier frequencies, usually 
by varying C. Furthermore, it 
would be desirable that \Ar\ and 
the selectivity be constant over 
the entire broadcast band (0.535 
to 1.605 Me) so that all stations 
are amplified in the same amount 
and manner. It may be seen from 
Eq. (15-69) that |Ar| is frequency- 
dependent, being proportional to 
fr and Qe, A typical manner in 
which Q 0 varies with frequency is 
shown by the dashed curve of Fig. 15-1 6a. (Notice that an expanded 
ordinate scale is used in the figure.) A typical resonance-response curve, 
\Ar\ VS. fry is shown by the solid line. 

Since Qe varies nonlinearly with frequency, the half-power bandwidth 
varies from station to station. Typical selectivity curves, | A|/|Ar| vs. /, 
are shown at Fig. 15-165. Since each station occupies only a small frac- 
tion of the entire broadcast band, Qe may be assumed constant in cal- 
culating any one of these curves. The curves of Fig. 15-16 show that 
the UPTS amplifier is more selective for low-frequency stations and less 
selective for high-frequency stations. These effects may be minimized 
by using circuits employing two tuned circuits having different resonant 
frequencies and coupled by capacitance as shown in Fig. 15-17. ‘ 

16-20. Envelope Response. The BP amplifiers which have been the 
subject of the foregoing sections are ordinarily used to amplify modulated 
signals which are centered on a carrier frequency fe which is equal to /, 
of the amplifier. Under these conditions one is concerned with the 

^ See, for example, F. E. Terman, Radio Engineering,” p. 343, 3d ed., McGraw- 
Hill Bc^k Company, Inc., New York, 1947. 
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envelope response rather than the transient response. In the process of 
amplitude modulation the intelligence is superimposed on the carrier by 
making the carrier amplitude A vary about a mean value Ec in accord- 
ance with the intelligence as shown in Fig. 1-14 such that, if a single 
modulating frequency a},/2ir is used, 

e(t) = + -fit sin 0,0 sin o)et (15-72) 

(the equation of the amplitude-modulated signal developed in Chap. 1). 
It is apparent from the Fig. 1-14 that the intelligence is contained in the 
envelope of the modulated wave. By the methods of Chap. 2 an intelli- 
gence signal more complicated than a single sine wave could be analyzed 
in a series, or band, of sinusoidal terms so that the same argument would 
apply. 

Now with LP amplifiers the transient response to a step-function sig- 
nal has been calculated. By analog, then, one is concerned with the 
envelope response of a BP structure to a test 
signal consisting of a carrier modulated by a 
step function. Such a signal would be 

e[t) = U{t)E, sin 0)4 (15-73) 

as shown in Fig. 15-18. The envelope here 
is, of course, simply ScU{i). 

The LP-BP analog suggests itself as the 
basis for a simplified method of determining 
the envelope response of a single-tuned am- 
plifier to an applied signal of the form of Eq. (15-73). One easy way of 
transferring fr to zero is by defining a new complex frequency variable 
p' * i(w — «r) so that by Eqs. (15-71) 



Fig. 15-18. Carrier wave 
modulated by a step func- 
tion used for determining 
envelope response. 


Eo{p') 

But 0,/wr = RgC, Hence 


-gn,R,E,{p') 

1 + 2Q.p7ur 


w = - 9mE,{p') 1 

’ 2C p' + \/2R,C 

Transferring the carrier frequency to zero in Eq. (15-73), E, 


(15-74) 


/ / V 1 _ _ 


E,(p') = - (15-76) 

the negative sign being chosen to give a positive-going envelope response. 
Then 
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Since this is identical to the response of the analogous LP amplifier to 
an applied step signal, the response will have the shape of Fig. 15-19a. 
On transferring the carrier frequency from zero to /r, the response will 
have the form shown in Fig. 15-196. It is apparent that good envelope 
response is related to low Qe and is obtained at the sacrifice of selectivity 
against other signals. 

The student should observe that the factor 2 appearing in Eqs. (15-74) 
and (15-74a) indicates the adjustment required in C by the LP-BP ana- 
log as discussed in the last section. 



( 6 ) 

Fig. 15-19. Analogous responses of LP and BP amplifiers, (a) Transient response of 
LP amplifier to a step function. (6) Envelope response of BP amplifier to the signal 
of Fig. 15-18. 


16-21. Cascade of n Identical Stages. It has been demonstrated that 
the gain-bandwidth product \Ar\{BW) is equal to gm/^rrC for the single- 
tuned stage. If one such stage does not provide a high enough value of 
this product, two or more stages may be connected in cascade. One pos- 
sibility is to have all n stages tuned to the same center frequency /r, in 
which case the stages are said to be ‘‘synchronously tuned or “ synchro- 
nous.'^ Furthermore, if the stages are all identical, i.e., same /r, band- 
width, and Ar, the over-all gain will be 



The student may show that the over-all bandwidth in this case is 
{BW)t = (BW) 

The bandwidth shrinkage factor, — 1, is tabulated in Table 15-1. 

As in the RC amplifier case, as n increases, the center gain increases 
faster than the bandwidth decreases, indicating an over-all improvement 
in \Ar\T{BW)T. 

A much more interesting possibility is afforded by having the individ- 
ual stages nonsynchronous, or stagger-tuned. 
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16-22. Stagger-tuned Amplifier.^ Where the n stages of the cascade 
are nonsynchronous, a change in notation is helpful. For the A;th stage 
in the cascade let 


Qtn — Qk 

Q. = Qk 
BW = (BTD* 
Then for the fcth stage 


Rg = Rk 
/r=/* 


« = «* = 


S-fk 

fk 


A, 


ffk 

>c7(bF)*J r 


1 


+ fiQkik 


(15-77) 


(15-78) 


The over-all gain will be the product of the n-stage gains, which may be 
represented by 

At = AiAt • • ■ Ak ■■■ An 

ft 

^ n - 1 +j2Qk6k 

ib-1 


where the symbol means the product of the n factors just as the sym- 

Jb-l 

n 

bol ^ means the sum of the n terms. 

The student should observe that Eq. (15-79) comes about because of 
the isolation property of the vacuum tubes in the cascade, which prop- 
erty allows independent adjustment of the poles by individual physical 
parameters such as the L and C of an individual stage without effect on 
other poles controlled in turn by their stages. In contrast, in a multi- 
mesh bilateral network each pole is a function of the physical parameters 
of all meshes, and independent control is very difficult if not impossible. 
Hence, in network synthesis, the use of vacuum tubes introduces an 
important advantage, entirely independent of their amplifying property. 

This might be a good time to introduce a general principle in engineer- 
ing synthesis. In general there are certain physical constants which may 
be controlled, such as inductors, capacitors, etc. These in general deter- 
mine, through transformations of variables, certain constants of the sys- 
tem, such as the frequencies of the poles, which are not in themselves of 
primary interest to the designer or user. These secondary dependent 

^ The method of setting up the gain function which is employed here follows R. F. 
Baum, Design of Broad Band I. F. Amplifiers, J. AppL Phys., vol. 17, no. 6, p. 519, 
June, 1946. Baum also considers the case of the Tschebyscheff-type response. The 
method of factoring the denominator of £q. (15-88a) follows Henry Wallman, Stagger- 
tuned I. F. Amplifiers, MIT Radiation Lab. kept. 524, 1944. See also Valley and Wall- 
man. op. cit.f chap. 4. 
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variables determine in turn certain tertiary dependent variables which 
are of interest to the designer, such as the response at certain frequen- 
cies which determine the shape of some characteristic curve desired. 
Expressed mathematically, if Xi, X 2 , Xa, X 4 , . . . , x* are the physically 
independent variables, 2 / 1 , 2 / 2 , • . . , 2/t the secondary design parameters, 
and Zif Z 2 , • • • j Zt the tertiary dependent variables, then in general 

2/1 = /i(Xi,X2,X3,. . .,Xt) 

2/2 = /2(a:i,X2,X3,. . .,x0 


2/t = /t(xi,X2,X3,. . .,x,) (15-80a) 

and 2i = {/i(2/i,2/2,2/3,. • .,2/0 

22 = ^ 2 ( 2 / 1 , 2 / 2 , 2/3,. . .,^0 


= ^»(yi,2/2,2/3,. . .,2/t) 

However, the designer should seek and secure some way, if he possibly 
can, to control the system so that yi = Fi(xi), 2/2 = /^ 2 (x 2 ), 2/t = 
and if possible so that 


2i = Giivi) • • 2 . = G,(2/0 (15-80M 

If he can do this, then either analytically or experimentally it will be 
much easier to determine the values of x^s he should choose in order to 
fit the conditions on the z^s he has imposed. 

For instance, in the case under discussion the x^s may be the physical 
value of the inductors, the y^s the frequencies of the poles, and the z^h 
the responses at certain frequencies. In ordinary multimesh networks 
the first set of equations (15-80a) apply, while with resonant-tuned cir- 
cuits connected in cascade between vacuum tubes the second set (15-806) 
apply. It will be shown in Sec. 15-28 that a double-tuned amplifier does 
not afford this desirable isolation. 

Since n different values of fr or dk are involved in Eq. (15-79), it is con- 
venient to introduce a new frequency variable normalized with respect 
to /o, the center frequency of the over-all response curve. This may be 
introduced as follows: 

S _/-/*_/- /o . fo- fit 

yr + -jr 

Let the new frequency variable be 


= 2(/ - fo) 
(BW)r 


( 15 - 81 ) 
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where (BW)t *= system half-power bandwidth. Since {BW)k * fk/Qkf 


= 2Qu +-^« /* 

L ]k 


(J5TF)r I 2(/o-/t) 

{BW)k * {BW)k 

(15-82o) 

For convenience let 


_ _ {BW)t ^ 2(/„ - /*) 

(BW)h * {BW)„ 

(15-826) 


The gain of the A;th stage may therefore be written 


A, = 1 

2irCk(BW), 1 + j{aa + h) 
and the over-all response as 


n 

-g* 1 

2TCk{BW)k 1 + j(cLkX + hk) 

**1 



(15-83) 


15-23. Maximally Flat Amplitude Stagger. One basic* method of 
broad-banding an amplifier is to adjust its parameters to give a maxi- 
mally flat amplitude response. To get this condition for the stagger- 
tuned amplifier, consider the magnitude scjuared of Eq. (15-83). 




n 

n[ 


Qk 

2irCt(iBW)u. 


1 + (atX + hkY 


At the center frequency /o, z = 0, and 


(15-84) 


lArlo^ 



gk 


2-,cCk{BW),\ 1 -I- hY 


So the normalized gain squared becomes 


(15-84a) 


Mil! = n 1+5.^ 

|Ar|o* 1 -I- (ojrX 6*)* 

k-\ 


n ( 1 + *>**) 


jk-i 

D 


(16-846) 


where Z) = 0 problem of designing for a maxi- 

ib-l 
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mally flat reponse, then, consists in selecting the proper values of the 
a's and This is implemented by expanding the denominator, i), of 
Eq. (15-846) into a polynomial in x. 



Fig. 15-20. Pairs of stages in the staggered cascade are disposed symmetrically about 
the center frequency /o. 


Some intelligent guessing may simplify the work. The response will 
be symmetrical about /o; hence assume that pairs of stages will be dis- 
placed symmetrically on each side of /o as in Fig. 15-20. Then, if n is 

eveUf 


dn+l-k = dk 

hn+i k = —bk 

and D would become 

n/2 

D = n [1 + + (a** - bkY] 


(15-85) 

n even (15-86) 


It may readily be shown that D is therefore a polynomial involving only 
even powers of x, the highest power being and having the coefficient 

n/2 n/2 

J] dk^» The zero-power term will be f] (1 -f- 6;^^)^. Therefore, for n 

ib-l Ib-l 

even, Eq. (15-846) becomes 


\At\^ 

l-4r|o 


n/2 

n (1 + 


n/2 


n (1 + ^yy + + 




n/2 

+ n 

jfc-i 


(15-87) 


On the other hand, if n is odd, one guesses that the odd stage will be 
centered on fo such that 

6(n+i)/2 = 0 (15-86a) 
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the other stages being symmetrically disposed pairs in accordance with 
Eqs. (15-85). Under this condition D becomes 


(n-l)A 

D = (1 + a(n+i)/ 2 ^a: 2 ) [] [1 + + hky][l -1- {akX - b*)*] n odd 

(15-86a) 


which is still a polynomial in and the normalized response is the same 
as Eq. (15-87) except for a change in the upper limits of the products 
from n/2 to (n — l)/2. Therefore the same argument applies whether 
n is odd or even. 

Now the maximally flat response is obtained by setting p, g, . . . , 
that is, all the coefficients but the first and last, equal to zero. If this is 
done, the maximally flat amplitude response squared becomes 


Mdi - _ 


n/2 

n (1 + &**)* 

ifc-i 


n/2 


n (1 + bi*)* + f] I 

*-l t-1 

1 

1 4- 


n/2 


where = W ak*/(l + b*^)^ 


(15-88) 


The numerical value of K may be evaluated easily. Let F 2 be the 
upper half-power frequency of the over-all response. Then, at / = F 2 , 
X = X2, and \At\^/\At\ 0= = K. Substituting in Eq. (15-88), 


But from Eq. (15-81) 


1 + = 2 



2(Fs - /o) 

(BW) 


1 


Therefore, A = 1, and the normalized response squared becomes 


W _ 1 

|Ar|o* 1 -f- X»« 


(15-88o) 


Now the values of the a's and b’s which reduce the coefficients p, . . . 
of the denominator polynomial to zero must be found. This may be 
done by factoring 1 + that is, by finding the roots of 1 + x*** « 0. 
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Let ait be the roots of this equation, i.e., the 2n roots of — 1. Then 


at** = -1 = e#(**-u* 


2fc - 1 , . . 2fc - 1 

= e \ 2 n / =- COS TT TT ± 7 Sin pr 


± J sin - r (15-89) 


But, from Eq. (15-846), D is also zero if J] [1 (o*a* -|- 6*)*] = 0; or if 


(otat + 6t)* = -1, 


6* , j 

at = ± — 

ajt Ok 


(16-89o) 


Then, comparing corresponding terms in Eqs. (15-89) and (15-89a), 


-bk 2k - 1 

= cos X TT 

ajb 2 n 

1 . 2A: - 1 

-- = sin — tt 

Qk 


Substituting from Eqs. (15-826) and (15-85), 


{BW)t _ , /Rw^ . 2k- \ 


Since for each stage 


ft , , {BW)t 2k - 1 
— 


(15-900) 

(15-906) 


sufficient equations are available to design a maximally flat stagger-tuned 
amplifier. 

One additional relationship is of considerable help in calculatinglilrlo. 
From Eq. (15-84a) 


\AtU = 


2irCk{BW)k Vl + hk^ 


(15-91) 


But from Eqs. (15-88) and the fact that = 1 


n^r 


+ 6** = \ \ ak 


Substituting for a* from Eq. (15-826), 


n vT+b ? = n = (siT)* 


1 

{BW)t 



UKBAB AKPUnSB/^ 


Substituting into Eq. (15-91), 

n 

'■‘-I- - Rw- n s (‘5^) 

ib-l 

The use of these equations will now be illustrated by a numerical 
example. 

Design a staggered triple (n = 3) using 6AK5's. == 4,300 ^mhos, 

Tp = 420 kilohms 


C = 120 |iMf» for all stages. The center frequency is to be 500 kc, and the over-all 
half-power bandwidth 20 kc. 

By Eq. (15-906) 


/i / . {BW), 180° 

2 

= /o + 8.66 X 10’ 

/, = 508.66 kc 
/, = 491.34 kc 


, /„ ± cos 30“ 


By Eq. (15-906) 


^ ^ ^ (B17)t.„.3 X 180“ 

/, =/.4-^-^co8 


• /o — 500 kc 


Also by Eq. (15-90o) 


(BIT), = (BW), = {BW)t sin 30“ = = lo kc 

£ 

{BW )2 = {BW)t sin 90° = 20 kc 


Consider the parameters for stage 1. 
1 


Li = 


wi^Ci 




(BW)i 


47r2(5.0866 X 10‘»)*(1.2 X lO'^®) 
508.66 


816 nh 


10 


= 50.9 


The student should remember that this value represents the effective Q of the 
entire coupling network. Since it is highly improbable that the inductor Q will 
be very much greater than this value, the approximations of Eqs. (15-556) and 
(15-56a) are not valid and the more exact forms must be used. By way of 
illustration, say the inductor Qr is 80. Then by Eq. (15-56) 

Rl (jiJjiQr VQi / Tp 

0.573 1 

“ 2t(5.09 X 10®)(0.816 X 10-»)(8 X 10^) 0.42 X 10« 

« (0.274 - 0.238) X 10~» 

R\ — 2.78 megohms 
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The components of the other stages may be computed in a manner similar 
to this. 

The over-all gain at/o will be by Eq. (15-92) 

- [ &( - i.2 “kT-WX 10^ ]' - 23 X 10. - 207^ db 

The over-all normalized response of the staggered triple is shown in 
Fig. 15-21. The dashed line shows the normalized response for the second 



— 

^ (BW)y 

Fig. 16 - 21 . Normalized amplitude response of a maximally flat staggered triple. 
The dashed curve shows the normalized response of the center stage of the triple for 
comparison. Note the improvement in selectivity afforded by staggering. 

stage of the cascade which has the same bandwidth, {BW)t- The great 
improvement in selectivity afforded by the stagger-tuned stages 1 and 3 
is immediately apparent. 

16-24. Limitation of Arithmetic Symmetry. In deriving the condi- 
tions for the maximally flat staggered ‘^n-uple” it has been assumed that 
the conditions of arithmetic symmetry prevail. This assumption, in 
turn, imposes a limit on the maximum value of (BW)T/f(i for which the 
design equations are valid. This limit will now be considered. 

Wallman^ has derived design equations for the maximally flat ampli- 
tude case based on the exact forms involving geometric symmetry. For 
values of (BW)T/fo less than 0.3 his design equations reduce to the 
so-called asymptotic forms 

{BWh = = ± {BW)t sin t (15-93a) 


' Op. cit. See also Valley and Wallman, op. cU, 
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/*=/«( 

/n+l-4t = 


1 + 


COS 


{BW)t — 
/o 


2n 




, , (BW)t 2k ~ 1 
1 + ^ cos — w 


2/o 


2n 


(16-936) 

(15-93c) 


Comparison of these equations with Eqs. (15-90) shows that they are 
identical except for fn+i-k. Then the upper limit of iBW)T/fo for which 
Eq. (15-906) is satisfactory is that value for which Eq. (15-93c) reduces 
to Eq. (15-906). This limit may be found by means of the binomial 
expansion. For example, 

(1 + a)-i = 1 - a + a® + • • • (15-94) 

and the error introduced by replacing (1 + a)~^ by 1 — a is less than a*. 
By applying this principle the student may find the limit on iBW)T/fo 
as a function of n for which Eq. (15-906) may be used correct, say, to 
better than 1 per cent. 

16-26. Pole Locations for Maximally Flat Amplitude Response.^ The 

values of a* specified by Eq. (15-89) are the roots of D = 0 in Eq. (15-86) 
and hence are the poles of the maximally flat staggered n-uple. It is of 
interest to observe the location of these poles in the complex x plane. 

From Eq. (15-89) a* = *■/ Clearly, for any ky \ak\ = 1; hence 

all k poles lie on a circle of unit radius. Furthermore the angular spacing 
between poles of successive values of k is 27r/2n radians or 360/2n degrees. 
There are n poles, and they will be in the left-hand half plane. These 
statements are illustrated for a maximally flat quintuple in Fig. 15-22a, 
The image poles are shown as an aid in locating the correct positions. 
It may be observed from earlier work that the over-all half-power fre- 
quencies occur at a: = ±1; hence the circle diameter in Fig. 15-22a is 
equal to the normalized system bandwidth. These results may be carried 
over into the complex frequency plane as in Fig. 15-226. 

16-26. Envelope Response of Staggered n-uple. The envelope 
response of a stagger-tuned amplifier may be calculated by use of the 
LP-BP analog as described earlier in the chapter. The student should 
note that Eq. (15-79) is in a good form for this calculation because the 
poles are clearly identified for easy expansion by partial fractions. 

When pairs of stages are symmetrically displaced about /o, the corre- 
sponding poles occur as complex conjugates and the response will be 

^Pole positions have been described for a number of responses other than the 
maximally flat type. See, for example, W. H. Huggins, The Natural Behavior of 
Broadband Circuits, Electronics Research Lab. (Air Materiel Command) Rept. E 
6013A; W. E. Bradley, A Theory of Wide Band Amplifier Design, Philco Research 
Division RepL 98M; Baum, op. cit. 
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oscillatory in nature. In the maximally flat amplitude case both over- 
shoot and rise time increase with increasing n.* 

16-27. Double-tuned Amplifier. Another basic type of BP amplifier 
employs two tuned circuits as shown in Fig. 15-23a and is often desig- 
nated an intermediate frequency (if) or tuned-primary, tuned-secondary 



Fig. 15-22. Pole locations foi a maximally flat staggered quintuple (a) Normalized 
complex frequency plane. (6) Complex frequency plane 


(TPTS) amplifier. This circuit will now be considered under the assump- 
tions that both tuned circuits have the same resonant frequency and 
that the primary and secondary inductors have the same value of Q 
which is sufficiently high that arithmetic symmetry may be assumed; 
thus 


2 = I_ = i 

o = 

Rlj, “ Rl. 


(15-95o) 

(16-956) 


The circuit is redrawn in F'ig. 15-236 with the vacuum pentode replaced 
by the current generator gmEg shunted by r^. In typical applications, 
however, Vp y> l/o)Cp; hence Vp may usually be omitted from the diagram. 

By Th^venin's theorem the portion of the circuit to the left of the pri- 
mary inductor can be reduced to the equivalent circuit of Fig. 16-23c. 
This circuit is identical in form to the tuned-transformer impedance- 
transforming network of Fig. 11-21; hence the analysis of Sec. 11-28 may 
be adapted to the TPTS amplifier, provided Rn is replaced by Rlpj Ri% 


♦See Valley and Wallman, op. ci7., sec. 7-5. 
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Fig. 15-23. The TPTS amplifier (a) Basic circuit, (b) The vacuum tube is replaced 
by its equivalent linear circuit, (c) Equivalent circuit with rp, and Cp sim- 

plified by Th6venin’s theorem. 


by and E„ by gmEg/jwCp. Then under the assumed conditions the 
secondary-current magnitude will be by Eq. (11-746) 


oiCpiOr y/LpL, y/ -I- Av* — 4a:*)* -)- 16A:c*x* 

where x = {f - /,)//r 

k = M/y/LpiS. 
kr = l/Q 

The output-voltage magnitude will be 


(15-96) 



(15-97) 


Then, substituting Eq. (15-96) into Eq. (15-9 7) an d notin g tha t for arith- 
metic symmetry &;»£<). and that Wr'CpC, y/Lplj, = X/y/LpL,, 


1^.1 


gmEgOifk y/LpL, 

V(fc’ + - 4x»)* -f 16A-,*X* 


(15-98) 


The student may verify that the normalized gain of the TPTS stage is 


where 


£ 

Ar 

|A.| 


fc* + A:,* 

y/{k^ -f- fcc® - 4x*)* -I- ICfc.'x* 
gmtJr ky/LpL. 
fc* -t- A:.* 


(15-99) 

(15-990) 


Comparison of Eqs. (15-99), (15-98), and (11-746) shows that the 
denominators are identical except for a constant factor; therefore the 
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discussion in Sec. 11-28 and Fig. 11-25, which concern the response of 
the impedance-transforming network, apply equally well to the TPTS 
amplifier. 

16-28. Poles of Tuned-primary, Tuned-secondary Amplifier. It may 

be shown that the denominator of Eq. (15-98) before rationalization may 
be written in terms of a complex frequency variable p whose imaginary 
part is (ft) — «r)/c«J as 

D = 4p2 + 4keP + + ke^ 

The poles of Eq. (15-98) are the roots of /)* = 0 and have the values 

P = m-K±jk) (15-100) 

Consider, then, the conditions for a maximally flat amplitude re- 
sponse. From Sec. 15-25 the angular spacing between the poles must 
be 36^^ = 90 ®^ yielding the pole pattern shown 
in Fig. 15-24. To satisfy this configuration, 
k = kc in Eq. (15-100) ; thus, when the primary 
and secondary circuits are tuned to the same 
frequency, the maximally flat condition occurs 
when the coupling is critical. 

The contrast between a staggered pair and a 
TPTS amplifier is apparent. In the former a 
vacuum tube prevents any coupling or inter- 
action between the two resonant circuits which 
are tuned to different frequencies, i.e., the poles 
may be adjusted independently. In the TPTS 
circuit, on the other hand, the poles depend 
upon the coupling between two resonant circuits 
tuned to the same frequency and so may not be 
adjusted independently. 

In general any response curve obtainable with 
a high-Q TPTS amplifier may be synthesized with a properly adjusted 
staggered pair. This comes about because both circuits are character- 
ized by a single pair of poles. In the staggered pair there are no zeros, 
while in the high-Q approximation the effect of the zero of the two-mesh 
resonant circuit is assumed to be negligible. 

16-29. Feedback. No discussion of linear amplifiers would be com- 
plete without mention of the use of inverse^ or negative, feedback in con- 
trolling their response characteristics. One of the principal applications 
of inverse feedback will be demonstrated by a specific example. 

Consider the high-band response of two identical EC stages having 
mid-band gains of Ami and upper half-power frequency / 2 . Then letting 
Am = Ami^ and Ah ~ A^i*, one has from earlier results 



Fig. 15-24. Pole locations 
for maximally flat ampli- 
tude response in TPTS 
amplifier. 
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or 


Ak = 




(1 +iw/c02)® E, 
(W2 + j<^Y 


(15-101) 

(15-lOla) 


It is clear from this equation that the over-all response of these two 
stages will be characterized by a second-order real pole at p = ~W 2 . 



Fig. 15-25. Basic feedback circuit. 


Now let a feedback loop be introduced around the two stages as shown 
in Fig. 15-25 such that a fraction fiEo of the output voltage is added to jF,. 
Then the grid voltage on stage 1 will he Egi E, ^Eo. Since the 
amplifier proper has a gain Ah ~ Eo/Egiy one obtains from the figure 


or 


Eo 


Eo 


Ah(E. + 0E„) 

AhE, 

1 - Ahfi 


Substituting from Ecj. (15-101), 

E. = 7 


A^E. 


(1 +ju)/(A}2Y — A„,^ 

Multiplying by W 2 ^, replacing j(*} by p, and clearing, 


E{p) = 


p2 + 2aJ2P + (1 — Am0)a)2“ 


(15-102) 


(15-103) 


With feedback, then, the network response will be characterized by two 
poles 

“ = ± \/.K0} (15-104) 


Now, if the feedback is negative, and the poles become 


“ = a,2(-l ±i>/M™/3|) (15-105) 

Thus, if \AmP\ differs from zero, the two poles are complex conjugates, 
with \AmP\ controlling their imaginary parts. Reference to Sec. 15-10 
will show, then, that the effect of negative feedback in this case is similar 
to that of shunt compensation in a video amplifier except that 1 Aw,j8| has 
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no effect on the real part of the poles. For example, a maximally flat 
amplitude response results if \Am0\ = 1 so that ^ = co 2 (l ± j)- 

Negative feedback has other important applications; for example, it 
can be used to reduce distortion arising within the feedback loop. It 
further introduces a problem of stability in that the amplifier and feed- 
back loop tend to oscillate unless certain criteria are satisfied. It is 
beyond the scope of this volume to consider these and other important 
aspects of feedback. The interested reader is referred to any modern 
text on electronics. 


PROBLEMS 

15 - 1 . A 6AG7 is to be operated under conditions such that 

Qm = 11,000 /umhos Tp = 0.13 megohm 
D-c plate voltage « 300 volts bias voltage = —3.24 volts 

D-c plate current = 32 ma d-c screen current == 8 ma 

The total shunt capacitance is estimated to be 25 tifif. With Cc = 0.05 /uf, Ck — 25 
Rl ^ I kilohm, and Rg = 100 kilohms: 

а. Determine the cathode resistor Rk 

б. Calculate and plot \A/An\ and the phase shift. 

c. Determine the upper and lower half-power frequencies and the mid-band gain. 

16 - 2 . The amplifier for Prob. 15-1 is preceded by another stage using fixed bias and 
for which /i * 200 cycles, /2 = 3 Me, |Am| = 10. Plot the over-all gain characteris- 
tic, and determine the over-all half -power frequencies. 

16 - 8 . Derive an expression for Fi/fi for n identical cascaded RC stages. 

16 - 4 . Redesign the stage of Prob. 15-1, using shunt compensation to give a maxi- 
mally flat high-band amplitude response Specify the new values Rl and \Am\. 

16 - 6 . Verify the value of Q for the maximally flat high-band amplitude response 
by setting 

/d Mf^/A^\ \ ^ / d\AH/Am\ \ ^ ^ 

\ A-O \ dy A-o 

15 - 6 . Derive the value of Q required to give a maximally flat delay characteristic 
with shunt compensation. 

16 - 7. (a) Calculate and plot the transient response for the shunt-compensated 

amplifier for Q — 0.32 and 0.414. (b) Tabulate Tt and y (in per cent) for the two cases. 

16 - 8 . Design a shunt-compensated stage using a 0AK5 with Q = 0.388 to give a 
rise time of 0.05 Msec. Use Qm — 4,300 Mmhos, rp — 420 kilohms, C, *= 12 M^f- What 
is the mid-band gain? 

16 - 9 . Verify Eq. (15-33) for the m-derived compensating network. 

16 - 10 . (a) Evaluate m and Q to give a maximally flat amplitude response, using an 
r»-derived network, (b) Plot \Ah/Am\ for this case, (c) Determine /aZ/a analytically. 
(d) Calculate and plot the edge response, (e.) Compare the edge response with Fig. 
15-10. 

16 - 11 . Repeat Prob. 15-10 for a maximally flat delay characteristic. 

15 - 18 . Verify Eq. (15-36) for the series-compensated amplifier. 
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15 - 18 . Plot the transient response of a series-compensated stage for m » 2, 

Q - 0.467 

Tabulate Trfi and y (in per cent). 

16- 14. A 6AG7 is to operate under the conditions specified in Prob. 15-1, except 
that Ck is raised to 100 tii. The power supply limits the value JR i to 3 kilohms. 

a. Determine the value of Ci for the best low-band transient response. 

h. Plot the low-band transient response to an applied step function. 

c. Plot \Ai/Am\ vs frequency for the low-band range. 

16-16. (o) Design a single-tuned amplifier capable of being tuned over the standard 
broadcast band. Use a 20- to 365-MAtf variable capacitor. Bandwidth is to equal 
10 kc at /r =* 1 Me. Assume - 2,000 fimhos, fp > 1 megohm. (6) Qualitatively 
discuss the variation of resonance response and selectivity over the broadcast band. 

16-16. The amplifier of Prob. 15-15 is tuned to 1 Me. A 1-Mc sine wave of ampli- 
tude S is applied for an interval of 1 msec. Calculate and sketch the envelope 
response. Use reasonable approximations in your calculations. 

16-17. Two identical UPTS stages are connected in cascade. For each stage, at 
560 kc, Lp * 90 /ih, Qp = 90, L. - 220 /xh, Q, = 85, ilf =* 20 /xh, rp - 660 kilohms, 
gm =* 1,600 Axmhos. Calculate the over-all gain and half-power bandwidth. 

16-18. (a) Plot the frequency spectrum of Ei sm w, <, including both positive 
and negative values of frequency. (6) Expand Eq. (15-72) by means of trigonometric 
identities, and plot the resulting frequency spectrum, (c) From your results, propose 
a LP-BP analog relating the spectra of a modulated wave and its modulation envelope. 

16-19. Design a minimum-stage synchronously tuned amplifier to meet the follow- 
ing specifications: center frequency = 30 Me; minimum gain at 30 Me = 50 db; over- 
all half-power bandwidth = 4 Me. 6AC7^s are to be used: gm =* 9,000 /Limhos, 
fp > 1 megohm. The total shunt capacitance per stage is 25 

16-20. In this problem you are to study a stagger-tuned pair, independent of the 
method discussed in the text. Assume arithmetic symmetry throughout. Both 
stages have the same half-power bandwidth BW and have center frequencies of 


fi 


fo 



b 


Use a normalized frequency variable defined by 

, 2(/-/o) 

^ “ BW 


a. Write the equation for the normalized over-all gam 

b. At what values of x does the gain maximize or minimize*'^ Sketch the shape of 
normalized gain vs. frequency for the three cases /><1,5«1,5>1. Which value 
of b gives the maximally flat response? 

c. Under the maximally flat conditions how is the over-all bandwidth (BW)r 
related to BW? 

16-21. Design a maximally flat stagger-tuned pair to meet the specifications of the 
sample problem in Sec. 15-23. Calculate and plot the normalized amplitude response. 
How does it compare with Fig. 15-21 for the staggered triple? 

16-22. Design a maximally flat stagger-tuned quadruple (n « 4) to meet the speci- 
fications of the sample problem in Sec. 15-23. Compare the response with Fig. 15-21. 

15-28. For the two single-tuned stages described in Prob. 15-20 let 5 > 1. 

a. What is the normalized gain at a peak? 
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&. What value of b (in equation form) will give a specified ratio of gain at a peak 
to center gain? 

c. What is 

16 - 24 . A voltage U (Jt)6g sin (2ir X 5 X 10‘f) is applied to the maximally flat stag- 
gered triple of Sec. 15-23. Calculate the envelope response. 

16 - 25 . Three stages identical to stage 2 of the sample problem in Sec. 15-23 are 
connected in cascade. If V{t)Sg sin (2r X 5 X 10/) is applied, calculate the envelope 
response. Compare with Prob. 15-24. 

16 - 26 . By comparing Eqs. (15-906) and (15-93c) determine the maximum values of 
(BW)T/fo for which Eq. (15-906) is correct to within 1 per cent. Calculate forn » 2 
to n “ 5. Tabulate your results. 

16 - 27 . The circuit parameters of a TPTS amplifier are gm ~ 2,000 /xmhos, rp > 1 
megohm, Lp * L, = 1 mh, Q * 100, Cp * C, »= 117.2 Mj^f, Af = 24.14 /xh. 

а. What is the center frequency of the response? 

б. What is the “dip’* in decibels? 

c. What is bandwidth? 

d. What is the gain at the peaks and center frequencies? 

e. At what frequencies do the peaks occur? 



CHAPTER 16 


ELECTROMECHANICAL 

COUPLING 


In the introductory chapter, reference was made to the fact that elec- 
trical systems for both power and communication purposes often receive 
their energy in a mechanical form and must deliver their energy in a 
similar mechanical form. One may consider the system as a complete 
network and the electromechanical coupling between electrical and 
mechanical meshes as similar to the electrical coupling between two 
adjacent meshes of a network of electrical impedances. 

Both unilateral and bilateral electromechanical coupling units are avail- 
able. The carbon-grain microphone is an example of a unilateral type as 
the mechanical movement of the diaphragm can control the flow of elec- 
trical current, but this current does not react on the mechanical system. 
An ordinary telephone receiver, on the other hand, is a bilateral device, 
for it may be used either as a motor or a generator, i.e., it can transfer 
energy either from the electrical to the mechanical system, or vice versa. 
In Beirs original telephone the same device was used as both transmitter 
and receiver. 

16-1. Analogs. In communication work the mechanical movements 
of most interest are alternating in character. The principles which have 
been developed for the analysis of alternating currents can be applied 
directly to the study of mechanical and acoustical vibrations. 

In extending one^s knowledge into new fields, use may be made of 
analogs which relate one’s past experience to the new situation. A dis- 
tinction should be made between qualitative and quantitative analogs. 
A quantitative analog occurs when equations relating new quantities are 
of exactly the same form as those relating old quantities. New and old 
quantities occupying the same positions in the equations are then said 
to be analogous. A common analog is the one comparing the flow of 
water in pipes to the flow of electrical current in wires. However, the 
relation between pressure and velocity in the water system does not have 
the linear character of Ohm’s law, and so the analog is qualitative and 
not quantitative. It is, however, possible to build a nonlinear electrical 
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analog which is quantitative, and this has been done to construct pipe** 
line analyzers for the prediction of complicated situations. 

On the other hand, many of the differential equations of the linear 
electrical circuit are similar to those of mechanical motion. Some of 
these will now be discussed. 

Newton’s second law may be written 


. _ d(inv) 

“ dt 

dv , dm 

+ v 


dt 
d^x 
~ ^ dt^ 

where f is the applied force. 

Similarly the law of induced emf is 


dt 
, dm 


(16-1) 


(I6-I0) 


d(n^) 

'IT 


(16-2) 


where e is the applied voltage. 

One might therefore draw these comparisons: Force tft analogous to emf. 
Momentum is analogoiis to flux linkages. 

Another concept which is frequently introduced is that of inductance, 
or flux linkages per ampere. For the case where L is not a function of 
current but may be a function of time (there is no mechanical analog to 
saturation), 


L 


i 


(16-3) 


Introducing Eq. (16-3) into (16-2), 


e 


d{Li) 
dt 
di 

Jt 


= L + i 


.dL 


dt 


r d^q , .dL 

= A -37, + ^ -37 


dt^ 


d( 


(16-4) 


Compare Eqs. (16-4) and (16-la) to find the following analogs: Mass is 
analogous to inductance. Velocity is analogous to current. Displacement 
is analogous to charge. 

A further substantiation of these comparisons is contained in the 
expressions for kinetic energy and the energy stored in a magnetic field. 
Let W represent this energy: 


W = in an electrical system where L is independent of i (16-6) 
mv^ . 

W = in a mechanical system (16-6) 



BL£CT^OM]^BAKlCA.L C013PUNG 587 

Consider the case of a spring disturbed by a force. Then the force 
exerted on the spring to produce the displacement will be 

i^kx (16-7a) 

where k is the coefficient of stiffness and it is assumed that the stretch- 
ing is below the elastic limit. 

In an electrical circuit it is common to write 


(16-76) 


where the voltage e is the external applied voltage which produces the 
charge q in the capacitor. 

The reciprocal of capacitance is sometimes termed ‘^elastance.'' 
Therefore stiffness is analogous to electrical elastance. 

The reciprocal of mechanical stiffness is called the compliance/^ 
and so compliance is analogous to capacitance. 

The analog for the case of resistance is not so generally perfect. In 
the case of low velocities the mechanical force due to viscous friction is 
nearly proportional to the velocity. This is also true of internal mechani- 
cal forces due to the velocity of bending, etc. The equation of the force 
which must be applied to a body in a viscous medium would then become 

f = r„echV (16-8a) 

where is a proportionality factor called the mechanical resistance 
Compare this equation with Ohm’s law 

6 = Ri (16-86) 


where e is the voltage applied to the resistance. 

Therefore mechanical resistance is analogous to electrical resistance. 

The dimensions of a mechanical ohm can be obtained from Eq. (16-8a) 

Tmech = ^ newton-sec/m. 

When the frictional force is not directly proportional to the velocity, 
the same principles which are applied to nonlinear electrical resistances 
may be used. 

A simple mechanical system vibrating in a viscous medium is shown in 
Fig. 16-1. The positive direction of force and displacement is assumed 
to be downward. The equation would be 

f = + + (16-9) 

It will be seen that this is similar to the equation that would be obtained 
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for the circuit consisting of a resistance, inductance, and capacitance in 
series, viz., 




These equations, together with the boundary conditions, will describe 
the transient oscillations of the mechanical and electrical systems. When 
the mechanical system is subjected to steady 
alternating impressed forces, the resultant ve- 
locities will be related to these forces in both 
magnitude and phase, in the same manner as 
the corresponding relations between voltage 
and current. Therefore, steady-state imped- 
ance operators will be introduced which are 
(luantitative analogs of electrical impedances 
and may be treated in the same way, for ex- 
ample, by the use of complex quantities. A 
mechanical impedance of Z ohms would indi- 
cate that the ratio of the maximum alternating 
force measured in newtons to the maximum 
alternating velocity measured in meters per 
second would have the numerical value Z. There would also be a shift 
in phase which would be computed in the same way as for the analogous 
a-c circuit. 

It should be observed that the summing up of the voltages around a 
mesh in an electrical circuit gives the same type of equation as the sum- 
ming up of the forces on a mass in a mechanical system. In a compli- 
cated mechanical system the displacements, velocities, and accelerations 
will require more than one space variable to describe their configuration 
as a function of time. In this case more space variables must be intro- 
duced. There will then be as many independent equations as there are 
space variables. If there are n such variables, the system is said to have 
n degrees of freedom. The n equations would be analogous to the n inde- 
pendent equations obtained in an electrical circuit containing n inde- 
pendent meshes. If the equations of motion are set up for the mechanical 
system, the analogous electrical system can be recognized. The equa- 
tions for an n-mesh electrical system were given in Chap. 3 as Eqs. (3-6). 
This group of equations can be made to apply to instantaneous currents 
and voltages by replacing the impedance operator Zmn by an integro- 
differential operator of the form 

— ^Lmn ^ + Rmn + Smn j 



Fig. 16-1. Simple meohani- 
ral vibrating syst<*m 
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The general mutual term Zmnin would then become 


m 


Zfnnin 



+ 


Rmnin 



where Lmn, Rmny and Smn = l/Cmn are the circuit elements common to 



Fig. 16-2. Mechanical system with two degrees of freedom and the analogous electrical 
circuit. 


two meshes. The mechanical equations are usually given in terms of dis- 
placements instead of velocities, and the general electrical term could also 
be written 

As was explained in Chap. 8 , the negative sign would be used for mutual 
terms but the positive sign would be used for self-impedances (m = n). 
This gives 

= L„„ ^ ( 16 - 12 ) 

Ab an exam])le con.sidei the mechanical system shown in Fig. 16 - 2 a with the 
masses mi and m2 hung by the two springs with stiffness coefficients ki and k2- 
liCt the weights take their initial extension due to gravity, which can then be 
neglected, and study the motion due to an alternating force Pi sin oat. Assume 
that frictional or dissipative forces are negligible. 

Let 

xi be the displacement of vii from its initial position downward 
X2 be the displacement of m2 from its initial position downward 
Forces be positive when exerted downward 

Then spring 2 would be stretched an amount x% from its initial position and 
would exert a restoring force —k2X2 on mass 2 . Spring 1 would be stretched an 
amount Xi — X2 and would exert a force +ifei(a:i — X2) on mass wif and a force 



600 


COMMUNICATION BNQINSNBING 


— Ai(xi — on mass wii. The equations of motion would then be obtained by 
summing up the forces acting on ea^h mass and ecjuating it to ma for that mass. 
This would give two equations as follows: 

Fi sin (at = mi - 5 --I H- — k\x% (16-13) 

(ur 

^ + ^ 2 )-r 2 - kiXx (16-14) 

An examination of Eqs. (16-13) and (16-14) shows that two variables and two 
equations are necessary to describe the mechanical system, and so the equiva- 
lent electrical system would be a two-mesh circuit. The most general equations 
for a two-mesh electrical circuit would be 

Fi — Z\\Ii + 

= ^ 21^1 + Zji’J.’i 

which can be given in more detail in the differential form as 

e, = - (ij, ^ + + .S 2 . 9 .) + (Lj, ^ (16-16) 

A comparison of Eqs. (16-13) and (16-14) with Eqs. (16-15) and (16-16) shows 
the following quantitative analogies: 

Xi qi Fi sin (at ei mi—* Lu 
X2 — ^ Q2 0 — ^ 62 m2 — ► L22 

hi — ► /Sii — * S 12 All -R^s = 0 

hi k 2 —* S22 hi —* S21 Li 2 — L21 — 0 

Since Lnn and Snn are the total values around the nth mesh, the equivalent circuit 
would be that shown in Fig. 16-26. 

Since the differential equations correspond and have the same solu- 
tions, the two systems are analogous in both the transient and the steady 
state. In the mks system the force in newtons can replace the voltage 
in volts, the mass in kilograms can replace the inductance in heiirys, the 
stiffness in newtons per meter can replace the reciprocal of the capaci- 
tance in farads, and the effective or maximum velocity in meters per 
second can replace the effective or maximum current in amperes. This 
means that the notions of impedance and effective values which are used 
in a-c electrical circuits will also be useful in vibrating mechanical sys- 
tems and Eqs. (3-6) of Chap. 3 can be used directly. The ^‘mechanical 
impedance’’ will be defined as the phasor ratio of the applied alternating 
force to the alternating velocity. 

It is not necessary to make force analogous to emf and displacement 
analogous to charge in setting up mechanical equations. Other coordi- 
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nates could be used provided that the quantity analogous to emf times 
the quantity analogous to charge had the dimensions of work. For 
example, it is quite common to write equations in terms of torque and 
angular displacement, and these would occupy the same positions in the 
differential equations and hence be analogous, respectively, to voltage 
and charge. Furthermore, torque times angular displacement equals 
work. 

It was shown in Chap. 3 that duals in electrical circuits are themselves 
analogs. Therefore it would be possible to make force the analog of cur- 
rent, velocity the analog of voltage, mass the analog of capacitance, etc. 
In this case the equivalent circuit would be the equivalent of the dual of 
the circuit obtained with the analogs developed earlier in the chapter. 
This is particularly useful when the driving function is a known velocity 
rather than a known force as in a phonograph pickup. 

It is possible to set up simultaneous equations in electromechanical 
systems in which both current and velocity will appear, and these will 
correspond to a multimesh system ^vith a certain difference in the char- 
acter of the mutual impedance, to be explained later. An example will 
be given in connection with the discussion of motional impedance. It is 
also possible to use more than one type of space and force coordinate in 
a mechanical system provided that dimensional homogeneity is main- 
tained. For example, the motion of a body which has both translation 
and rotation might be described in terms of both linear and angular dis- 
placements. These coordinates in turn may be made analogous to elec- 
trical charge in an equivalent electrical circuit obtained by examination 
of the simultaneous differential equations. 

16-2. Acoustical Analogs. Since acoustical vibrations involve the 
mechanical movement of gases, similar analogs to those which have been 
applied to mechanical systems can be applied to acoustical networks. 
Rayleigh, in his “Theory of Sound,” laid down the fundamentals of 
acoustics in a masterful manner, and after many years his work is still 
the authority on the subject. Webster, in his analysis of horns, first 
introduced the idea of acoustical impedance, and this application of an 
electrical analog has proved one of the most powerful tools which has 
been introduced since the work of Rayleigh. 

16-3. Effect of Low Velocity of Propagation on Acoustical and Mechani- 
cal Analogs. It has been pointed out that, when the dimensions are of 
the order of a wavelength in electrical circuits, analyses must be made on 
the basis of distributed constants and wave propagation. This occurs 
on long telephone lines at af and with much smaller dimensions at high 
rf. Since the wavelength is equal to the velocity of propagation divided 
by the frequency, a low velocity of propagation will reduce the dimen- 
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sions at which the effect of distributed constants must be taken into 
account. In mechanical and acoustical vibrations the velocity is very 
low, e.g., the velocity of sound in air at normal temperatures and pres- 
sures is 1,120 ft /sec, which means that the wavelength of a 1,000-cycle 
wave is only 1.12 ft. Therefore, many of the same phenomena which 
appear in electrical circuits with frequencies of the order of 10® cycles 
appear in acoustical systems of the same approximate dimensions in 
meters at af. A short length of pipe can be considered acoustically on 
the same basis as an electrical line, but analyses made on the basis of 
lumped constants must be examined carefully to determine the order of 
error which is there introduced. A vibrating diaphragm will have mul- 
tiple-resonant frequencies due to its distributed mass and compliance. 

In general, operation below and in the neighborhood of the first reso- 
nant frequency can be treated on the basis of lumped constants, while 
operation above that frequency must be treated on the basis of dis- 
tributed constants except in special cases. 

16-4. Stiffness, Mass, and Resistance Control of Mechanical Systems. 
One of the ideals in the construction of most communication equip- 
ment is the elimination of frequency distortion. In the electromechan- 
ical devices such as microphones, receivers, and loudspeakers it will be 
found that the desirable relations between mechanical force and motion 
can be obtained by controls which will fall into three principal classifica- 
tions. These are called stiffness, resistance, and mass control. They 
correspond, respectively, to electrical circuits in which capacitance, resist- 
ance, and inductance predominate. As in the electrical systems it is not 
possible to have capacitance without inductance, so in the mechanical 
systems it is impossible to produce stiffness without the presence of some 
mass, and vice versa. By reference to Chap. 4, Resonance, it will be 
seen that, if the resistance is small in a series electrical circuit containing 
both capacitance and inductance, the capacitive reactance will predomi- 
nate below the resonant frequency, in which range the inductance may 
be practically neglected. On the other hand, at frequencies above reso- 
nance the inductive reactance will predominate, and the capacitance may 
be neglected. In the same way, the stiffness will be the controlling fac- 
tor below the resonant frequency in the case of a diaphragm, while the 
mass will be the controlling factor at frequencies higher than resonance 
until the distributed character of the constants begins to be of impor- 
tance as still higher resonant frequencies appear. Some additional char- 
acteristics are discussed below and are summarized in Fig. 16-3. 

16-6. Stiffness Control (Resonant Frequency above Operating Range 
of Frequencies). In this case the mechanical impedance will be reactive 
and nearly inversely proportional to the frequency. In the following equa- 
tions the inductance is neglected. 




In these cases, f and e are the forces and voltages exerted on the elements. The forces exerted by the elements are equal and opposite. 

Fig. 16-3. Chart showing common analogs between electrical and mechanical impedances. 
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Electrical equation: 
Mechanical equation: 


I = jE2irfC 
V =jF^ 


(16-17o) 

(16-176) 

(16-17c) 


where V == rms velocity, cm/sec 
F = rms force, in newtons 
/ = frequency 

k = mechanical stiffness, newtons/m 
These are effective values. In instantaneous values the equations may 
be written as below. 


Electrical equation: 
Mechanical equation: 


i = &2wfC cos 2Tft 
V = F cos 2Trfl 


(16-18a) 

(16-186) 


The charge or displacement can be found by integrating with respect 
to time. 


(16-19a) 


(16-196) 


Electrical equation: q = f i d(i — EC sin 2Tft (16-19a) 

Jo 

r F 

Mechanical equation: x = J v dti — ^ Bin 2irfi (16-196) 

Hence f with stiffness control the maximum displacement is directly pro- 
portional to the maximum force and independent of frequency just as the 
maximum charge on a capacitor is proportional to the maximum voltage 
applied and independent of the frequency. 

16-6. Mass Control (Resonant Frequency below Operating Range of 
Frequencies). In this case the mechanical impedance will be reactive and 
directly proportional to the frequency. 

Electrical equation: I = (16-20a) 

— iF 

Mechanical equation: V = ^ -- 7 - (16-206) 

Zirjm 

Zjnmch = j2'7rfm (16-20c) 

where m = mass in kilograms. 

16-7. Resistance Control. In certain cases it is possible to provide 
a mechanical load in which the velocity will be in phase with a sinusoidal 
applied force and their ratio will be independent of frequency. Hence 
no resonant effects are of importance. 

As in the electrical case this is called resistance control. 


Electrical equation: 
Mechanical equation: 


(16-20a) 

(16-206) 

(16-20c) 


Electrical equation: 


7 = ® 
R 


(I6-2I0) 


Mechanical equation: 


(16-216) 
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16-8. Coupling Units. Electromechanical systems used in communi- 
cation may be classed in several ways. On the basis of use, the classifi- 
cation might be in terms of the following: 

1. Electrical to mechanical couplers. 

а. Receivers which operate pressed against the ear. 

б. Loudspeakers which operate into free air. 

2. Mechanical to electrical couplers. 

а. Microphones. 

б. Devices for reflecting mechanical elements as electiical constants 
in a circuit. 




Fig. 16-4. Ele- 
ments of a sim- 
ple telephone 
rccei /cr. 


As far as their use is concerned, these elements, with the exception of 
those falling under 2b above, may be either unilateral or 
bilateral. As a matter of fact, most of the useful ele- 
ments, with the exception of the carbon-grain trans- 
mitter, are bilateral and hence may be applied to any of 
the uses described above. 

16-9. Telephone Receivers. The essential parts of a 
telephone receiver are shown in Fig. 16-4. They consist 
of a permanent magnet, a coil to modify the flux in 
accordance with the fluctuations in current, and an iron 
diaphragm. 

The pull of a magnet is proportional to the square of the flux. Since 
the flux is proportional to current, if no permanent mag- 
net wore used the force on the diaphragm would be 
proportional to the square of the current. If a pure 
sine wave of voltage were impressed on the coil in such 
a case, the motion of the diaphragm would occur at 
twice the frequency of the voltage. This is illustrated 
in Fig. lG-5. Mathematically such a condition is illus- 
trated by the equation 

f = (16-22) 

Let 

i = Ti sin ujit (16-23) 

If there is neither a d-c component of current nor a per- 

rent J^force^on then 

the diaphragm of 
a telephone re- 
ceiver with no 
permanent mag- 
net. 





Time 


4> = k 2 i = /C 2/1 sin cjit 
f = sin= ui< = 


(16-24) 


cos 


(16-25) 

The second term of Eq. (16-25) shows the existence of the second har- 
monic in the force on the diaphragm. 
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Similarly, if a complex wave with several sinusoidal components were 
impressed on the coil, the force, and hence the motion, would have com- 
ponents equal to the sum and difference of each frequency and every 
other frequency in the input, as well as second harmonics. 

If a direct component is added to the flux, by means of either a perma- 
nent magnet or a d-c component in the electrical circuit, the situation 
will be greatly improved. In this case let 

^ = ^1 + k2i (16-24a) 

where is a constant unidirectional flux 

Substitute Eq. (16-24fl) in Eq. (16-22). 

f = A-i(4>i + k2iy 

= A:i(4>i2 -b 2k2^ii + k2H^) (16-26) 

Equation (16-26) contains three terms. The first is the permanent 
pull ki^i^j which is independent of the signal. The second is the term 
2 kik 2 ^iiy which will be proportional to i and vnW contain all the compo- 
nent frequencies of the input current. The third is the term kik 2 H“, 
which will contain all the distortion terms which are present when no 
permanent flux is provided. The ratio of the desired to the undesired 
term is then 

Amplitude of desired frecpiencies __ 2k2^\i _ 24>i . 

Amplitude of undesired frequencies A' 2 ? ^ 

liy making the permanent flux large in proportion to that produced 
by the current, the ratio given by Eq. (16-27) can be made large. 

The effect of the permanent flux can be seen qualitatively by consider- 
ing the motion of the diaphragm of Fig. 16-4 in two cases. If no magnet 
or d-c component is provided, the diaphragm will have no tension upon 
it when the current is zero. If a sine wave of current is sent through the 
coil, the diaphragm will be attracted during the positive alternation, 
restored to normal when the current reaches zero, and again be attracted 
when the current b(H*omes negative. It will therefore execute two cycles 
of motion during one electrical cycle. When the permanent flux is added, 
the diaphragm will be flexed even when no current is flowing. When the 
mmf, due to the current, aids the permanent flux, the attraction will 
increase and the diaphragm will move inward, while during the opposite* 
alternation of current the attraction will be decreased and the motion 
will be outward. Therefore, one cycle of current will produce one cycle 
of mechanical motion. 

In addition to the reduction of distortion, it is apparent that the per- 
manent magnet increases the sensitivity of the receiver. The amplitude 
of the desired output, as represented by the middle term of Eq. (16-26), 
is proportional to the permanent flux ^ 1 . 

A form of electromechanical coupling commonly used to drive loud- 
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speakers and some of the better telephone receivers is shown in Fig. 
16-6. The electrical element, or voice coil, is a solenoid which is attached 
to the diaphragm. The permanent magnet is cylindrical with one pole 
in the center and the other pole concentric around it so that the voice 
coil is in a magnetic field of con- 
stant flux density. The force on 
the magnetic field will be 

f = Bli (16-28) 

where f = force, newtons 

B = flux density, webers/ 
sq m 

I = length of wire wound in 
voice coil, m 

i — current in voice coil, 

ric;. 16-6. Elements of an eleetrodynamic 
coupler commonly used for loudspeakers 
Since the force is directly propor- and micropliones. 

tional to the current, no distortion 

is introduced of the type present in the receiver of Fig. 16-4. However, 
at low freciuencies, the motion of the coil may be so large that the coil is 
carried out of the region of constant flux density, and in this case nonlinear 
distortion may be severe. 

16-10. Motional Impedance. The coupler of Fig. 16-0 may also be 
used as a generator for converting mechanical to electrical energy. The 
voltage generated will be 

c -= Blv (16-29) 

where v is the velocity in meters per second. Hence this coupler may also 
be used as a microphone. 

A device which can act as either a generator or a motor will act as 
both simultaneously. When a current is sent through the coil and 
mechanical motion takes place, this motion induces a voltage in the coil 
which modifies the impedance. This change in impedance due to the 
mechanical motion is called ‘‘motional impedance.^' 

In a d-c motor the e(iuation of A^oltages in the armature is 

Et = laRa + Et (16-30) 

where Et = terminal voltage applied to armature 
la = armature current 
Ra = armature resistance 
Eb = counter emf due to motion of armature 
Equation (16-30) can be rewritten 




(16^1) 
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Et/ la is the apparent resistance of the armature. It is made up of 
two parts, the normal resistance Ra and the term Eh/ lay which is due 
to the motion of the armature and so might be called the ^‘motional 
resistance.’' 

As the load on the motor increases, it should be noted that the arma- 
ture current increases and the motional resistance decreases. Therefore, 
this motional resistance in the electrical circuit is inversely 'proportional to 
the mechanical resistance of the load. 

The electrodynamic coupler differs from the d-c motor in that an alter- 
nating voltage is impressed on the winding and the motion of the dia- 
phragm is also alternating. The diaphragm has the mechanical prop- 
erties of mass, stiffness, and resistance. The resistance is due to internal 
friction and to the acoustical load which is presented by the air. Below 
and in the neighborhood of the first resonant frequency the mechanical 
system can be represented by simple lumped elements. The mechanical 
and electrical systems are coupled by bilateral action, and the system 
may be solved by a pair of simultaneous equations. 

The analysis of the mechanism of Fig. 16-6 as a coupler between a 
mechanical and electrical system may be developed as follows: Assume 
the receiver diaphragm has mass and stiffness and is loaded with a 
mechanical resistance. These mechanical values can be lumped in a 
complex impedance Fet the coil be connected in an electrical cir- 
cuit whose impedance, including that of the coil, is Let the circuit 

have a voltage E impressed on it. 

Then the complex current I in the coil will produce a complex force on 
the diaphragm 

F = BlI (16-82) 

The resultant complex velocity of the diaphragm will be given by 


II 

II 

(16-33) 

" meoh " meoh 

This will induce a voltage in the coil 

"mech 

(16-34) 

Hence the electrical-circuit equation will be 

_ {Biyi 

— ^elec^ “1 y 

"mech 

(16-35) 

B.PP 7 . {Biy 

r — "r ^ 

I ^meeb 

(16-36) 


The term (BZ) is called the motional impedance. It is seen that 
the motional impedance is inversely proportional to the mechanical 
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impedance, and hence inversion takes place in a similar way to that lor 
two electrical circuits [see Eq. (11-56)]. 

An alternate way of writing the two meshes is as two simultaneous 
equations as follows: 

E = + BIV (16-37) 

BlI = 

or 0 = --BII + Z^echF (16-38) 

It will be observed that Eqs. (16-37) and (16-38) are similar to the 
equations for two coupled electrical circuits except for the important dif- 
ference that the signs on the mutual-impedance terms are opposite. 
Therefore care must be taken in any attempt to represent an electro- 
mechanical system in terms of an equivalent circuit, since the mutual 
impedance between a mechanical and an electrical system is not quite 
the same as the mutual impedance between two electrical meshes or, for 
that matter, two mechanical meshes. 

In this derivation the effects of hysteresis and eddy currents have been 
neglected. In practice such effects would cause the flux to lag behind 
the mmf which produces it. This causes the motional impedance of the 
actual receiver to lag the impedance which would be obtained if the mag- 
netic circuit were ideal. 

16-11. Motional -impedance Circles. In Chap. 4, Resonance, it was 
shown that the locus of admittances of a series resonant circuit is a circle. 
Therefore, the locus of the motional impedance of a telephone receiver is 
also a circle, since it is proportional to the mechanical admittance of the 
diaphragm. When the motional impedance has been obtained over a 
range of frequencies, the resonant frequency, effective resistance, and 
sharpness of resonance of the receiver diaphragm may be obtained. 

In order to determine the motional impedance, the impedance of the 
receiver is first measured with the diaphragm blocked, so that no motion 
can occur. Then the receiver impedance is measured with the diaphragm 
operating normally. The phasor difference between the two impedances 
is the motional impedance. 

Figure 16-7 shows how this phasor may be measured at different fre- 
quencies. This figure was obtained by measuring the impedance of a 
Western Electric 555W loud-speaking receiver through an efficient 600/ 
15-ohm transformer. This receiver is of the type shown in Fig. 16-6 
and is intended to be loaded with an exponential horn. The dotted 
curve is the one obtained with the diaphragm blocked. This curve 
gives the phasor locus of impedances, in which any point represents the 
terminal point of a phasor starting at the origin. The solid-line curve is 
obtained when the diaphragm is allowed to move. In this case no horn 
was attached, so that the resonant effect of the diaphragm alone was 
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emphasized. Small increments of frequency must be taken when pass- 
ing around the loop, as the changes are rapid near the resonant frequency. 
A line, connecting points on the two curves which correspond to the same 
frequency, will give the phasor of motional impedance at that frequency. 
If these phasors are obtained over a range of frequencies extending around 
the loop of the solid line of Fig. 16-7 and are replotted from a common 
center, their terminal points will lie on a circle as shown in Fig. 16-8. 
The diameter of this circle OA will be depressed below the horizontal axis 
by the angle due to hysteresis and eddy currents. 



Resistance in ohms 

Fio. 16-7. Locus of impedances of a Western Electric 555 W receiver measured through 
a 600/15-ohm transformer with the diaphragm free and with it blocked. 


The maximum mechanical admittance will occur at the resonant fre- 
quency of the diaphragm, and so the maximum motional impedance will 
occur at this same frequency. This is the fretpiency at which the phasor 
OA is obtained in Fig. 16-8, If no measurement was made at this par- 
ticular frequency, it can be determined by interpolation between the fre- 
quency of phasors lying on either side. 

The sharpness of resonance of an electrical circuit has been defined in 
Chap. 4 in terms of the difference between the two frequencies at which 
the admittance drops to l/\/2 of the maximum value. Similarly, the 
sharpness of resonance of the telephone diaphragm can be defined in 
terms of the difference in frequencies between these two half-power points. 
The frequencies at which the mechanical admittance drops to 0.707 of 
the maximum value are those where the phasors OB and OC are obtained 
in Fig. 16-8. The line BC passes through the center at right angles to 
the line OA. If fi is the frequency for the phasor OB and /2 is the fre- 
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quency for the phasor OC, then the effective Q of the diaphragm can be 
obtained from Eq. (4-29). 


/2-/1 

fr 


2 

Q 


R. 


2fTrfrljm 


(16-39) 


A diaphragm does not have lumped constants, but rather distributed 
ones, and so may be resonant at several frequencies. At each of these 
resonant frequencies loops will appear in the impedance curve, and they 



Fid 16-8 Motional impedance of a Western Electric 555 W leceiver measured through 
a 600/1 5-ohm transformer. 

can readily be measured. In the neighborhood of each resonant fre- 
quency an equivalent series circuit of lumped constants can be assumed. 

16-12. Mechanical-control Requirements for Receiver of Low Dis- 
tortion. An ordinary telephone receiver is used clamped fairly tightly 
against the ear. This causes the ear to present an acoustical load to the 
diaphragm which is largely capacitive in character. The alternating 
motion of the diaphragm will cause a varying pressure on the eardrum 
which is superimposed on the atmospheric pressure. The instantaneous 
value of this varying pressure will, by Boyle’s law, be proportional to the 
displacement of the diaphragm provided that the ear-cavity dimensions 
are a small proportion of a wavelength. The telephone receiver is a 
very inefficient device except near the resonant frequency, and so the 
motional impedance is not an important factor in determining the cur- 
rent which flows in its coil. Hence, the desirable relation for minimum 
distortion is that the displacement of the diaphragm should be propor- 
tional to the current in the coil and independent of frequency. The force 



612 


COMMUNICATION BNOINEBBING 


on the diaphragm is directly proportional to the current. It was shown 
in an earlier paragraph that under conditions of stiffness control the dis- 
placement would be proportional to the force and so this type of contrcd 
would be desirable in a telephone receiver. 

It has been shown that stiffness control exists in a resonant mechanical 

system below the first resonant 
frequency, and so the resonant 
frequency should be located at 
the upper end of the frequency 
band which the receiver is de- 
signed to reproduce. This is not 
always done in receivers for ordi- 
nary substations, as efficiency is 
desired even at the expense of 
good quality. Figure 16-9 shows 
the measured characteristics of a 
telephone receiver as obtained by 
Inglis, Gray, and Jenkins^ and 
indicates that its response is rela- 
tively free from distortion below 
the first resonant frequency. This curve also shows the effect of the 
multiple resonance of the diaphragm, which causes corresponding peaks 
to appear in the response curve. This measurement was made with air 
leakage around the ears, which accounts for the falling off at the lower 
frequencies. 

16 - 13 . Other Electromagnetic Couplers. In addition to the simple 
types of telephone receivers shown in Figs. 16-4 and 16-6 several other 
types of couplers are available. These types are used for receivers, loud- 
speakers, and microphones. 

Another type of receiver used is that shown in Fig. 16-10. The cur- 
rent in the coil will make the armature a north pole at one end and a 
south pole at the other, tending to rock it about its center and so operate 
the diaphragm. The force on the armature will be reversed when the 
current is reversed. This arrangement is magnetically similar to a push- 
pull circuit, and so second-order distortion terms which are not present in 
the electrical input are balanced out and do not appear in the motion of 
the diaphragm. 

This type of unit is sometimes used in phonograph pickups to convert 
mechanical to electrical energy. High efficiency is not important for this 
application, as pickups are always used in connection with vacuum-tube 
amplifiers. 

^ A. H. Inglis, C. H. G. Gray, and R. T. Jenkins, A Voice and Ear for Telephone 
Measurements, Bell System Tech, J,, vol. 11, p. 293, 1932. 



Fig. 16-9. Response characteristic of a 
desk-stand receiver on ears. {American 
Telephone and Telegraph Company.) 
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The ribbon type of coupling unit is extensively used for certain pur- 
poses. It is illustrated in Fig. 16-11. The ribbon is hung in a transverse 
magnetic field, and the current is conducted through it. The ribbon acts 
as both the conductor of current and the diaphragm. The ribbon is 
usually bent in a zigzag manner so as to reduce its stiffness and hence its 
resonant frequency. The low mass of the mechanically moving parts 
also contributes to this same result. 



Fig 16-10. Push-pull telephone receiver. Fig 16-11 Ribbon-type microphone. 

16-14. Piezoelectric Couplers. Another type of coupling between 
electrical and mechanical networks is important and makes use of the 
piezoelectric effect of certain crystals. This effect was discovered by the 
Curies. 

When a crystal possessing piezoelectric properties is mechanically 
strained, a dielectric polarization or electric stress will result, the magni- 
tude of which is proportional to the strain. Conversely, if an electric 
field is impressed on the crystal to polarize it, a mechanical stress will be 
set up. 

Since these crystals can transfer energy from a mechanical to an elec- 
trical network or back again, they may be used as telephone receivers or 
transmitters by mechanically linking them to a diaphragm. This was 
demonstrated by Nicolson prior to 1919. Crystals have also been found 
to be applicable in the generation, in air or water, of ultrasonic waves of 
the order of 20,000 to several million cycles. 

Previous to 1940, two piezoelectric-crystal materials were in common 
use. Natural quartz was used exclusively for electric- wave filters and 
frequency control of oscillators. Rochelle-salt crystals were used in 
phonograph pickups and underwater transducers. 

Since 1940, a variety of new piezoelectric crystals have been put to use. 
Because of its desirable mechanical characteristics, quartz, although less 
active, still remains as the only piezoelectric crystal used for oscillator 
frequency control. However, two new synthetic crystals have been 
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developed for use in electric-wave filters. These are ethylenediainine 
tartrate and dipotassium tartrate. These two crystals have zero tem- 
perature coefficient cuts, high Q*s, and a high electromechanical coef- 
ficient, are relatively unaffected by atmospheric humidity conditions, 
and have stability against aging changes. 

In the field of underwater transducers ammonium dihydrogen phos- 
phate has largely displaced Rochelle salt. This crystal, commonly 
referred to as ADP, is also used for phonograph pickups. It has no 
water of crystallization and will withstand temperatures up to 100®C. 
It also has a high electromechanical coupling coefficient and can be used 
to radiate considerable acoustic power, per unit area, without suffering 
breakdown. Its stability with respect to water vapor is a considerable 
advantage when contrasted with that of Rochelle salt. 

In addition to the first-order effect, piezoelectric materials also exhibit 
a second-order, or electrostrictive, effect (strain or stress proportional to 
the square of the electric displacement). This effect is extremely small 
in all materials except the ferroelectric type. It was discovered in 1947 
that the ferroelectric crystal barium titanate exhibits a large electro- 
strictive effect when made up in multicrystalline form. This ceramic 
material is now receiving wide application in underwater sound trans- 
ducers. By applying a d-c polarizing field and exciting the material with 
an a-c field which has an amplitude small compared with the d-c polari- 
zation one obtains a ceramic material which acts as a linear piezoelectric 
crystal. This ceramic material has considerable advantage over other 
piezoelectric crystals in that practically any desired shape of element and 
direction of polarization can be achieved. This advantage, combined 
with the fact that the material has a large coupling coefficient, is rela- 
tively rugged, and is insoluble in water, makes this material especially 
desirable for use in underwater transducers and processing machines 
for industrial uses, which require large amounts of ultrasonic energy. 
Barium titanate is also used for phonograph pickups. 

16-15. Electrostatic Couplers. Another electromechanical coupling 
device of interest is the ordinary capacitor. If one of the plates is per- 
mitted to vibrate, it can be used as either a microphone or a receiver. 

If a charge is placed on a capacitor, its potential is given by the equation 

E = ^ (16-40) 

If the charge is maintained constant and the capacitance changed, the 
potential E will vary and so a capacitor with movable plates could be 
used as a microphone. A typical circuit is shown in Fig. 16-12. 

There is a force tending to attract the two plates, and work must be 
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done on the capacitor in decreasing its capacitance, while work is done 
by the field when the capacitance is increased. If a varying potential 
were impressed upon the two plates, it would cause a varying force 
between them, and if one of the latter were free to move, this motion 
would absorb energy from the electrical circuit in accordance with the 
work done. Therefore a capacitor could be used as a receiver. 

In a capacitor receiver it is necessary to apply a polarizing, or steady, 
electric field for the same reason that a polarizing, or permanent, mag- 
netic field is used in the magnetic receiver. This is because the force 



Fia. 16-12. Typical ciicuit for use with a capacitor microphone. 

between the plates is proportional to the scpiare of the potential and the 
polarization reduces the relative importance of distortion terms. 

16-16. Loudspeakers. While the same type of couplers may be used 
in the operation of telephone receivers, loudspeakers, and microphones, 
the design of the mechanical systems associated with the driving units 
must be quite dilTerent for the different applications. One of the impor- 
tant applications is the loudspeaker, which differs from the receiver in 
that it must operate into free air instead of the confined space of the ear. 
Two principal types of loudspeaker are in use: (1) cone loudspeakers, 
which use a large diaphragm in order to obtain a large acoustic load; 
(2) horn loudspeakers, which use a horn as an impedance-matching 
device to connect a small diaphragm to the air. 

In the loudspeaker the energy must be imparted as wave motion to the 
air. Its problem is therefore (piite similar to that of the radio antenna. 

In order to deliver acoustical power directly and efficiently to the air, 
a relatively large diaphragm should be used. The power in watts 
delivered at any frequency is equal to a constant times the square of the 
rms velocity of the diaphragm in meters per second. This constant, or 
coefficient of proportionality, is termed the ‘‘radiation resistance.*’ 
Space limitations prevent the derivation of the expression for the radi- 
ation resistance of a diaphragm. It was first given by Rayleigh, but it 
may also be found in other references. The equation for radiation 
resistance for a diaphragm in which all parts of the surface are moving 
together in phase is given by 
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Fig. 16-13. Radiation characteristic of a vibrating piston. 
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(16-42) 


where p = density of air, kg/cu m. 

= 1.205 for air. 
c = velocity of sound, m/sec 
= 344 for air. 

R = radius of diaphragm, m 

Ji = Bessel function, whose series is given in Eq. (16-42) 
k = 2irf/c = 2v/\ 

A plot of Eq. (16-41) is given in Fig. 16-13. The abscissa is propor- 
tional to frequency for a given size of diaphragm. For the lower fre- 
quencies the radiation resistance is given by the first term in the series, or 


rr«i 


420 X 2Trm*P 
c* 


0.22 


(16-43) 
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From an inspection of Fig. 16-13 it is apparent that this expression 
could be used as an approximation up to the point where 2vR/\ » 1.5 
or about R — X/4. For frequencies above this the radiation resistance is 
approximately constant and given by 

= 42(hrR^ (16-44) 

For an 8-in. cone, which is a common size for broadcast receivers, 

R = 0.0254 X 4 « 0.10 m 

The radiation resistance will be proportional to the square of the fre- 
quency up to 

X « 4 X 0.10 « 0.40 m 

^ I ^ Oo 

The first problem to be considered is the character of the mechanical 
control which would be desirable in order to reproduce the lower fre- 
quencies without distortion. For a given current in the driving coils 
the acoustic power output should be independent of frequency, in order 
that there shall be no frequency distortion. By the definition of radi- 
ation resistance the output power P in watts is given by 

P = (16-45) 

where V is the effective or rms velocitj^ i.e., V = V'/y/2. 

The relation between force and velocity in a mechanical system is 


given by 

1F|= 1^1 



(16-46) 

Therefore 

P = F* 

(16-47) 


Since the force on the diaphragm is directly proportional to the driving 
current, if r„d/^Loh can be made independent of frequency, the output 
will be independent of frequency. Since it has been shown by Eq. (16-41) 
that the radiation resistance is proportional to the square of the frequency 
up to about 1,000 cycles, the mechanical impedance in this frequency 
range should be directly proportional to the frequency. By reference to 
Eq. (16-20c) it will be seen that this calls for mass control, i.e., the reso- 
nant frequency should be placed at the lower end of the frequency range 
to be reproduced. Hence, the suspension of the cone should have a large 
degree of compliance, i.e., it should have very little stiffness. Below the 
resonant frequency the mechanical impedance will be inversely propor- 
tional to the frequency, and so the radiated power P as given by Eq. 
(16-47) will be proportional to the fourth power of the frequency. Hence 
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the radiation drops off very rapidly, and it is a good approximation to 
say that there is no appreciable acoustic output below the resonant fre- 
quency of the diaphragm. Contrast the operation of the diaphragm in 
free space as a loudspeaker with the operation of the receiver held against 
the ear, where it was shown that the distortion was least below the reso- 
nant frequency of the diaphragm. This difference is very noticeable in 
the change in quality when a receiver is removed from the ear and laid 
on the table. It then becomes a cone loudspeaker, and the reproduction 
of the frequencies below resonance disappears, with the result that the 
reproduction is high-pitched and distorted. 

It has been shown that at the higher frequencies the radiation resist- 
ance of the cone does not continue to increase hut flattens off, if all 
cone parts continue to move in phase. At lower frequencies the cone 
tends to move as a whole, i.e., all parts are in phase; at higher frequencies 
the distributed nature of the mass and stiffness of the cone comes into 
play. At such frequencies the cone would have an analogous electrical 
circuit which would be similar to that of a line with distributed charac- 
teristics, and with dissipation due to the radiation resistance of the ele- 
mental parts. The difficulty of developing one speaker which can cover 
a large number of octaves has given rise to the custom in high-fidelity 
systems of using two to four speakers each covering a limited range and 
fed from dividing networks such as were discussed in Chap. 7 

The coupling device in a horn loudspeaker may have a small dia- 
phragm which would have a very small radiation resistance if it were 
exposed directly to the air. By the use of a horn, the radiation resist- 
ance represented by the large area at the outer end of the horn can be 
matched to the driving device. 

The horn is not an amplifying device. It is an iinpc^dance-matching 
device to connect the diaphragm of high impedance to the atmosphere of 
low impedance. This must be done by a gradually changing unsym- 
metrical network of distributed constants. 

Webster has shown that an exponential horn is best suited for this 
purpose. Such a horn acts as an IIP filter, transmitting no sound below 
a certain frequency. The theory is, in many respects, similar to that of 
a transmission line, except for the changing of the circuit constants with 
increasing length. Two factors enter into the design of the horn, the 
propagation constant along the horn and reflection at the ends. The less 
the rate of taper, the lower will be the limit of the frequencies transmitted. 

The equation of the cross section of an exponential horn is 

s = 5,6-' (16-48) 

where 5, = initial area at throat 
X = distance from throat 



ELECTROMECHANICAL COUPLING 61S 

tn is determined by the lowest frequency to be transmitted. Such a 
horn is shown in Fig. 16-14. 

Crandall has given the equation for the cutoH frequency of the horn as 


fc 


me 


(16-49) 


where c == velocity of sound in air 

m = coefficient in exponent of Eq. (16-48) 

If c is given in meters per second, then the z of Eq. (16-48) will be meas- 
ured in meters. Below fc there will be 
no appreciable transmission of sound 
along the horn; above /c the transmission 
increases rapidly to a maximum. 

Below the cutoff frequency, the pres- 
sure and velocity become almost 90° out 
of phase, as do the voltage and current 
in an electrical filter, and so cannot 
transfer energy effectively between the 
two ends. 

The rate of taper determines the transmission along the horn, while 
the area at the large end determines the termination and hence the reflec- 
tion at this point. The reflection does not change as suddenly with fre- 
(luency as the transmission characteristics. An exact theory without 
approximations has not been developed, but an assumption may be made 
that the end of the horn represents a weightless diaphragm radiating into 
the free air. It is desirable that this radiation resistance representing the 
termination of the horn should be constant at all frequencies which it is 
desirable to radiate. Referring to Fig. 16-13 and to the discussion which 
followed, it was pointed out that the radiation resistance is approximately 
constant when the radius of the diaphragm is greater than one-quarter 
wavelength. Hence, the diameter of the large end of the horn should 
be about half the wavelength of the lowest frequency which is to be 
reproduced. 

The requirement of small taper and large area at the end calls for long 
horns in order to give good reproduction of the lower frequencies, the 
long length often being obtained by folding. Such horns can provide a 
large load for the diaphragm of the receiver, and the power factor will be 
close to 100 per cent. In such cases the motional-impedance circle will 
have a small diameter and the damping will be high. 

The load of the horn on the diaphragm of the coupling unit will pro- 
vide resistance control. The mass of the diaphragm and the stiffness of 
the suspension should be made small so that this resistance control will 
predominate, and the velocity of the diaphragm will be directly propor- 



Fi(}. 16-14 Exponential horn. 



620 


COMMUNICATION ENGINEEBINO 


tional to the force on it and hence to the current through the windingB. 
The diaphragm should be stiffened across its face, so that all parts will 
move in phase, but the stiffness at the edge should be kept small. 

16-17. Microphones. In a microphone, the acoustical vibrations 
strike the diaphragm, causing it to vibrate, and this in turn sets up a 
voltage which is to be introduced into the electrical circuit. The alter- 
nating force on the diaphragm is directly proportional to the alternating 
pressure in the acoustic wave. An ideal microphone would generate a 
voltage which is independent of frequency but directly proportional to 
the acoustic pressure, and hence to the mechanical force on the dia- 
phragm. Microphones with diaphragms may be divided into two groups : 

Group 1. The generated voltage is proportional to the displacement of 
the diaphragm. 

Group 2. The generated voltage is proportional to the velocity of the 
diaphragm. 

In a carbon-type transmitter the generated voltage is proportional to 
the resistance variation. This resistance variation is produced by the 
packing and release of the carbon granules and hence is proportional to 
the displacement of the diaphragm. Therefore, the carbon-grain micro- 
phone falls in Group 1 . In connection with the discussion of the electro- 
static coupler or capacitor microphone it was shown in Eq. (16-40) that 
the generated voltage for this type is inversely proportional to the capaci- 
tance. Since the capacitance is inversely proportional to the separation 
between plates, the generated voltage will be proportional at any instant 
to the displacement of the diaphragm and this type also falls in Group 1. 
In the piezoelectric crystal the generated voltage is also proportional to 
the displacement. 

In the electrodynamic type oi microphone the generated voltage is 
produced by the motion of a conductor in a magnetic field. In such a 
microphone the generated voltage is proportional to the velocity of the 
conductor, which in turn is proportional to the velocity of the dia- 
phragm. Similarly, if the generated voltage is produced by a change in 
magnetic field due to a variation in the air gap, the induced voltage will 
be proportional to the velocity of the microphone. Therefore these types 
will fall in Group 2. 

The type of mechanical control for a distortionless microphone will be 
different in the case of the two groups. In Group 1 the maximum dis- 
placement of the diaphragm for a given force should be made independent 
of frequency. On referring to Eq. (16-196) it is seen that this occurs 
when the mechanical system is stiffness-controlled. This stiffness con- 
trol is obtained by making the resonant frequency of the diaphragm fall 
at a frequency above the frequencies to be reproduced. 

In Group 2 the velocity of the diaphragm should be directly propor- 
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tional to the impressed force. This calls for resistance control. Such 
resistance control is usually obtained by air damping of the diaphragm 
through narrow tubes or slits between the air enclosure in the back of 
the diaphragm and the outside air. 

A third type of microphone is available in which the voltage is gen- 
erated as in Group 2, but with a diaphragm consisting of a ribbon exposed 
on both sides to the passing acoustic wave. This is the ribbon micro- 
phone shown in Fig. 16-11. A plane acoustic wave can be represented 
as a function of time and space by the following equation (compare with 
the equation of a traveling wave in Chap. 6) : 

p = A sin 2Trf (16-50) 

where p = instantaneous difference in pressure between a point in the 
wave and the average atmospheric pressure 
X == distance measured in the direction in which wave is traveling 
c = velocity of sound 

The force on the microphone ribbon at any instant will be proportional 
to the difference between the pressures on the two sides. 

Let Pi be the pressure on one side. Then the pressure on the other 
side will be 

P. (16-51) 

where Aa; is the distance betwe^eii the two exposed sides and is small in 
comparison with a wavelength. 

Hence the force will be 

f = /r[p.-(p. + gAx)] 

= (16-52) 

ax 

Insert Eq. (16-50) in Eq. (16-52). 

f = ^wkAfAx (16-53) 

It is seen that the force on the ribbon of the microphone is directly pro- 
portional to frequency. At the same time the mechanical impedance 
should be selected so that the velocity is independent of frequency. 
This means that the mechanical impedance should be directly propor- 
tional to frequency. On referring to Eq. (16-20c) it is seen that this 
dictates mass control. Therefore, the resonant frequency of the ribbon 
should be set at a frequency below the lowest frequency to be reproduced. 
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Table 16-1 . Analysis of Types of Mechanical Control for Minimum 

Distortion 


Type of 
instrument 

Force on 
diaphragm 
proportional 
to — 

1 Required 
relation for 

1 minimum 
distortion 

Additional 

information 

Mechanical 

control 

required 

Location of 
resonant 
frequency of 
diaphragm 

Telephone 

receiver 

Current 

Pressure in en- 
closed volume 
independent 
of frequency 

Pressure pro- 
portional to 
diaphragm 
displacement 

Stiffness 

Above trans- 
mission 
band 

Cone-type 

loud- 

speaker 

Current 

Radiated power 
independent 
of frequency 

1 

Radiation re- 
sistance pro- 
portional to 
square of fre- 
quency 

Mass 

Below trans- 
mission 
band 

Horn-type 

loud- 

speaker 

1 

Current 

Radiated power 
independent 
of frequency 

Radiation re- 
sistance inde- 
pendent of 
frequency 

Resistance 

Absent 

Carbon- 

grain, 

capac- 

itor, 

crystal 

micro- 

phones 

Pressure of j 
sound wave 

Induced volt- 
age independ- 
ent of fre- 
quency 

Induced volt- 
age propor- 
tional to dis- 
placement of 
diaphragm 

1 

Stiffness 

Above trans- 
mission 
band 

Dynamic 

micro- 

phone 

Pressure of 
sound wave 

Induced volt- 
age independ- 
ent of fre- 
quency 

Induced volt- 
age propor- 
tional to ve- 
locity of dia- 
phragm 

Resistance 

Absent 

Ribbon 

micro- 

phone 

Pressure of 
sound wave 
times fre- 
quency 

Induced volt- 
age independ- 
ent of fre- 
quency 

Induced volt- 
age propor- 
tional to ve- 
locity of rib- 
bon 

Mass 

Below trans- 
mission 
band 


The determination of the type of control for the various types of tele- 
phone receivers, loudspeakers, and microphones is summarized in 
Table 16-1. 

16 - 18 . Mechanically Controlled Resonance. The piezoelectric crystal 
finds its greatest usefulness in the reflection of its mechanical constants 
back into the electrical circuit. The ratio of effective reactance to effec- 
tive resistance in most mechanical systems is much higher than is attain- 
able in any electrical network. The use of mechanical meshes will give 
greatly improved results where sharply resonant systems are desired. It 
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is essential that the coupling between the electrical network and mechan- 
ical mesh operate in both directions, in order that the electrical system 
may react in the same manner as though an electrical mesh of very Wgh Q 
were introduced. 

It has been shown how the mechanical characteristics of the dia- 
phragm of a telephone receiver appear in the electrical circuit in the 
form of motional impedance. In the receiver, however, this motional 
impedance is added by phasors to the impedance of the winding. Since 
the latter is rather large and does not have a high value of Q, the effec- 
tive reactance of the diaphragm is not sufficient to make the Q of the 
receiver as a whole so very high. 


^2 


(a) (6) 

Fig 16-15 Equivalent circMut and mounting; of a piczoeh'ctiic quartz crystal. 

The advantage of the piezoelectric cr 3 ^stal is that it is actuated by an 
electric field instead of a magnetic field. Electric fields can be set up 
with less loss than magnetic fields. This is illustrated by the fact that 
a well-constructed capacitor of a given reactance will have a much smaller 
resistance than is attainable in an inductance of the same reactance. The 
mechanical constants of the crystal can therefore be reflected back into 
the circuit with practically no superimposed resistance due to the driving 
circuit. 

16-19. Equivalent Circuit of Piezoelectric Crystal. Van Dyke and 
Dye have given the equivalent network of the crystal as that of Fig. 
16-1 5a. The crystal is mounted in the general fashion of Fig. 16-156. 
The upper plate may or may not be in contact with the crystal. 

In the equivalent network of Fig. 16-1 5a L is the effective mechanical 
inductance due to the mass of the cr^'^stal, H is the effective resistance due 
to its internal losses, and Ci is the effective mechanical capacitance due 
to the stiffness of the crystal. C 2 is the capacitance which the crystal 
introduces between its faces due, largely, to its straight capacitive action 
and may be computed from a knowledge of the dielectric constant. C 2 
is of the order of lOOCi. Ci is the effective series capacitance introduced 
by the air gap when the upper plate of Fig. 16-156 does not touch the 
crystal. 

The reactance curve of the circuit of Fig. 16-1 5a can be obtained by 
sketching in the standard manner described in Chap. 4. It is illustrated 
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in Fig. lO-lG, where the effect of C 3 is neglected. Since C 2 is so much 
larger than Ci, the slope of the susceptance curve of C 2 will be much 
greater at the origin than that of the curve for the branch LCi, 

This circuit will have one zero and one pole. Owing to the high value 
of C 2 /C 1 these two frequencies will be very close together. 



Fig. 16-16. Reactance curves for a piezoelectric ciystal. 


A measurement of the crystal in the neighborhood of its antiresonant 
frequency will give a circle for the locus of the impedance phasors, of 
much the same type as the telephone receiver. The damping will be 
found to be very small. If an emf is impressed across the crystal, the 
current vs. frequency curve will be similar to the one shown in Fig. 16-17* 



Fig. 16-17. Resonance curve for a piezoelectric crystal 

The curve of Fig. 16-17 shows very clearly the presence of the resonant 
frequency, and slightly above it the antiresonant frequency. 

As explained in Chap. 7, one important use of the piezoelectric crystal 
is as a high-Q filter element. The most common use of a crystal is to 
serve as the ‘‘tank^^ circuit of an oscillator. As such, because of its 
high Q, it gives an extremely stable operation, the frequency depending 
only slightly on the other constants of the circuit. 

PROBLEMS 

16-1. Determine the equations of motion and the equivalent electrical circuit for a 
horizontal rod suspended by a spring at each end, with a force Fi sin ut applied at the 
center. Assume the springs have different stiffness coefficients ki and kt. 
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16-2. Draw the analogy between sound waves in a pipe and electrical waves on 
long line. Show the equivalent electrical circuit for a closed organ pipe. Repeat for 
an open organ pipe. From these equivalents determine the configuration which 
would give an acoustical inductive reactance. Determine the configuration which 
would give an acoustical capacitive reactance. 

16-8. A mass of 1 kg is suspended by a spring with a stiffness coefficient 

k = 10* newton/m. 

What is the natural frequency of the system? A force f = ? sin a>t is applied to the 
mass. liP - 10^' newton, plot a curve of amplitude of oscillation vs. frequency from 
0 to 10 cycles, r = 1 nowton-sec/m. 

16-4. A lO-m. cone vibrates as a piston. What must be the amplitude of vibration 
in order to deliver an acoustical power to the air equal to 100 mw when the frequency 
is 100 cycles? Repeat for a frequency of 1,000 cycles. 

16-6. The cone of Prob 16-4 has a mass of 0.1 kg, and the stiffness of the suspen- 
sion is such that the mechanical resonant frequency is 50 cycles. Determine the force 
at the apex of the cone which must be applied to secure the radiation specified in 
Prob. 16-4. Neglect mechanical resistance. 

16-6. The driving mechanism for the cone of Prob. 16-4 is similar to that of Fig. 
16-6. The flux density is 1.5 webers/sq m. The voice coil has a diameter of 3 cm 
and is wound with 150 turns. What must be the effective current at 100, 500, and 
1,000 cycles in order to radiate an acoustic power of 100 mw? If the resistance of the 
voice coil is 10 ohms, what is the efficiency of the loudspeaker? 
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HYPERBOLIC FUNCTIONS 


Complex Hyperbolic Fimctions. The three primary hyperbolic func- 
tions are defined in terms of exponentials 


sinh B = 

- e-^ 

(A-1) 

2 

cosh B = 

e* + e-* 

2 

(A-2) 

tanh B = 

sinh B ~ e ^ — 1 

cosh B c® + + 1 

(A-3) 


Note that, for real values of 0 < sinh 6 < oo, 1 < cosh ^ 

0 < tanh B < 1. Curves to show the general range are shown in 
Fig. A-1. The functions are tabulated in Table A-1 for real values of B 



0 12 3 

$ 

Fig. A-1. Curves of sinh cosh 6, and tanh S for positive real values of B, 

Algebraic manipulation of the definitions can be used to prove the sum 
and difference formulas. 
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jsinh {A ± B) — sinh A cosh B ± cosh A sinh B (A-4) 
cosh (A ± JB) == cosh A cosh B ± sinh A sinh B (A-6) 

It may be shown that the hyperbolic and circular (trigonometric) func- 
tions are related to each other, for by definition 


X = je 

Binje = - e^)/2j = j(e^ - e-®)/2 

or sin jS = y sinh 6 (A-6) 

Similarly 

cosy^ == cosh B (A-7) 

tan jB = y tanh B (A-8) 

The last three identities may be used to convert any of the trigonometric 
identities into the corresponding hyperbolic identities. For example, 
given cos* x -f- sin* x = 1, let 

X = je 

cos*y0 -f sin*y0 = 1 

Substituting from Eqs. (A-6) and (A-7), 

cosh* B — sinh* ^ = 1 (A-9) 

As another example, consider the familiar trigonometric identity 

sin 2x = 2 sin x cos x 


X = jB 

Bmj26 = 2 siny^ cosy^ 

Therefore j sinh 2B = y2 sinh B cosh B 

or sinh 2^ = 2 sinh 6 cosh B 


(A-10) 


As another example, one has the alternative half-angle identity 

. „ 1 — cos 2x 


X = jB 


{sinjey = 


sinh* B = 


1 — C08j2d 


1 — cosh 2B 


sinh* B = 


cosh 2B 


(A-11) 


The inverse of Eqs. CA-6) to (A-8) may be derived to relate the hyper- 
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bqlic functions of an imaginary variable to the circular functions of a 
real variable. 

Replacing 6 by jd in Eq. (A-1), 

sinhy^ = 2 == j ^ (A-12) 

Similarly 

cosh jd = cos d (A-13) 

tanh = j tan d (A-14) 


The foregoing identities may be used to evaluate the hyperbolic func- 
tion of a complex variable. For example, let it be required to evaluate 
sinh (A ± jB). By Eq. (A-4) 

sinh {A ± JB) = sinh A cosh jB ± cosh A sinh jB 


By Eqs. (A-13) and (A-14) 

sinh (A ± jB) — sinh A cos B ± j cosh .1 sin B ‘ (A^5) 

Similarly 

cosh (A ± jB) = cosh A cos B ± j sinh .4 sin B (A-1 6) 

In polar coordinates 


/ tan B 

sinh (A + jB) = \/sinh2 A cos^ B -f cosh^ A sin^ B /arctan tanh A 

= V^siuh^ A(1 — sin** B) + (1 + sinh^ A) sin^ B 

/arctan (tan B coth A ) 

= \/sinh2 A + sin^ B /arct an (^n B coth (A-15o) 

Similarly, 

cosh (A + jB) — \/cosh‘^ A cos^ B -f- sinh^ A sin^ B 

/arctan (tan B tanh A) 

= -x/sinh^ A -|- cos“ B /arctan (tan B tanh A) 


Proof of Eqs. (6-20) and (6-23). Fre(iuently the hyperbolic function 
of a complex number is known, and it is required to find the complex 
number itself. To do this, it is necessary to manipulate the equations 
so that the real and imaginary parts of the number may be solved for 
independently. As an illustration say that cosh (a + j0) = A + jB, 
A and B being known quantities. It is required to evaluate a and 
Then by Eq. (A-16) 

A + iB == cosh (a + j^) = cosh a cos + j sinh a sin 
Equating reals, 


Equating imaginaries, 
Squaring and adding, 


A = cosh a cos 
B == sinh a sin 
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A* + = cosh* a COS* + sinh* a sin* 

Eliminating cos* = 1 — sin* jS, 

A* + B* = cosh* a(l — sin* $) + sinh* a sin* 

= cosh* a — sin* 0 

Adding 1, 

1 + A* + B* = cosh* a + cos* P (A-17) 

Completing the square by adding 2A = 2 cosh a cos /8, 

1+2A + A*4-J5^ = cosh* a + 2 cosh a cos P + cos* P 
Taking the square root, 

\/(l + A)* + B* = cosh a + cos p (A-18) 

Completing the square by subtracting 2A = 2 cosh a cos jS in Eq. (A-17), 
vTl — A)* -f 5* = cosh a — cos p (A-19) 

Then from Eqs. (A-18) and (A-19) 


cosh « = yii-.± 

* , ( 6 - 20 ) 

cos ^ + yg - 

2 

Inasmuch as only real quantities are involved in the last two equations, 
a may be found by reference to Table A-1, and P from a table of circular 
functions. 

Frequently the hyperbolic tangent of a complex number is known and 
the number itself must be found. Let 


C + jD = tanh (a + jP) = 


sinh (a + jP) 


cosh (a + jP) 

^ sinh a cos P + j cosh a sin P 

cosh a cos P + j sinh a sin P 

C + jD = 

(sinh a c osh a) (cos* p + sin* p) + i(sin P cos g)(cosh* a — sinh* a) 
cosh* a cos* P + sinh* a sin* P 
^ I PI __ sinh a cosh a j sin P cos P 
^ sinh* CL + cos* P 


By equating the real and imaginary parts of this equation, 


C == 


D - 


sinh a cosh a sinh 2a 

sinh* a + cos* P ~ 2 (sinh* a + cos* P) 

sin P cos P _ sin 2/3 

sinh* a + cos* P ”” 2(sinh* a + cos* P) 
sinh* 7 _ sinh* a + sin* P 

cosh* 7 ~ sinh* a + cos* P 


C2 + 2)2 
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1 + C* + 7)2 « 


2 sinh* a + 1 


cosh 2a 


sinh* a + cos® 0 sinh® a + cos® p 
1 ^ (C2 7)2) = cos® - sin® g ^ cos 2/3 

sinh® a 4- cos® /8 sinh® a + cos® ff 

Therefore 

2C 

tanh 2a = j- ^ 

2D 

"" 1 - (C^ + D*) 


From these equations real functions of the components of y can be 
computed, and a and 0 can then be determined from tables of these real 
functions. 
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Table A-1. Kbal Htperbolic Functions* 


a:, 

radians 


0.00 
0.01 
0.02 
0 03 
0.04 

0 05 
0.06 
0.07 
0.08 
0.09 

0.10 
0.11 
0.12 
0.13 
0 14 

0.15 

0.16 

0.17 

0.18 

0.19 

0 20 
0.21 
0.22 
0.23 
0.24 

0.25 
0.26 
0 27 
0 28 
0.29 

0.30 
0 31 
0.32 
0.33 
0.34 

0 35 
0.36 
0 37 
0.38 
0.39 

0.40 
0 41 
0.42 
0.43 
0.44 


sinh X 


0.00000 

0.01000 

0.02000 

0.03000 

0.04001 

0.05002 
0.06004 
0 07006 
0 08009 
0 09012 

0 10017 
0 11022 
0 12029 
0 13037 
0 14046 

0 15056 
0 16068 
0 17082 
0 18097 
0 19115 

0 20134 
0 21155 
0 22178 
0 23203 
0 24231 

0 25261 
0 20294 
0 27329 
0 28367 
0 29408 

0 30452 
0 31499 
0 32549 
0 33602 
0 34659 

0 35719 
0 36783 
0 37850 
0.38921 
0 39996 

0.41075 
0.42158 
0 43246 
0.44337 
0.45434 


cosh X 


1 00000 
1.00005 
1 00020 
1 00045 
1.00080 

1 00125 
1 00180 
1 00245 
1 00320 
1 00405 

1 00500 
1 00606 
1 00721 
1 00846 
1 00982 

1 01127 
1 01283 
1 01448 
1 01624 
1 01810 

1 02007 
1 02213 
1 02430 
1 02657 
1 02894 

1 03141 
1 03399 
1 03667 
1 03946 
1 04235 

1 04534 
1 04844 
1 05164 
1 05495 
1 05836 

1 06188 
1 06550 
1 06923 
1 07307 
1 07702 

1 08107 
1 08523 
1.08950 
1 09388 
1.09837 


tanh X 


0 00000 
0 01000 
0 02000 
0 02999 
0 03998 

0 04996 
0 05993 
0 06989 
0 07983 
0 08976 

0 09967 
0.10956 
0 11943 
0 12927 
0 13909 

0 14889 
0 15865 
0 16838 
0 17808 
0 18775 

0 19738 
0 20697 
0 21652 
0 22603 
0 23550 

0 24492 
0 25430 
0 26362 
0 27291 
0 28213 

0 29131 
0 30044 
0 30951 
0 31852 
0 32748 

0 33638 
0 34521 
0 35399 
0 36271 
0 37136 

0 37995 
0 38847 
0 39693 
0 40532 
0 41364 


radians 


0 45 
0 46 
0 47 
0 48 
0 49 

0 50 
0 51 
0 52 
0 53 
0 54 

0 55 
0 56 
0 57 
0 58 
0 59 

0 60 
0 61 
0 62 
0 63 
0 64 

0 65 
0 66 
0 67 
0.68 
0.69 

0 70 
0 71 
0 72 
0 73 
0 74 

0 75 
0 76 
0 77 
0 78 
0 79 

0 80 
0 81 
0 82 
0 83 
0 84 

0 85 
0 86 
0 87 
0 88 
0.89 


sinh X 


0 46534 
0 47640 
0.48750 
0 49865 
0 50984 

0.52110 
0 53240 
0.54375 
0.55516 
0 56663 

0 57815 
0 58973 
0 60137 
0 61307 
0 62483 

0 63665 
0 64854 
0 66049 
0 67251 
0 68459 

0 69675 
0 70897 
0 72126 
0 73363 
0.74607 

0 75858 
0.77117 
0.78384 
0 79659 
0.80941 

0 82232 
0 83530 
0 84838 
0 86153 
0 87478 

0 88811 
0 90152 
0 91503 
0.92863 
0.94233 

0 95612 
0.97000 
0.98398 
0.99806 
1.01224 


cosh X 


1 10297 
1 10768 
1 11250 
1 11743 
1 12247 

1 12763 
1 13289 
1 . 13827 
1 14377 
1.14938 

1 15510 
1 16094 
1 16690 
1 17297 
1.17916 

1 18547 
1 19189 
1 . 19844 
1 20510 
1 21189 

1 21879 
1 22582 
1 23297 
1 24025 
1 24765 

1 25517 
1.26282 
1 27059 
1 27849 
1 28652 

1 29468 
1 30297 
1 31139 
1 31994 
1.32862 

1.33743 
1 34638 
1 35547 
1.36468 
1.37404 

1 38353 
1.39316 
1.40293 
1.41284 
1.42289 


tanh X 


0 42190 
0 43008 
0.43820 
0 44624 
0.45422 

0 46212 
0 46995 
0 47770 
0.48538 
0 49299 

0.50052 
0.50798 
0 51536 
0 52267 
0.52990 

0 53705 
0 54413 
0 55113 
0 55805 
0 56490 

0 57167 
0 57836 
0 58498 
0 59152 
0 59798 

0 60437 
0.61068 
0.61691 
0.62307 
0 62915 

0 63515 
0 64108 
0 64693 
0 65271 
0.65841 

0.66404 
0 66959 
0 67507 
0.68048 
0.68581 

0.69107 

0.69626 

0.70137 

0.70642 

0.71139 


* Reprinted by permission from “Smithsonian Physical Tables.” 
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Table A*1. Real Hyperbolic Functions (ContiniLed) 


radians 


0.90 

0.91 

0.92 

0.93 

0.94 

0.95 

0.96 

0.97 

0.98 

0 99 

1.00 

1.01 

1 02 

1.03 

1.04 

1.05 

1.06 
1 07 
1 08 
1 09 

1 10 
1 11 
1 12 
1 13 
1 14 

1 15 
1 16 
1 17 
1 18 
1 19 

1 20 
1 21 
1 22 
1 23 
1.24 

1 25 
1.26 

1.27 

1.28 
1 29 

1 30 

1.31 

1.32 

1.33 
1 34 


sinh X 


1.02652 
1.04090 
1.05539 
1.06998 
1 08468 

1.09948 
1.11440 
1 12943 
1 . 14457 
1 15983 

1 17520 
1 19069 
1 20630 
1 22203 
1 23788 

1 25386 
1 26996 
1 28619 
1 30254 
1 31903 

1.33565 
1 35240 
1 36929 
1 38631 
1 40347 

1.42078 
1 43822 
1 45581 
1 47355 
1 49143 

1 50946 
1 52764 
1 51598 
1 56447 
1 58311 

1 60192 
1 62088 
1 64001 
1 65930 
1 67876 

1.69838 
1 71818 
1.73814 
1.75828 
1 77860 


cosh X 


1.43309 
1 44342 
1 45390 
1 46453 
1 47530 

1 48623 
1 49729 
1 50851 
1 51988 
1 53141 

1 54308 
1 55491 
1 56689 
1 57904 
1 59134 

1 60379 
1 61641 
1 62919 
1 64214 
1 65525 

1 66852 
1 68196 
1 69557 
1 70934 
1 72329 

1 73741 
1 75171 
1 76618 
1 78083 
1 79565 

1 81066 
1 82584 
1 84121 
1 85676 
1 87250 

1 88842 
1 90454 
1 92084 
1 93734 
1 95403 

1 97091 

1 98800 

2 00528 
2 02276 
2.04044 


tanh X 


0 71630 
0.72113 
0 72590 
0 73059 
0 73522 

0.73978 
0 74428 
0 74870 
0 75307 
0 75736 

0 76159 
0.76576 
0 76987 
0 77391 
0 77789 

0 78181 
0 78566 
0.78946 
0 79320 
0 79688 

0 80050 
0 80406 
0 80757 
0 81102 
0 81441 

0 81775 
0 82104 
0 82427 
0 82745 
0 83058 

0 83365 
0 83668 
0 83965 
0 84258 
0 84546 

0 81828 
0 85106 
0 85380 
0 85648 
0 85913 

0 86172 
0 86428 
0 86678 
0 86925 
0.87167 


radians 


1 35 
1.36 
1 37 
1 38 
1.39 

1 40 
1 41 
1 42 
1 43 
1 44 

1 45 
1 46 
1 47 
1 48 
1 49 

1.50 
1 51 
1 52 
1 53 
1 54 

1 55 
1 56 
1 57 
1 58 
1 59 

1 60 
1 61 
I 62 
1 63 
1 64 

1 65 
1 66 
1 67 
1 68 
1 69 

1 70 
1 71 
1 72 
1 73 
1 74 

1 75 
1.76 
1 77 

1.78 

1.79 


sinh X 


1.79909 
1.81977 
1.84062 
1.86166 
1 88289 

1.90430 

1.92591 

1.94770 

1 96970 
1.99188 

2.01427 

2 03686 
2 05965 
2 08265 
2 10586 

2 12928 
2 15291 
2 17676 
2 20082 
2 22510 

2 24961 
2 27434 
2 29930 
2 32449 
2 34991 

2 37557 
2 40146 
2 42760 
2 45397 
2 48059 

2 50716 
2 53459 
2 56196 
2 58959 
2 61748 

2 64563 
2 67405 
2 70273 
2 73168 
2 76091 

2 79041 
2 82020 
2 85026 
2 88061 
2.91125 


cosh X 


2 05833 
2 07643 
2 09473 
2 11324 
2.13196 

2.15090 
2 17005 
2 18942 
2 20900 
2 22881 

2 24884 
2 26910 
2 28958 
2 31029 
2 33123 

2 35241 
2 37382 
2 39547 
2 41736 
2 43949 

2 46186 
2 48448 
2 50735 
2 53047 
2 55384 

2 57746 
2 60135 
2 62549 
2 64990 
2 67457 

2 69951 
2 72472 
2 75021 
2 77596 
2 80200 

2 82832 
2 85491 
2 88180 
2 90897 
2 93643 

2 96419 

2 99224 

3 02059 
3 04925 
3.07821 


tanh X 


0.87405 
0.87639 
0 87869 
0.88095 
0.88317 

0.88535 
0 88749 
0 88960 
0.89167 
0 89370 

0 89569 
0 89765 
0 89958 
0.90147 
0 90332 

0 90515 
0 90694 
0.90870 
0.91042 
0 91212 

0 91379 
0 91542 
0 91703 
0 91860 
0 92015 

0 92167 
0.92316 
0 92462 
0 92606 
0 92747 

0.92886 
0 93022 
0 93155 
0.93286 
0 93415 

0 93541 
0.93665 
0.93786 
0 93906 
0.94023 

0 94138 
0 94250 
0.94361 
0.94470 
0.94576 
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Table A-1. Real Hyperbolic Functions ( Ctmtinued ) 


Xy 

radians 

sinh X 

cosh X 

tanh X 

a;, 

radians 

sinh X 

cosh X 

tanh X 

1 80 

2.94217 

3 

10747 

0 94681 

2.25 

4.69117 

4.79657 

0.97803 

1.81 

2 97340 

3 

13705 

0 94783 

2 26 

4 73937 

4 84372 

0.97846 

1 82 

3 00492 

3 

16694 

0 94884 

2 27 

4 78804 

4 89136 

0 97888 

1.83 

3.03674 

3 

19715 

0 94983 

2 28 

4 83720 

4 93948 

0.97929 

1 84 

3 06886 

3 

22768 

0 95080 

2 29 

4.88684 

4 98810 

0 97970 

1.85 

3.10129 

3 

25853 

0 95175 

2.30 

4 93696 

5 03722 

0 98010 

1.86 

3.13403 

3 

28970 

0 95268 

2 31 

4 98758 

5 08684 

0.98049 

1.87 

3 16709 

3 

32121 

0 95359 

2.32 

5 03870 

5 13697 

0 98087 

1 88 

3 20046 

3 

35305 

0 95449 

2 33 

5 09032 

5 18762 

0 98124 

1 89 

3 23415 

3 

38522 

0 95537 

2.34 

5 14245 

5 23878 

0 98161 

1.90 

3 26816 

3 

41773 

0 95624 

2 35 

5 19510 

5 29047 

0 98197 

1.91 

3 30250 

3 

45058 

0.95709 

2 36 

5 24827 

5.34269 

0.98233 

1.92 

3 33718 

3 

48378 

0 95792 

2 37 

5 30196 

5 39544 

0.98267 

1 93 

3 37218 

3 

51733 

0.95873 

2 38 

5 35618 

5 44873 

0 98301 

1 94 

3 40752 

3 

55123 

0 95953 

2 39 

5 41093 

5 50256 

0 98335 

1.95 

3 44321 

3 

58548 

0 96032 

2.40 

5 46623 

5 55695 

0 98367 

1 96 

3 47923 

3 62009 

0 96109 

2 41 

5 52207 

5 61189 

0 98400 

1 97 

3 51561 

3 

65507 

0 96185 

2 42 

5 57847 

5 66739 

0 98431 

1.98 

3 55234 

3 

69041 

0 96259 

2 43 

5 63542 

5 72346 

0 98462 

1 99 

3 58942 

3 

72611 

0 96331 

2 44 

5 69294 

5 78010 

0 98492 

2 00 

3.62686 

3 

76220 

0 96403 

2 45 

5 75103 

5 83732 

0 98522 

2.01 

3 66466 

3 

79865 

0 96473 

2 46 

5 80969 

5 89512 

0 98551 

2 02 

3 70283 

3 

83549 

0 96541 

2 47 

5 86893 

5 95352 

0 98579 

2 03 

3 74138 

3 

87271 

0 96609 

2.48 

5 92876 

6 01250 

0 98607 

2 04 

3 78029 

3 

91032 

0 96675 

2 49 

5 98918 

6 07209 

0 98635 

2.05 

3.81958 

3 

94832 

0 96740 

2 50 

6 05020 

6 13229 

0 98661 

2 06 

3 85926 

3 

98671 

0 96803 

2 51 

6 11183 

6 19310 

0 98688 

2 07 

3 89932 

4 02550 

0 96865 

2 52 

6 17407 

6 25453 

0 98714 

2.08 

3.93977 

4.06470 

0 96926 

2 53 

6 23692 

6 31658 

0 98739 

2 09 

3 98061 

4 

10430 

0 96986 

2 54 

6 30040 

6 37927 

0 98764 

2.10 

4 02186 

4. 

14431 

0 97045 

2 55 

6 36451 

6 44259 

0 98788 

2 11 

4 06350 

4 

18474 

0 97103 

2 56 

6 42926 

6 50656 

0 98812 

2 12 

4.10555 

4 22558 

0 97159 

2 57 

6.49464 

6.57118 

0 98835 

2.13 

4 14801 

4.26685 

0 97215 

2 58 

6.56068 

6.63646 

0.98858 

2.14 

4.19089 

4 30855 

0.97269 

2 59 

6 62738 

6.70240 

0.98881 

2.15 

4.23419 

4 35067 

0.97323 

2.60 

6 69473 

6 76901 

0 98903 

2 16 

4.27791 

4. 

39323 

0 97375 

2 61 

6.76276 

6 83629 

0.98924 

2.17 

4.32205 

4 43623 

0 97426 

2 62 

6 83146 

6 90426 

0.98946 

2.18 

4 36663 

4 47967 

0 97477 

2 63 

6 90085 

6 97292 

0 98966 

2.19 

4.41165 

4.52356 

0 97526 

2.64 

6 97092 

7 04228 

0.98987 

2 20 

4.45711 

4 

56791 

0 97574 

2 65 

7.04169 

7 11234 

0.99007 

2.21 

4.50301 

4 61271 

0 97622 

2 66 

7 11317 

7 18312 

0 99026 

2.22 

4 54936 

4. 

65797 

0 97668 

2 67 

7 18536 

7 25461 

0.99045 

2.23 

4 59617 

4 70370 

0.97714 

2.68 

7 25827 

7.32683 

0.99064 

2.24 

4.64344 

4.74989 

0.97759 

2.69 

7.33190 

7.39978 

0.99083 
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Table A-1. Real Hyperbolic Functions (Continued) 


X, 

radians ] 

i 

sinh X 

cosh X 

tanh X 

radians 

sinh X 

cosh X 

tanh X 

2.70 

7 40626 

7 47347 

0 99101 

3 0 

10 0179 

10 0677 

0 995P5 

2 71 

7 48137 

7 54791 

0 99118 

3 1 

11 0765 

11.1215 

0.99C^5 

2 72 

7 55722 

7 62310 

0.99136 

3 2 

12.2459 

12 2866 

0.99668 

2 73 

7.63383 

7 69905 

0.99153 

3 3 

13 5379 

13.5748 

0.99728 

2.74 

7.71121 

7 77578 

0 99170 

3 4 

14 9654 

14 9987 

0 99777 

2 75 

7 78935 

7 85328 

0 99186 

3 5 

1 16 5426 

16 5728 ! 

0 99818 

2.76 

7 86828 

7 93157 

0 99202 

3 6 

18 2855 

18 3128 

0.99851 

2 77 

7 94799 

8 01065 i 

0 99218 

3 7 

20 2113 

20 2360 

0.99878 

2 78 

8 02849 

8 09053 

0 99233 

3 8 

22 3394 

22.3618 

0 99900 

2 79 

8 10980 

8 17122 i 

0 99248 

3 9 1 

24 6911 

24 7113 

0.99918 

2.80 

8 19192 

8 25273 

0 99263 

4 0 i 

27 2899 

1 27 3082 

0.99933 

2 81 

8 27486 

8 33506 

0 99278 

4 1 

30 1619 

30 1784 

0 99945 

2 82 

8 35862 

8 41823 

0 99292 

4.2 

33 3357 

33 3507 

0.99955 

2.83 

8 44322 

8 50224 

0 99306 

4.3 

36 8431 

36 8567 

0.99963 

2 84 

8 52867 

8 58710 

0 99320 

4 4 

40 7193 

40 7316 

0 99970 

2 85 

8 61497 

8 67281 

0 99333 

4 5 

45.0030 

45 0141 

0 99975 

2 86 

8 70213 

8 75940 

0 99346 

4 6 

49 7371 

49 7472 

0.99980 

2 87 

8 79016 

8 84686 

0 99359 

4.7 

54 9690 

54 9781 

0.99983 

2 88 

j 8 87907 

8.93520 

0 99372 

4 8 

60 7511 

60 7593 

0.99986 

2 89 

1 8 96887 

9 02444 

1 0 99384 

4 9 

67 1412 

67 1486 

0 99989 

2.90 

9.05956 

9 11458 

0 99396 

5 0 

74.2032 

74 2099 

0 99991 

2 91 

9 15116 

9 20564 

0 99408 

5 1 

82 0079 

82 0140 

0 99993 

2 92 

9 24368 

9.29761 

0 99420 

5 2 

90 6334 

90.6389 

0 99994 

2 93 

9 33712 

9 39051 

0 99431 

5 3 

100 1659 

100 1709 

0.99995 

2 94 

9.43149 

9 48436 

0 99443 

5 4 

no 7010 

no 7055 

0 99996 

2.95 

9 52681 

9 57915 

0 99454 

5 5 

122 3439 

122 3480 

0.99997 

2.96 

9 62308 

9 67490 

0 99464 

5 6 

135 2114 

135 2151 

0.99997 

2 97 

9 72031 

9 77161 

0 99475 

5 7 

149.4320 

149 4354 

0.99998 

2 98 

9.81851 

9 86930 

0 99485 

5 8 

165.1483 

165.1513 

0.99998 

2 99 

9 91770 

9 96798 

0 99496 

5 9 

182 5174 

182 5201 

0 99999 





6.0 

201 7132 

201 7156 

0.99999 


If X is larger than the values given in this table, is negligible and 

sinh X « cosh x =* ~ 

2 

tanh X « 1 
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Acoustic analog, (>01 
Active networks, 119 
Active transducer, 4 
Admittance, driving-point, 93 
nodal, 100 
mesh-transf('r, 94 
nodal, 97 

nodal transfer, 100 
ADP crystal, 614 
Adpedance, 51 
Alteration theorem, 106 
Amplification, voltage, 540 
Amplifier, bandpass, 570 
cascaded, 547 
compensation, 549 
double-tuned, 588 
linear, 540 
m-derived, 559 
RC coupled, 80, 541 
single-tuned, 570 
stagger-tuned, 579 
transient response of, 82, 554 
Amplitude modulation, 19 
spectrum analysis of, 27 
Aniplitude-inodulation factor, 20 
Vnalog, 595 
acoustic, 601 
LP BP, 266, 573 
water-wave, 344 
Analysis, 1, 55, 57, 60, 86 
harmonic, 189 
loop, 86, 88 
mesh, 86, 88 
nodal, 86, 95 
Angle modulation, 19, 22 
interference, 25 
spectrum analysis, 29 
Anticipating property, 64 
Antiresonance, 150 
Anti-sidc-tone circuits, 201 
Arg, 221 


Articulation, 14 
Artificial line, 306 
Asymmetrical network, 124 
Attenuation band, 249 
Attenuation constant, 221 
Attenuation factor, 510 
Attenuation loss, 245 
Attenuator, 484 
Audibility threshold, 15 
Audio transformer, 468 

Balance, bridge, 189 
to ground, 117 
sliding, 191 

Balancing network, 206, 325 
Baiun, 462 

Band, attenuation, 249 
pass, 249 
stop, 249 
transmission, 249 
Band-elimination filter, 267 
Bandpass amplifier, 570 
Bandpass filter, 65, 263 
Bandwidth, 68, 140 
telegraph, 68 
telephone, 68 
Barium titinate, 614 
Bazooka, 462 
Behavior, transient, 44 
Bessel function, 29 
Bias-circuit compensation, 564 
Bicircular chart, 370 
Bit, 39 
Bn, 51 

Bridge, a-c, 189 
Maxwell, 195 
mutual-impedance, 199 
network, 189 
sensitivity of, 192 
substitution, 197 
Wheatstone, 189 
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Bridge, Wien, 196 
Bridged-T network, 127, 216 
Broad-band impedance transformation, 
468 
BW, 140 

Cable, 298, 312 
standard, 241 
Campbell's formula, 315 
f^anonic forms, 174, 178, 179, 183 
Capacitance, cable, 299, 300 
line, 299, 300, 323 
Capacitors, 166 
Capacity, channel, 40 
Cascade, 219 
Cascaded amplifier, 547 
Cauer network, 179 
Channel capacity, 40 
Characteristic impedance, 220, 297, 299 
pure reactance network, 260 
Chart, bicircular, 370 
reactance, 133 
Smith, 381 

Circuit, equivalent pentode, 540 
phantom, 204 
Circuit components, 163 
Circuit parameters, 167 
Clamping, 237 
Coaxial line, 296 
Code, Morse, 4 
Coders, 4, 5 
Coding, 3, 18 
Coefficient, coupling, 469 
reflection, 334 
Cofactor, 92 
Coil, hybrid, 206 
Comb modulation, 36 
Compensation, 549 
bias circuit, 564 
coupling circuit, 666 
high-frequency, 549 
low-band, 562 

Compensation theorem, 106 
Compensation theorem A, 107 
Complementary function, 45 
Compliance, 597 
Components, circuit, 163 
Composite filter, 275 
Computer, 7 

Constant, attenuation, 221 
delay, 221 
phase-shift, 221 


Constant, propagation, 221, 251 
transfer, 342 
wavelength, 221 
Constant-A; filter, 259 
Constant-resistance network, 507 
Control, 3 
mass, 604 
resistance, 604 
stiffness, 604 
Convention, sign, 87 
Corner plot, 515 
Corner response, 517, 519 
Cosh, 226, 627 
Coupling, critical, 443 
electromechanical, 595 
insufficient, 436, 444 
sufficient, 443 

Crystal equivalent circuit, 623 
piezoelectric, 288, 613 
Current-division theorem, 108 
Current generator, 87, 95 
Current locus, 47 
Cutoff frequency, 64, 253 

Decade, 47 
Decibel. 222, 241 
Decoder, 6 
Decoding, 18 
Delay, group, 236 
phase, 231 
Delay constant, 221 
Delay distortion, 16 
Delay equalizers, 536 
Delta, 111 
Determinant, 92 
Deviation, frequency, 23 
Direct modulation, 36 
Discrimination against interference, 26 
Dissipation, 425 
Dissipative network, 185 
Distortion, 5, 16 
delay, 16 
frequency, 16 
line, 308 
nonlinear, 17 
Distortionless line, 309 
Distributed parameters, 294 
Division, time, 37 
Doha network, 560 
Domain, frequency, 60 
time, 50 

Double-stub matching, 456 
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Dr(/), 60 
Drif), 60 

Ducd of Th^venin’s theorem, 122 
Dual network, 102 
Duality, 86, 102 
Duplex circuit, 202 
Duplex telegraph, 202 

Ear, 15 
Earth, 194 
Echo suppressor, 356 
Echoes, 355 

Eflficiency, cascaded networks, 430 
of transmission, 392 
Elastance, 597 

Electromechanical coupling, 595 
Electromechanical transducer, 4 
Electrostatic coupler, 614 
Energy division, 322 
Envelope, 20 

Envelope response, 576, 587 
Equalization, 505 
Equalizers, 505 

constant-resistance, 510 
delay, 536 
double-L, 533 
lattice, 510 

non-constant-resistance, 531 
two-terminal, 526 
Equivalence, general, 108 
limited, 109 
T-n, 115 

two-terminal, 109 
Equivalent active network, 119 
Equivalent four- terminal network, 117 
Equivalent passive network, 108 
Even symmetry, 53 
Exponential horn, 618 

Factor, amplitude-modulation, 20 
attenuation, 510 
quality, 135 
reflection, 342 
scale, 76 

Feedback, 215, 590 
Figure of merit, 544 
Filter, band-elimination, 267 
bandpass, 65, 263 
composite, 275 
crossover, 289 
ideal, 62, 65, 261 
lattice, 285 


Filter, low-pass, 62, 261 
w-derived, 268, 276 
quasi-LP, 236 
wave, 244 

Flashover of coaxial line, 397 
Flat amplitude, maximally, 551 
Flat delay, maximally, 554 
Form, canonic, 174 
Foster's reactance theorem, 172 
Four-terminal network, 117 
Fourier integral, 13, 50, 58 
Fourier series, 37, 51 
Fourier transform, 68, 72 
Frequency, cutoff, 64 
distortion, 16 
half-power, 139 
instantaneous, 22 
normalized, 259 
Frequency modulation, 22 
Frequency-modulation index, 23 
Frequency-modulation-spectrum 
analysis, 32 
Frequency spectrum, 7 
Frequency translation, 17 
Function, complementary, 45 
hyperbolic, 225, 256, 627 
loss, 394 
paired, 68 
step, 49 

Gain, 540 

General equivalence, 108 
Generators, current, 87 
voltage, 87 

Geometric symmetry, 143 
H, 76 

H network, 117 
Half-power, frequency, 139 
Half-wave transformer, 463 
Harmonic, 51 
Harmonic analyzer, 189 
Hartley-Shannon law, 38 
High-pass filter, 262 
Horn, exponential, 618 
Hybrid coil, 206 

Hyperbolic functions, 225, 256, 627 
Hyperbolic radian, 302 

Ideal filter, 62, 65, 261 
Ideal transformer, 471 
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Im, 47 

Image impedance, 125 
of ideal transformer, 463 
Immittancc, 51 

Impedance, characteristic, 220, 297, 299 
driving-point, 93 
nodal, 100 
image, 125 
iterative, 124 
mesh, 89 
mesh transfer, 94 
motional, 607 
mutual, 89 
nodal transfer, 100 
nominal, 260 

Impedance chart, bicircular, 370 
Smith, 381 

Impedance matching, 406 
with stubs, 451 

Impedance transformation, 403 
broad-band, 468 

Impedance-transforming theorem, 407 
Index, frequency-modulation, 23 
phase-modulation, 22 
Inductance, cable, 299, 300 
line, 299, 300, 323 
mutual, 91 
Inductors, 163 
Infinite line, 294 
Information, processing of, 2 
Initial wave, 332 
Insertion loss, 245, 341 
Instantaneous frequency, 22 
Insufficient coupling, 436 
Insulator, quarter-wave, 385 
Integral, Fourier, 13, 50, 58 
particular, 45 
sine, 62 

Interference, 21, 25 

discrimination against, 26 
Internal pole, 172 
Internal zero, 172 
Interspersed modulation, 36 
Inverse network, 508 
Inversion, 134 
Iterative impedance, 124 
Iterative network, 219 

Kirchhoff’s laws, 86 

L network, 273, 408 
Ladder network, 253 


Lattice filter, 285 
Lattice network, 118, 228 
Law, Hartley-Shannon, 38 
Kirchhoff's, 86 
Weber-Fechner, 243 
Limited equivalence, 108 
Line, artificial, 306 
coaxial, 296 
distortion of, 308 
distortionless, 309 
infinite, 294 
loaded, 312 
lossless, 322, 360 
low-distortion, 310 
low-loss, 320 
open-circuited, 345 
open-wire, 299 
short-circuited, 349 
shunt-loaded, 319 
transmission, 296 
Line transformer, 500 
liOading, 312 

liocation of reflection, 353 
Locus, 47, 133 
Loop, 86 

Loss, attenuation, 244 
insertion, 245 
transmission, 245 
Loss function, 394 
Lossless line, 322, 360 
Loudspeaker, 4, 615 
Low-loss line, 320 
Low pass (LF), 62, 236 
Low-pass filter, 62, 261 
LP-BP analog, 266, 573 

m-derived amplifier, 559 
m-derived filter, 268, 276 
Matching impedance*, 406 
by stub, 451 
by tapped line, 464 
Maximally flat amplitude, 551 
Maximally flat delay, 554 
Maximally flat stagger, 581 
Maximum power transfer, 403 
Maximum velocity, 323 
Maxwell bridge, 195 
Merit, figure of, 544 
Mesh equations, 91 
Mesh impedance, 89 
Mesh transfer admittance, 94 
Mesh transfer impedance, 94 
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Microphone, 4, 620 
Mile of standard cable, 241 
Minor, 92 

Mirror symmetry, 63 
Modulation, 4, 17, 19, 50 
amplitude, 19 
angle, 19, 22 
comb, 36 
direct, 36 
frequency, 22 
interspersed, 36 
phase, 22, 32 
pulse, 19, 37 
quadrature, 35 
simultaneous, 35 
Morse code, 4 
Motional impedance, 607 
Multiple resonance, 169 
Music, 6 

Mutual admittance, 97 
Mutual conductance, 540 
Mutual impedance, 89 
Mutual inductance, 91 
Mutual-inductance bridge, 199 

Neper, 221, 302 
Network, active, 119 
asymmetrical, 124 
balanced T and balanced 11, 117 
balancing, 206, 325 
bridge, 189 
bridged-T, 127, 216 
Cauer, 179 

constant-resistance, 507 
dissipative, 185 
Doha, 560 
dual, 102 

equivalent, 108, 117 
H, 117 
iterative, 219 
L, 273, 408 
ladder, 253 
lattice, 118, 228 
null, 189 
p-mesh, 89 
n, 103 

redundant, 178 
related, 222 
T, 103 

Network theorems, 86, 104 
Neutralizing, 209 
Nodal analysis, 95 


Nodal driving-point admittance, 100 
Nodal driving-point impedance, 100 
Nodal mutual admittance, 97 
Nodal transfer admittance, 100 
Nodal transfer impedance, 100 
Node, 86 
admittance, 97 
Noise, 5, 6, 38, 39 
Nominal impedance, 260 
Nominal T, 306 
Nonlinear distortion, 17 
Normalized frequency, 259 
Normalized resistance, 366 
Norton’s theorem, 122 
Null network {see Bridge) 

O network, 117 
Octave, 47 
Odd symmetry, 53 
Open-circuited line, 346 
Operator, 50 
Optimum resonance, 439 
Overshoot, 64, 557 

p-mesh network, 89 
Pad, 480 

Paired functions, 68 
Parallel resonance, 150 
Parallel-T circuit, 210 
Parameters, distributed, 294 
Partial resonance, 437 
Particular integral, 45 
Pass band, 249 
Passive network, 108, 110 
Passive transducer, 4 
Phantom circuit, 204 
Phase delay, 231 
Phase modulation, index of, 22 
spectrum of, 32 
Phase-shift constant, 221 
Phase-shift measurement, 200 
Phase velocity, 231 
Physical circuit, 204 
Physical realizability, 77, 115 
n network, 103, 124 
n-T equivalence, 115 
Piezoelectric coupler, 613 
Piezoelectric crystal, 288, 613 
Plate resistance, 540 
Plot, corner, 515 
Pole, 76, 170 
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Propagation constant, 221, 251 
Property, anticipating, 64 
separation, 172 
unilateral, 540 
Pulse amplitude, 556 
Pulse modulation, 19, 37 
Pulse spectrum, 59 

Q, 135 

Q meter, 167 
Q stub, 395 

Quadrature modulation, 36 
Quality factor, 135 
Quarter-wave transformer, 459, 498 
Quartz, 613 

Quasi-LP structure, 236 

«(/), 50 
R(t), 50 
Radar, 7 

Radian, hyperbolic, 302 
Radiation resistance, 295, 615 
Radio-frequency transformer, 435 
Ratio, standing wave, 364 
RC amplifier, 80, 541 
Re, 47 

Reactance chart, 133 
Reactance curves, 132 
Reactance theorem, Foster’s, 172 
Realizability, physical, 77, 115 
Receiver, telephone, 605 
Reciprocity theorem, 105 
Redundant network, 178 
Reflected resistance, 473 
Reflected wave, 332 
Reflection, 329 
location of, 353 
Reflection coefficient, 334 
Reflection factor, 342 
Related network, 222 
Repeated derivation, 284 
Repeater, telephone, 205 
Resistance, normalized, 366 
plate, 540 
radiation, 295, 615 
reflected, 473 
Resonance, 130 
anti-, 150 
multiple, 169 
optimum, 439 
parallel, 150 


Resonance, partial, 437 
series, 130 

sharpness of, 137, 157, 235 
Resonance curve, universal, 142, 160 
Resonant stubs, 384 
Response, envelope, 576 
external factor, 520 
frequency, 474 
lattice equalizer, 523 
negative corner, 519 
over-all, 522 
positive corner, 517 
transient, 44, 62, 65, 80, 554 
Ribbon microphone, 613 
Ring, 557 
Rise time, 64, 557 
Rochelle salt, 614 


Sampling theorem, 37 
Scale factor, 76 
Selectivity, 138, 212 

(See also Sharpness of resonanc*e) 
Self-admittance, 97 
Self-bias, 545 
Sensitivity, bridge, 192 
Separation property, 172 
Series, Fourier, 37, 51 
Series-circuit locus, 133 
Series resonance, 130 
Shannon law, 38 

Sharpness of resonance, 137, 157, 235 
Shield, 166 

Short-circuited line, 349 
Shunt loading, 319 
Si(x), 62 

Sign convention, 87 
Signalling speed, 324 
Simultaneous modulation, 35 
Sine integral, 62 
Single-stub matching, 451 
Sinh, 226, 627 
Skew symmetry, 53 
Smith chart, 381 
Spectrum, frequency, 7 
pulse, 59 

Spectrum analysis, amplitude-modula- 
tion, 27 

angle-modulation, 29, 32 
frequency-modulation, 32 
phase-modulation, 32 
Speech, 3, 6, 7 
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Speed, signalling, 324 
Spike, 556 

Square-wave testing, 569 
Stages, cascaded, 547 
Stagger, maximally flat, 581 
Stagger-tuned amplifier, 579 
Standard cable, 241 
Standing wave ratio, 364 
Star, 111 
Statistics, 14 
Steady state, 86 
Steady-state response, 44 
Step function, 49 
Stiffness, 597 
Stop band, 249 
Stub, Q of, 395 
Stub matching, 451, 456 
Stubs, resonant, 384 
Sufficient coupling, 443 
Superposition theorem, 105 
Suppressor, echo, 356 
Symmetrical network, 126 
Symmetry, 53, 143, 146 
Synchronous capacitor, 400 
Synthesis, 1, 55, 58, 60, 174 


T, bridged, 127, 216 
nominal, 306 
twin, 210 

T network, 103, 124 
T-n equivalence, 115 
Tandem, 219 
Tank, 226, 627 
Tapped-line matching, 464 
Telegraph, 68 
duplex, 202 

Telephone receiver, 606 
Telephone repeater, 205 
Television, 6, 68, 210 
Terminating section, 272 
Testing, square-wave, 569 
Theorem, alteration, 106 
compensation, 106 
A, 107 

current-division, 108 
impedance-transforming, 407 
maximum-power-transfer, 403 
network, 86, 104 
Norton^s, 122 
reactance, Foster’s, 172 
reciprocity, 105 


Theorem, sampling, 37 
superposition, 105 
Th^venin’s, 119, 122 
Threshold audibility, 15 
Time, rise, 64 
Time division, 37 
Time domain, 50 
Time multiplexing, 38 
Tone control, 535 
Transconductance, 540 
Transducer, 4, 124 
Transfer admittance, 94 
Transfer constant, 342 
Transfer impedance, 94 
Transform, Fourier, 68 
Transformation, impedance, 403 
T-n, 115 

Transformer, audio, 468 
cascaded, 487 
design of, 478 
ferromagnetic, 468 
half-wave, 463 
ideal, 471 
iron-core, 478 
line, 500 

quarter-wave, 459 
radio-frequency, 435 
tuned, 435, 473 
Transient response, 15, 44 
BP filter, 65 
LP filter, 62 
RC amplifier, 80 
shunt-compensated, 554 
Transmission band, 249 
Transmission efficiency, 392 
Transmission line, 296 
Transmission loss, 245 
Transmission unit, 240 
Trap, wave, 169 
Tuned transformer, 435 
Tuning, 148 

Twenty-one repeater, 208 
Twenty-two repeater, 206 
Twin-T network, 210, 218 

Unilateral property, 540 
Unit, transmission, 240 
Unit step function, 49 
Universal resonance curve, 142, 160 

Velocity, group, 236 
maximum, 323 
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Velocity, phase, 231 
Voltage amplification, 540 


W(f), 60 

Wagner earth, 194 
Wave, 4, 229' 
current, 227 
initial, 332 
reflected, 332 
Wave filter, 249 
Wave motion, 229 
Wave trap, 169 
Wave voltage, 229 


Waveform, 8 
fundamental, 12 
transient, 13 
Wavelength, 233 
Wavelength constant, 221 
Wcber-Fechner law, 243 
Wheatstone bridge, 189 
Wien bridge, 195 


Yes-no answers, 38 


Zero, 76, 172 





